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Adaptive Controller Design and Disturbance Attenuation for Sequentially
Interconnected SISO Linear Systems under Noisy Output Measurements with
Partly Measured Disturbances

Sheng Zeng

Abstract— In this paper, we present robust adaptive controller design
for a special class of linear system, which is composed of two sequen-
tially interconnected SISO linear subsystems, S; and Sz, under noisy
output measurements and with partly measured disturbances. Based
on worst-case analysis approach, we formulate the robust adaptive
control problem as a nonlinear H °°-optimal control problem under
imperfect state measurements, and then solve it using game-theoretic
approach. The cost-to-come function analysis is carried out to derive the
estimators and identifiers of S; and S2, and integrator backstepping
methodology is applied recursively to obtain the control law. The design
paradigm is the same as [1] with the only difference being the treatment
of the measured disturbance. The same result of [1] is achieved. In
addition, the designed controller achieves the disturbance attenuation
level zero or arbitrary positive disturbance attenuation level with respect
to the measured disturbances. Moreover, for the measured disturbances
that the controller can achieve disturbance attenuation level zero with
respect to, the asymptotic tracking objective is achieved even if they
are only uniformly bounded without being of finite energy.

Index Terms— Nonlinear H°° control; cost-to-come function analy-
sis; measured disturbances; adaptive control.

I. INTRODUCTION

Adaptive control has attracted a lot of research attention in
control theory for many decades. In the certainty equivalence
based adaptive controller design [2] the unknown parameters of
the uncertainty system are substituted by their online estimates,
which are generated through a variety of identifiers, as long as the
estimates satisfy certain properties independent of the controller.
This approach leads to structurally simple adaptive controllers and
has been demonstrated its effectiveness for linear systems with or
without stochastic disturbance inputs [3] when long term asymptotic
performance is considered. Yet, the certainty equivalence approach
is unsuccessful to generalize to systems with severe nonlinearities.
Also, early designs based on this approach were shown to be nonro-
bust [4] when the system is subject to exogenous disturbance inputs
and unmodeled dynamics. Then, the stability and the performance
of the closed-loop system becomes an important issue. This has
motivated the study of robust adaptive control in the 1980s and
1990s, and the study of nonlinear adaptive control in the 1990s.

The topic of adaptive control design for nonlinear systems was
studied intensely in the last decade after the celebrated character-
ization of feedback linearizable or partially feedback linearizable
systems [5]. A breakthrough is achieved when the integrator back-
stepping methodology [6] was introduced to design adaptive con-
trollers for parametric strict-feedback and parametric pure-feedback
nonlinear systems systematically. Since then, a lot of important
contributions were motivated by this approach, and a complete list

The work in this paper was done when Sheng Zeng was with Department
of Electrical and Computer Engineering, University of Cincinnati, Cincin-
nati, OH. He is now with Hewlett-Packard Company, 18110 SE 34th St.,
Vancouver, WA 98683. Email: sheng.zeng@hp.com.

Emmanuel Fernandez is with Department of Electrical and computer
Engineering, 837 Rhodes Hall, Mail Loc. 0030, University of Cincinnati,
Cincinnati, OH 45221-0030. Tel:513-556-4785; Fax: 513-556-7326. Email:
emmanuel @ececs.uc.edu.

978-1-4244-2079-7/08/$25.00 ©2008 AACC.

Emmanuel Fernandez

of references can be found in the book [7]. Moreover, this nonlinear
design approach has been applied to linear systems to compare
performance with the certainty equivalence approach. However,
simple designs using this approach without taking into consideration
the effect of exogenous disturbance inputs have also been shown to
be nonrobust when the system is subject to exogenous disturbance
inputs.

The robustness of closed-loop adaptive systems has been an
important research topic in late 1980s and early 1990s. Vari-
ous adaptive controllers were modified to render the closed-loop
systems robust [8]. Despite their successes, they still fell short
of directly addressing the disturbance attenuation property of the
closed-loop system.

