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Average Dwell-Time Method to L,-Gain Analysis and Control Synthesis
for Uncertain Switched Nonlinear Systems

Min Wang, Georgi M. Dimirovski and Jun Zhao

Abstract— This paper addresses the L,-gain analysis and
control synthesis problem for a class of switched nonlinear sys-
tems affected by both time-varying uncertainties and external
disturbances. Firstly, the L2-gain for the autonomous switched
disturbed uncertain system is analyzed. Then, a switched
state feedback control law is designed and the L. -gain is
analyzed for the disturbed uncertain non-autonomous switched
system. Sufficient conditions for these two cases are obtained
using average dwell-time method incorporated with piecewise
Lyapunov functions. The corresponding closed-loop disturbed
uncertain switched system and the disturbed uncertain au-
tonomous switched system are globally exponentially stable
with a weighted L2-gain under the sufficient conditions. Both
the piecewise Lyapunov functions and the average dwell-time
based switching laws are constructed based on the structural
characteristics of the uncertain switched system.

I. INTRODUCTION

Switched systems are consist of a family of continuous-
time and/or discrete-time processes interacting with a logical
or decision-making process. Analysis and synthesis of this
kind of system have attracted lots of attention in recent years.
Interests that focus on switched systems are mainly: stability
analysis [1-5], stabilization [6-8], controllability [9], observ-
ability [10], switching optimal control [11, 12], H., control
[13-15], Lo-gain analysis [16-18] and so on. Stability is of
great importance in the analysis of switched systems, and
lots of researches are devoted to the study of this property.
Among these researches the common Lyapunov function
technique was introduce to check the uniformly stability or
stabilizability of switched systems [1-3, 8]. But a common
Lyapunov function may not exist or is too different to find.
In this case, the multiple Lyapunov functions technique [4,
6] and the average dwell-time technique [5] were generally
proposed to analyze the stability property for the switched
systems under some designed switching laws for the purpose
of more flexibility in choosing a Lyapunov function.

On the other hand, switched systems with disturbances are
commonly found in practice. Thus, the stability and Lo-gain
analysis problem for the disturbed switched system becomes
an interesting issue due to its value both in practical and
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in theoretical practice. But researches studying this problem
are relatively few. [16] addressed the Lo-gain analysis and
control synthesis problem with Linear matrices inequality
method for a class of discrete-time disturbed uncertain
switched linear systems. [17] investigated the disturbance
attenuation problem for a class of disturbed autonomous
switched linear system using the average dwell-time method,
and a weighted Lo-gain is achieved. The Ls-gain analysis
problem for a class of disturbed switched delay linear system
was addressed in [18]. All the papers mentioned above
are mainly about switched linear systems. But as we all
know that nonlinear phenomenon exists in almost all the
dynamics in practice, so analyzing the Lo-gain property for
switched nonlinear disturbed systems deserves to be paid
more attention.

In this paper, we investigate the Lo-gain analysis and
control synthesis problem for a class of disturbed uncer-
tain switched nonlinear systems using average dwell-time
method incorporated with piecewise Lyapunov functions.
The switched system under consideration is composed of
a nonlinear part and a linear part. This research will address
the Lo-gain analysis and control synthesis problem for this
disturbed uncertain switched system in the case that both
the linear and the nonlinear parts are stabilizable under some
average dwell-time based switching laws. The average dwell-
time for the switched system that the designed switching
laws satisfied is designed recursively, and the relationship
between the average dwell-time for the switched system
and the average dwell-times for the linear and the nonlin-
ear parts of the switched system is analyzed. Firstly, the
Ly-gain is analyzed for the autonomous switched system.
Then, the switched state feedback is synthesized for the
non-autonomous switched system. Sufficient conditions are
expressed in the form of Linear matrices inequalities under
which both the autonomous switched system and the non-
autonomous switched system are globally exponentially sta-
ble and have a weighted L,-gain. Moreover, the state decay
are calculated explicitly.