The objectives of robust adaptive control are to improve transient
response, to accommodate unmodeled dynamics, and to reject
exogenous disturbance inputs, which are the same as the objectives
to motivate the study of the H°°- optimal control problem. H°°-
optimal control was proposed as a solution to the robust control
problem, where these objectives are achieved by studying only
the disturbance attenuation property for the closed-loop system.
The game-theoretic approach to H °°-optimal control developed for
the linear quadratic problems, offers the most promising tool to
generalize the results to nonlinear systems [9]. Worst-case analysis
based adaptive control design was proposed in late 1990s to address
the disturbance attenuation property directly, and it is motivated
by the success of the game-theoretic approach to H °°-optimal
control problems [10]. In this approach, the robust adaptive control
problem is formulated as a nonlinear H* control problem under
imperfect state measurements. By cost-to-come function analysis,
it is converted into an H°° control problem with full information
measurements. This full information measurements problem is then
solved using nonlinear design tools for a suboptimal solution. This
design paradigm has been applied to worst-case parameter identifi-
cation problems [11], which has led to new classes of parametrized
identifiers for linear and nonlinear systems. It has also been applied
to adaptive control problems [12], [13], [14], [15], which has led to
new classes of parametrized robust adaptive controllers for linear
and nonlinear systems. In [12], adaptive control for strict-feedback
nonlinear systems was considered under noiseless output measure-
ments, and more general class of nonlinear systems was studied in
[14]. In [13], single-input and single output (SISO) linear systems
were considered under noisy output measurements. SISO linear
systems with partly measured disturbance was studied in[15], which
leads to disturbance feedforward structure in the adaptive controller.
In [1], adaptive control for a sequentially interconnected SISO linear
system was considered, and a special class of unobservable systems
was also studied using the proposed approach.

In this paper, we study the adaptive control design for sequen-
tially interconnected SISO linear systems, S1 and Sa(see Figure 1),
under noisy output measurements and partly measured disturbance
using the similar approaches as [13] and [1]. We assume that
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the linear systems satisfy the same assumption as [1], and the
adaptive control design follows the same design method discussed
above. The robust adaptive controller achieves asymptotic tracking
of the reference trajectories when disturbance inputs are of finite
energy. The closed-loop system is totally stable with respect to
the disturbance inputs and the initial conditions. Furthermore, the
closed-loop system admits a guaranteed disturbance attenuation
level with respect to the exogenous disturbance inputs, where
ultimate lower bound for the achievable attenuation performance
level is equal to the noise intensity in the measurement channel of
S1. The results are as same as those in [1]. In addition, the controller
achieves arbitrary positive distance attenuation level with respect
to the measured disturbances by proper scaling. Moreover, if the
measured disturbances satisty the assumption 2 for w; ;, and wa s,
the proposed controller achieves disturbance attenuation level zero
with respect to the measured disturbances, which further leads to
a stronger asymptotic tracking property, namely, the tracking error
converges to zero when the unmeasured disturbances are £o N Lo,
and the measured disturbances are L, only.

The balance of the paper is organized as follows. In Section II,
we present the formulation of the adaptive control problem and
discuss the general solution methodology. In Section III, we first
obtain parameter identifier and state estimator using the cost-fo-
come function analysis in Subsection III-A, then we derive the
adaptive control law in Subsection III-B. We present the main
results on the robustness of the system in Section IV, whose proofs
are omitted due to page limitation. The paper ends with some
concluding remarks and an acknowledgement in Section V.

The following notation will be used in this paper. For any vector
z € R", and any n X n-dimensional symmetric matrix M, where
n € N, |z|3; = 2’ M z. For any matrix M, the vector M is formed
by stacking up its column vectors. For any symmetric matrix M,
M denotes the vector formed by stacking up the column vector of
the lower triangular part of M. For n X n-dimensional symmetric
matrices M and M>, where n € IN, we write M1 > My if My —
M, is positive definite; we write My > Mo if My — Mo is positive
semi-definite. For n € IN, the set of n X n-dimensional positive
definite matrices is denoted by S4,. For n € NU {0}, I,, denotes
the n X n-dimensional identity matrix. For any n € IN and k €
{1,---,n}, en ik denotes [ Oixk—1) 1 O1x(n—r) ],.

II. PROBLEM FORMULATION

We consider the robust adaptive control problem for the system
which is described by the block diagram in Figure 1.

W, il
¥ Y N
W S Si
U ——-+ ¥
Wi

Fig. 1. Diagram of MIMO System.

We assume that the system dynamics for S; is given by, ¢ = 1,2

& = A + €i,sB1y2 + (1 — €i,5)(Bau + A2,y¥2) + Diws
+ Dy 2:(0) = X4 0 (1a)
yi = Cixi + Fw; (1b)
where €1, = 1 and e3,s = 0; &; is the n;-dimensional state vectors,
n; € IN; u is the scalar control input; y; is the scalar measurement

output; w; is ¢;-dimensional unmeasured disturbance input vector,
qi € IN; w; is §¢;-dimensional measured disturbance in,put vector,
di € IN; the elements of w; are [ Wi, 1 Wi, g } s U2 = Y15
the matrices Ai, AW, Bi, C’i, Di, Di, and EZ are of the appropriate
dimensions, generally unknown or partially unknown, ¢ = 1, 2. For
subsystem Si, the transfer function from ys to y1 is Hi(s) =
Ci(sIn, — A1)~ By, for subsystem Sz, the transfer function from
w10 2 is Ha(s) = Ca(sln, — Aa) ' By. All signals in the system
are assumed to be continuous.

The subsystems S and Sz satisfy the following assumptions,

Assumption 1: For i = 1,2, the pair (A;,C;) is observable; the
transfer function H;(s) is known to have relative degree r; € IN,
and is strictly minimum phase. The uncontrollable part of S1 (with
respect to y2) is stable in the sense of Lyapunov; any uncontrollable
mode corresponding to an eigenvalue of the matrix A; on the Jw-
axis is uncontrollable from [ w) W ]/. The uncontrollable part
of Sa (with respect to w) is stable in the sense of Lyapunov; any
uncontrollable mode corresponding to an eigenvalue of the matrix
A5 on the jw-axis is uncontrollable from [ wh Yo Wh }/. o

Based on Assumption 1, for ¢ = 1,2, there exists a state
diffeomorphism: z; = Tix;, and a disturbance transformation:
w; = Mzwl, such that S; can be transformed into the following
state space representation,

i = Aixi + (Y Ai211 + (65,5 (y2 — u) + u) As 212
qi
+ Zﬂh‘,in,zlsj + (1 — €i,5)Y2A2,214)0; + D,
Jj=1

+B;(€i,s(y2 — u) +u) + (1 — €,5) A2,y ¥2 + Dsw;(2a)
yi = Cizs + Eyw; (2b)

where 6; is the o;-dimensional vector of unknown parame-
ters for the subsystem S;, o; € IN; the matrices A;, Ai7211,
A 212, Aioiz1, - Aioizg,. Az214, Asy. Bi, Di, Dy, Ci
and E; are known and have the following structures, A; =
(aiyjk)nixm;am G+1) = 1,ai7jk = 07 for 1 S ] S T — 1 and
J+2<k<ng A = [ 05, x(ri-1) Aizi2o  Af2i2r, ]/’
Ci = [1 Oixm;—1) |, Ai2120 is a row vector, B; =
[ O1x(ri=1) bipo bip(ns—rs) | +biws =0,1,+,ni—
r; are constants. We denote the elements of z; and x2 by
[ T1,1 T1,n, ] and [ T2,1 X2, ]I , with initial
conditions 1,0 and x2 0, respectively.

Assumption 2: The measured disturbance w; can be partitioned
asiw; = [ W], W], | where wiq is Gi,o dimensional, 4ia €
IN U {0}. The transfer function from each element of 1,4 to y1
has relative degree less than 71 4 72; and the transfer function from
each element of w2 o to y2 has relative degree less than r». o

Based on Assumption 2, the matrix D; can be
partitioned into [ Di,a Di,b ], where Dm and Di,b
have n; X {io- and n; X §;p-dimensional, respectively;
Dip = [ Ol(ri—l)xq@b D Dip, ]/, and A;013; =
[ Ozrifvl)xdi A'/i_,213j0 Aj 213 s ]/, Jj = Gia+ 1, G,
where D;po and A; 2130, j = Gi,a + 1, -+, di,a + Gi,b, are row
vectors, ¢ = 1, 2.

We call (2) the design model, and we make the following two

assumptions.
Assumption 3: For ¢ = 1,2, 1the matrices F; are such that
EIE,Z > 0. Define Cl = (ElEZ,)7§ and Ll = DZE,Z <

Due to the structures of A;, Ai7212 and B;, the high frequency
gain of the transfer function H;(s), bio, is equal to b; 0 +
Aj21200i, 1 =1,2.
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To guarantee the stabilizability of the identified system, we make
the following assumption on the parameter vectors 6y and 6.