II. PROBLEM STATEMENT AND PRELIMINARIES

In this paper, we study the Lo-gain analysis and control
synthesis problem for the following uncertain switched non-
linear system:

i‘l(t) = Alg(t)xl (t) + Agg(t)xg(t) + Bg(t)ug(t)(t)

+ Gopyw(t), 0
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where 71(t) € R" %, x9(t) € R? are the states, u(t) €
R™ is the control input, w(t) € L2[0,00) is the external
disturbance input, and y(t) € RP is the controlled output.
o(t) : [0,00] — Iy = {1,..., N} is the switching signal,
which is a piecewise constant function of time and will be
determined later. o(t) = ¢ means that the ith subsystem is
activated. Ali = AM +AAU, Bl = Bz -I-ABZ(t), Ali, Agi,
B;, G; and C;(i € Iy) are constant matrices of appropriate
dimensions which describe the nominal systems. fo;(z2(t))
are smooth vector fields with f5;(0) = 0. AAy;(t) and
AB;(t) are uncertain time-varying matrices denoting the
uncertainties in the system matrices and having the following
form

[AA1(t), AB;i(t)] = E;T'()[Fri, Fail,

where E; € Rm=DxL p. ¢ Rkx(n—d) and F,, € Rk>xm
are given constant matrices which characterize the structure
of uncertainty, and F5; is of full column rank. I is the norm-
bounded time-varying uncertainty, i.e.
L =0() e {T@t):T(t)TTt) =I,T(t) € R™F,

the elements of I'(¢) are Lebesgue measurable}.

icly. ()

There are several reasons for assuming that the system
uncertainties have the structures given in (2), see [14] for
details.

We are interested in Lo-gain analysis and control synthesis
of uncertain switched nonlinear systems under some average
dwell-time based switching law. This analysis is to establish
sufficient conditions such that the switched system

i1(t) = Ary(ya1(t) + Asgya(t) + Gomw(t),
To(t) = fao() (2(t)), 3)
y(t) = Comyz1(t),

is globally exponentially stable with a weighted Ly-gain (see
Definition 3 below), whereas control synthesis is to design
a switched state feedback control law

Uty = Koy (1), “4)

such that the corresponding closed-loop switched system (1)
is globally exponentially stable with an weighted L»-gain.

Consider the linear switched system described by equa-
tions of the form

i(t) = Ay (yz(t). &)

where x(t) € R™ is the state, o(t) : [to,o0] — Iy =
{1,..., N} is the switching signal, which is a piecewise
constant function of time. A;(i € Iy) are constant matrices
of appropriate dimension describing the subsystems, and
N > 1 is the number of subsystems.

Definition 1. The switched system (5) is said to be globally
exponentially stable with stability degree A > 0 if ||z(t)]| <
e@=t=t0) nholds for all ¢ > t, and a constant «.

Definition 2. System (1) is said to be globally exponentially
stabilizable via switching if there exist a switching signal
o(t) and an associate switched state feedback wu,)(t) =

Ko x1(t) such that the corresponding closed-loop system
(1) with w(t) = 0 is globally exponentially stable for all
admissible uncertainties.

Consider the switched system

{ i(t) = Aa(t)x(t) + Ba(t)w(t)>
y(t) = Ca'(t)x(t)v

where z(t) € R", w(t), y(t), o(t) are the same as stated in
(1), A;, B;, C; (1 <4< N) are known constant matrices.

Definition 3. System (6) is said to have a e *-weighted
Lo-gain over o(t), from the disturbance input w(t) to the
controlled output y(t), if the following inequality holds for
o(t) and some real-valued function 8(¢) with 3(0) =0

| e ouod <0 [ uT @utat + 50,
0 0 )
along the solution to (6), where w(t) € Ly[0, +00), 2(0) # 0
is the initial state.
The following lemmas will be used in the development of
the main results.
Lemma 1 [1]. Consider the nonlinear switched system

B(t) = fi(z(t)), iely={1,....N}. (8

Assume for each ¢ € Iy there exists a Lyapunov function
V; such that

(6)

aillz|* < Vi(z) < bill]?, ©)

and Vi)

i\T

1 fi(w) <~
for some positive constants a;, b;, and c. Then, two positive
constant u, A can be found such that the switched nonlinear
system (8) is globally exponentially stable for any switching
signal that has the average dwell time property with 7, >
ln /A
Remark 1. It is not difficult to find from [1] that © =
sup{Z—Z :p.q € I}, A € [0,X0) and Ao = min{y> : i €
I} in Lemma 1.
Lemma 2 [19]. Given a symmetric matrix G, and any
nonzero matrices M, N of appropriate dimensions. Then