Assumption 4: The sign of b; o is known; there exists a known
smooth nonnegative radially-unbounded strictly convex function
P, : R° — IR, such that the true value 6; € ©; := {f; €
R° | P;(0;) < 1}; moreover, V0; € ©;, sgn(bio)(bipo +
Ai,212 051) >0,1= 1, 2. o

Assumption 4 delineates a priori convex compact sets where the
parameter vectors 01 and 6 lie in, respectively. This will guarantee
the stability of the closed-loop system and the boundedness of the
estimate of 61 and 0-.

We make the following assumption about the reference signal,
Yd-

Assumption 5: The reference trajectory, yq, is r1 +r2 times con-
tinuously differentiable. Define vector Yy := [y{”, - - - ,yfiT1+T2>]',
where yfio) = yd4, and yfij ) is the jth order time derivative of yq,
J=1,--,71 4723 define Yao := [y(0), -,y T27(0)) €

IR™ %72, The signal Yy is available for feedback. o
The uncertainty of subsystem S; is @i =
(21,0, 01, W1[0,00), Wi[0,00)> Yd()?ygfé,zf)) € Wi =

R™ x ©; x C x C x R™7"2 x C, which comprises the initial
state 1,0, the true value of the parameters 6;, the unmeasured
disturbance waveform o, 0), the measured disturbance waveform
W1[0,00), the initial conditions of the reference trajectory Yao,
and the waveform of the (r1 + r2) th order derivative of the
reference trajectory, yfj["égf) The uncertainty for subsystem Sg is
Wy 1= (1‘2,0792,’&)2[0700)7152[0’00)) € W2 :=R™ x Oy xCxC,
which comprises the initial state x20, the true value of the
parameters >, the unmeasured disturbance waveform w00,
and the measured disturbance waveform g, o0)-

Our objective is to derive a control law, which is generated by
the following mapping,

u(t) = (y20,¢> Y2[0,4]» Ya[o,4], W1, W2) 3)

where 11 : CxCxCxCxC — IR, such that 21,1 can asymptotically
track the reference trajectory yq, while rejecting the uncertainty
(w1,w2) € Wi x Ws, and keeping the closed-loop signals bounded.
The control law g must also satisfy that, V(wi,ws) € Wi x W,
there exists a solution 19 o0) and Z2[p,) to the system (1), which
yields a continuous control signal u[g ). We denote the class of
these admissible controllers by M,,.

For design purposes, instead of attenuating the effect of
[ W, W, wh 1w, | we design the adaptive controller to
attenuate the effect of [ wp W] wh e ]/. This is done
to allow our design paradigm to be carried out. This will re-
sult in a guaranteed attenuation level with respect to w; and

w2. To simplify the notation, we take the uncertainty w; :=
(ri+rz2)

(mlyoaalywl[o,oo)vwl[o,oo)aYdand[opo) ) € W1 :=R"™ x O1 x
CxCxR*™ x C, and wy = (322,0,92,11)2[0,00),@2[0700)) €

Wy :=TR" x 03 xC xC.

We state the control objective precisely as follows,

Definition 1: A controller € M, is said to
achieve disturbance attenuation level -~ with respect to
[ wp W, wh Wh, ]/, and  disturbance  attenuation
level zero with respect to [w’l,b Wa ],, if there exists
functions 11 (t, 01, 21, Y1[0,4]5 Y2(0,4]> W1[0,4]> W2[0,4]> Ya[0,4])»
l2(t702,3327?!1[0,t]7y2[0,t]717)1[0,15]7Ujg[o,t]uyd[o,t])s and a known
nonnegative constant lo(%1,0, £2,0, 01,0, 62,0), such that

sup o, <0
w1y er ,Wo EWQ

Vip >0 )

and /; > 0 and l> > 0 along the closed-loop trajectory, where
J'ytf = Jl,'ytf + JZ,'ytf (53.)

tf
Jigey = / (Gi,s(Cwl —ya)” =7 |wil® = 7’| bial?
0

2
_ (5b)

1,0

+li> dr — ’72 [ 0; — é;,o xg,o - j§,0 ]l

fi0 € ©; is the initial guess of 6;; #;0 € R"™ is the

initial guess of Zi,0; Qi,o > 0is a (Tli + O'i) X (m =+ O'i)—

dimensional weighting matrix, quantifying the level of confi-

dence in the estimate [ 00 il " Q; o admits the structure
Qis Qi0 0

‘I)i,OQ;(} IL; o + Qi,oQgécbé,o
and n; X n;-dimensional positive
i=1,2.