G+ MTN+NTTTMT <0

(10)

for all ' satisfying T'7T < I if and only if there exists a
constant € > 0 such that

1
G+eMMT + ENTNT <0.
1. L,-GAIN ANALYSIS

This section gives the Ly-gain analysis for the uncertain
switched nonlinear system (3).
Theorem 1 Given any constant v > 0, suppose that switched
system (3) satisfies the following conditions
(1) if there exist constants £; > 0, A\g > 0, u > 1, such that
the following inequalities

AT.P, + PiAy; + ¢, °P,E;El P, + v ?P,G,GT P,

(11)
+e2FLFy 4+ CT G+ APy + 1 <0,
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PiSILLPj, Z,jil,,N

have positive definite solutions F;.
(ii) there exist proper, positive definite, and radially un-
bounded function W;(x5(¢)) such that
dWZ o
WAZ2) 1 a300)) < ~Billes
X2

ayillzo|® < [[Wi(x2)|l < agil|z2]?. (14)

for some constants 3; > 0, ay; >0, ag; >0,i=1,...,N.
Then, switched system (3) is globally exponentially stable
when w(t) = 0 and achieves a weighted Lo-gain which

is less than or equal to < under arbitrary switching laws
satisfying the average dwell time

12)

(13)

5)

where i = max{u, 92 : i,j € Iy}, A € [0,X), Ao =

aij
min{ Ao, f; cie Iy}
Proof. Define the following piecewise Lyapunov function

candidate for switched system (3)

V(wy,20) = JU1TPU(75)371 + ng(t) (z2).

where P; are the solutions of (11) and (12).

Then, based on Lemma 2, when o (t) = i, the time derivative
of V(x1,x2) along the trajectory of the switched system (3)
is

‘./:

(16)

x?(/iﬂpz + AUP@)ZZH + 217?131/12,"%2 + 2$?P1G1’LU
R \T2)

+ dis fai(x2)
= x,{(A’{sz —|— Ah-Pi)xl =+ Q.I{PlAAhl‘l

T T dWi(x2)
+2x7 P Ao + 217 PiGiw + k‘Tfm(%)

2
o] (AP + Ay P)xy + 221 PET Fa
+E$${F5FM$1 + 233{]31‘1421‘.132 + 2%{P¢Gi’w
—kBi|zo|?
—|—21‘?PiA21‘:E2 + 213?1370,10 — kﬁz||l‘2”2

It is easy to see that there exist constants I; > 0, ¢; > 0,
i € In such that

IN

IN

[Agiza|| < lif|z2]], 2t Pl < gillz .
Let | = max{l;q; : i € IN}, b= min{aﬁ—; ;1 € In}, from
(11) and (14), we can obtain
V+yTy— 7w w
< ol (AT,P; + Ay Py + €7 *PE;E] P, + 2 FLL Fyy)xy
+2||z [[[|lw2]| — kBillwa|® + 227 PiGiw + 21 Cf iy
—~y2wlw
< 2T(AT.P, + AP + ;2 PE;EF P, + v 2P,G,GT P;
+ef Fl, Fri + CF Gy + 20|z || [|22]| — il 2212

—(v Gy Pixy —yw)" (v Gl Py — yw)

< Mozl Pixy — kbW;(z2) + kbW;(z2) — 2T 2y
2|2 [[[|lz2]| — kBiflx2|?

< =XV + kagib||za||* — 27 zy + 21| [|]| 22|
—kBil|2|?

< =XV — (kBi — kagb — 17)]||a2|%.

where 5\0 = min{\g, b} = min{\o, azl

:iEIN}.

Choose k > max{ﬁi_li;ib :i € In}, we have
V+yTy —v?wTw < =X\ V. (17)
When w(t) = 0, from the above inequality, we obtain
V < =XV (18)
Moreover, from (12), (14)and (16), it is easy to get
Vit) < aVi(t), g € Iy, (19)

where /i = max{u, ¢%|i,j € In}.
J
For arbitrary £ > 0, denote tp <11 <ta < ... <tp... <
tn, (0,+) as the switching instants of o(t) over the interval

(0,t). Then, from (18) and (19), we have

V() < 67;\0(#”“(0’”)‘/(tNa(O,t))Sﬂef’\O(tftN“‘U'”)
V(t]T/(,(O,t)) < ﬂe—Ao(t—tNU(o,t)71)V(tNd(0)t)71)

< . S ﬂNU([)7t)€7;\OtV(O) — 6Ng(07t)1nﬂ75\0tv(0).

Furthermore, based on N, (0,7) < X, for V7 > 0, (15)
implies that ‘

N,(0,7)Inj < A7, (20)

Thus,

V(t) < e~ Go= iy (o). 1)

From (14), we know that there exist constants Ay > 0, Ay >
0, a1 > 0, such that

Mz ]? + ax[|z2l” S V() < Aallza[|? + azllzal? (22)
where A1 = min{ Ayin (P;)|é € In}, a1 = min{ay;]i € In},
)\2 = max{)\max(Pi)ﬁ S IN}

Let by = min{\1, a1}, bo = max{)\z, as}, we have
by([lza[|” + [lz2l?) < V(#) < ba([laa]® + [l22]?)  (23)

In view of (21), (22) and (23), the following inequality

follows
by _ Go—n
=)l < /e =(O)lL

Hence, the globally exponential stability of system (3) when
w(t) = 0 follows.

(24)
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Integrating both sides of (17), and from (19), we can get

t ~
VO Vit )e 0 00) = [ dottor)
ENG(0,1)
Ty (T)y(r) — Y (H)w(r))dr
< t .
< ﬂV(tfvc(o t))e_AO(t_tNov(o,t)) _/ e~ Mo (t=7)
, ENG(0,1)
Tyt (My(r) = yw” (r)w(r)ldr
< ﬂ[V(tNom t)*l)e_)\o(tNa(O't)_tNU(Oyt)_l)
IN_ o4 N
_ (0,t) 67)\0(751\{0(01,5) —7) [yT (T)y(T)
tNa(o,t)*l
~ t R
—VZwT(T)w(T)]dT]ef’\"(t*tNam))_/ e~ No(t=7)
tNa(o,t)
T (n)y(r) — v (r)w(r))dr

’ N 31 N
< o0 =Rty () — No(0D) / o= Ro(t=7)
0
<N, (0,6)—1

W@y =T (Du(ldr
/t e 2N T (P)y(r) — Y2 (r)w(r))dr — . ..

=il [ RO (Er) = P (i

No(o,t)

t
efﬁotJrNa(o,t) lnﬂV(O) _/ e*&g(t77)+Nﬂ(‘r,t)lnﬂ
0

"y (r)y(7)

Multiplying both sides
e Ne(0,) IR Jeads to

R t R
efNU(O,t)ln[LV(t)S GiAOtV(O)*/ e*)\g(f*T)*Ng(O,’T)lnﬂ
0
[y (T)y(r) = ¥*w" (T)w(7)]dr.

Thus, the following inequality follows from (20)

t
| ey @yrar

0

— v (T)w(r)]dr.

of the above inequality by

(25)

. t
< e_)‘UtV(O)+72/ e NI (Dw(r)dr.  (26)
0

Integrating both sides of the foregoing inequality from ¢ = 0
to co and rearranging the double-integral area, we obtain

/ eyl (r)y(r)dr < 72/ w” (T)w()dr + V(0).

0 0 27
From Definition 3, we know that system (3) has an weighted
Ly-gain.
Remark 2. Applying Shur complement formula, the first
matrix inequality of condition (i) can be easily transformed
into the LIMs form. The second inequality of condition (i)
is trivial, as long as we let p = sup; ;cr, i,:?:(lfj)
Remark 3. When z2(t) = 0, it is easy to verify that the
x1-subsystem of system (3) is exponentially stable with an

weighted Ly-gain under arbitrary switching laws which sat-
isfy the average dwell-time 7 > 777 = 52, Ay € [0, o),
w1 is equivalent to p in (12). And from Lemma 1, we know
that the xo-subsystem of system (3) is exponentially stable
under arbitrary switching laws which satisfy the average
dwell-time 7 > 77, = ln , fo = max{ Q245 € In},
Ao € [0 ;\0) and 5\0 = mln{ﬂ; ) E IN} From
(15), we know that the average dwell-time for the whole
cascade switched system satisfies 7, > 75 > max{7.), 7.5}
Consequently, the two parts of the switched system are
all globally exponentially stable under arbitrary switching
laws that satisfy the average dwell time 7,. Based on the
cascade system theory introduced in [20], we know that the
whole switched system is exponentially stable under arbitrary
switching laws that satisfy the average dwell time 7,.

IV. CONTROL SYNTHESIS

In this section, we design an switched state feedback
controller, such that the corresponding closed-loop system
(1) is globally exponentially stable with an weighted Lo-
gain under some switching laws satisfying an average dwell-
time. By Theorem 1 this problem reduces to finding v,y =
K(,(t)xl, such that

@1 (t) = (Ala(t) + Ba(t)Ko(t))ﬂh
+G t)w(t)7
To(t) = foo()(22(t)),
y(t) = Comyza(t),

(t) + Ago(ryz2(2)

(28)
is globally exponentially stable with an weighted L»-gain.
Theorem 2 Given any constant v > 0, suppose that switched
system (1) satisfies the following conditions
(i) if there exist constants €; > 0, A\p > 0, p > 1, such that
the following inequalities

AEPZ + RAM + E;ZPL‘E,L'E?PZ‘ + ’)/72PiGZ‘GZTPL'

+elFLEFy + CF Ci+ Mo P+ 1 — (] ' P;B;
+€1F17;F21)(F§F21)71(6:1P131 + E»L'FE;FQ»L‘)T < 0,
(29)
P, <uP;, i,j=1,...,N. (30)

have positive definite solutions FP;.
(ii) there exist proper, positive definite, and radially un-
bounded functions W;(x2(t)) such that

M) faat) < Bl BD
)

ayillzo||® < [[Wi(x2)|l < agil|z2]?. (32)
for some constants 3; > 0, ay; >0, as; >0,i=1,...,N.

Then, switched system (1) is globally exponentially stable
with an weighted Lo-gain which is less than or equal to ~y
when w(t) = 0 with the switched state feedback

—(FyiF2)~
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under arbitrary switching laws satisfying the average dwell
time

. Inf
Ta 2 Ta = Tua
where [ = max{,u,g" cij e Inb A € [0, ), Ao =

min{ Ao, ff |ieIn}.
proof. For switched system (1), define the following piece-
wise Lyapunov function

V(z) =ai P o(t)®1 + kW, (t)(22),

where P; are the solutions of (29) and (30).
Then, based on Lemma 2, from (33), when the ith
switched subsystem is activated, we can get
= .’El (A’{ZP + Ah )iCl + 2£L'1 PAAlZ.’L'l
+2x1 P,B;u; + 2x1 P;,AB;u; + 2:01 P;Ag;xo
dW T
( 2) f2z(

x (AlTZP + APy + 22T PET (Fryz, 4 Fouy)
42271 P;Byu; + 22T Py Agiao — k62||a:2H
+2foiGl-w
T (AL P, + AP+ e, 2PE,ET P + 2 FL Fyy)ay
+20T Py Agity — kBil|za|? + 22T PiGiw + [equ;
+(FE Pyi) e, ' BT Py + i P Fyimy) | (FE F)
[esui + (Fyi Fai) ey ' BY Py + €5 Fg; Fyjn )|
2 [(e7 ' PB; + e F{; Foy) (Fg; Foy) ' (e7 ' P By
+€iF£F2i)T}$1,
xlT{AlTiPi + AuP; + e 2P E,ET P + 2 FL
—[(e7"PB; + & F Fo;) (Fg, Foy) ' (67 ' P B,
+e B Foy) T }961 + 227 P Agszs — ;|22
+227 P,Gw.

(34)

(35)

+k 2) + 22T P,Gyw

IN

IN

IN

It is easy to know that there exist constants m; > 0, n; > 0,

i € Iy, such that
21 Pif| < mif|za ], [Aiza | < nil|22].

Let p = max{m;n; i € Iy}, and take (29) into
consideration, it is easy to obtain that

v+ yTy — 72wTw

xlT{AlTiPZ- + AuP; + e 2P E,ET P + 2FL Ry,
—[(e7"PB; + & F{; Fy;) (Fg, Foy) ' (e7 ' P B,
i Pl ai) ] for 4 2plaa | 2a ]| — BBl
+2x1TPiGz-w + I{C?Cil’l ’yszw

xlT{A};PZ- + AuP; + e 2P E,ET P + 2 FL Ry,
+y 2P,G,GT P+ CIC; — [(e7 ' PiB; + &, F{ Fay)
(P Fos) (7 PiBy + i P Fai) ™) by — o |2
+2pl|a1 ||z

IN

IN

IN

kbW (z2) + kbW (z2) — 2T 2
+2pleallll2]| = kBillw2]”
< =MV kagibl|za|* — @l w1 + 2pllw |2

T
7)\0‘%1 .Pil'l —

—kBia2 |
< =XV — (kB — kagib — p?) | z2|*.
where b = min{ﬁ : i € Iy}, No = min{ )\, b} =
min{Ao, 5~ E IN}
Let k > m we have
V+ yly —v?wlw < —XoV. (36)

The remainder of the proof for exponential stability when
w(t) = 0 and the weighted Ls-gain analysis for the closed-
loop system (1), i.e. for switched system (28), is the same
as that of Theorem 1.

V. EXAMPLE

Consider the switched system (3) with Iy = {1,2}, n —
d=2,d=2 and

—4 0 1 0 3 0
A11:|:2 1:|7A21:|:0 O:|u01:|:0 1:|7

0.5 01 O 2 0
312{1},1*71:[0 0.1},F11={0 1}7

o 0 . 0.4 o —I3
Fn = [ 1}7 Gl_{o.s}’ fo = [ —31;3—4.41:4}

-5 -2 0 0 1 0]
A12:|: :|7A22:|: :|702:|:0 2 ’

1 05 0 5 0]
32 - |: O :| ) E2 - |: O 03 :| ) F12 - |: 0 3 )
b

0.5 0.1 —2x3(1 |
F22—{ }7022{03],&2:{ xg_(xjx )

sint 0
() = [ 0 cost } ’

For v =1, let e = €5 = 1. Solving (29), gives

p _ [ 26179 0.3342 p, _ [ 29598 0.1577
17103342 2.3329 27 0.1577  2.0921

It is easy to verify that P; and P, are positive definite
matrices, which indicate that condition (i) in Theorem 2 is
satisfied. Choosing

Wy = 1.523 + 0.8x3x4 + 1.5, Wy = 23 + 223

We have a1 = 11, ag1 = 19, a12 — 1, a9 — 2,
Wi < —1.6(z3 + 23), Wao < —4(z% + «3). This implies
that condition (ii) is satisfied. Using Theorem 2, we design
the average dwell-time and switched state feedback. Let
w = 14175, g = 0.8, A = 0.7, we can get g4 = 1.9,
7o = 0.9, let 77 < 7, = 1. Design the switching law as

1, k=0,24,...,

"(t):{z, k=1,35,..., be = k.

(37
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and the switched state feedback is given as:

—1.643221 — 3.5000z2, =1,
Uy = . (38)
—21.8392z1 — 0.6308x5, 1=
A simple calculation shows that the average dwell time for
the linear switched part of the system is 7,1 > 7 = IHT“ =

0.5, and the average dwell time for the nonlinear switched
part is 742 > 745 = 0.7. Thus, 7, > 77 > max{7)}, 7.5} is
obvious. Let #(0) = (—2,1.5,2.5, —2.5)7.

2
X
1 3
X1
©0
3]
» Xy
-1
X
4
-2
-3
0 3 6
time(s)
Fig. 1. The state response of the switched system
2.2
§ 2
2
21.8
a
1.6
()
<
S14
5
1.2
()
<
£
0.8
0 1 .3 5 6
time(s)
Fig. 2. The switching signal for the switched system

Fig. 1 and Fig. 2 are the state response and the switch-
ing signal of the whole switched system separately, which
indicate the feasibility of our results.

VI. CONCLUSIONS

In this paper, we have studied the Lo-gain analysis and
control synthesis problem for a class of uncertain switched
nonlinear cascade systems with external disturbances input.
Sufficient conditions for both the weighted Ly-gain analy-
sis and the control synthesis have been expressed in the
form of linear matrix inequalities. The disturbed uncertain
autonomous switched system and the disturbed uncertain
non-autonomous switched system with the designed switched
state feedback are globally exponentially stable and achieved

a weighted Ly-gain under arbitrary designed switching laws
that satisfy some average dwell-time. Moreover, the average
dwell-time and the state decay have been calculated explic-
itly.
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