Clearly, when the inequality (4) is achieved, the squared Lo
norm of the output tracking error Chz; — yq is bounded by ~2
times the squared L£2 norm of the transformed disturbance input
[ wy Wi, Wy Wh, ]/, plus some constant. When the Lo
norm of wi, we, Wi, and w2 are finite, the squared Lo norm of
C1x1 —yq is also finite, which implies tlim (Crz1(t)—ya(t)) =0,

S0

N QZHO and Hi,O are o; X ;-

efinite matrices, respectively,

under additional assumptions.

Let &; denote the expanded state vector &; = [0, z;]', i = 1,2,
and note that §; = 0, we have the following expanded dynamics
for system (2),

001 Xoq

é: _ _ _ . _ 00'1 an §
' y1A1,211 + Y241,212 + 231_1:1 w1, A1,2135 Ay !
00'1><1 001 Xq1 0(71 X g1 -
Jr{ B, }y2+[ Dy wy + Dy w1
=: Ay (y1,92)é1 + Biyz + Diwy + 511111
Y1 = [ Oi1xs;, Ch ] &+ Brwy =: C1é1 + Erun

002 Xog

y2A2,211 + UA2,212 + 252:1 w2,jA2,213]’ + 3]21212,214
OO'QX’VLQ 002><l 002><1 ,
+ U+
A :| & |: B2 Az y Y2

00’2 Xqz2 002><d2 -
+ |: Do w2 + D2 wa

2(y1,y2, u)€2 + Bou + Az 412 + Dows + Datba
0

= A
Y2 = [ ixos C2 ] & + Fawg =: 6_'252 + Fows

The worst-case optimization of the cost function (4) can be
carried out in two steps as depicted in the following equations.

sup Jy
w1EWL, waeWy

tp < sup (Z sup ity )(6)

wm €W N T wi €Wilwm €Wm

where wy, is the measured signals of the system, and defined as

- - r1+7
Wm = (yl[O,oo)vy2[0,oo)7w1[0,oo),w2[0,oo)7Yd07y((i[é’oo)2))

EWm:=CxCxCxCxR' 2 xC.

The inner supremum operators will be carried out first. We max-
imize over w; given that the measurement w,, is available for
estimator design, ¢ = 1,2. In this step, the control input, u, is
a function only depended on w.,, then u is an open-loop time
function and available for the optimization. Using cost-to-come
function analysis, we derive the dynamics of the estimators for
subsystem S; and S, independently.
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The outer supremum operator will be carried out second. In this
step, we use a backstepping procedure to design the controller .

This completes the formulation of the robust adaptive control
problem.

III. ADAPTIVE CONTROL DESIGN

In this section, we present the adaptive control design, which
involves estimation design and control design. First, we discuss
estimation design.

A. Estimation Design

The design paradigm is the same as [15] to derive the identifier
of subsystem Si, and the only difference is that the actual control
input to subsystem S; is the output of subsystem Ss, y2. In this
paper, we only summarize the estimation design for S, briefly due
to the paper limitation. In this step, the measurements waveform
wp, 1s assumed to be known. Since the control input, u, is a causal
function of wy,, then it is known. Again, we will apply the cost-
to-come function methodology to derive the estimator.

Set function Iz in (5b) to |2 — ég\%z +2(& — &)l + I,
where & = [0, 5] is the worst-case estimate for the expanded
state &2, & is the estimate of &, Q2 is a matrix-valued weighting
function, Iz and Iy are two design functions to be introduced
later, the cost function of subsystem Sz, (5b), is then of a linear
quadratic structure. By cost-to-come function analysis, we obtain
the dynamics of worst-case covariance matrix 3., and state estima-
_22 ;2,12
Yo21 X222
@2 = 22’212;1 and H2 = (22722 — 22’212;122’12), then
the weighting matrix 3 is positive definite if and only if X5 and
I are positive definite. To guarantee the boundedness of 3o, we
choose weighing matrix Q2 as follows,

tor &>. We partition o as 5o = ] and introduce

2 _ _q)/Q 4171 —1 _(PIQ '
Q2 - { In2 :| Fy H2 A2H2 In2
+ 62(PIQC£FY2C22 CQ (bQ 002 Xng (7)
0n2><<72 Ongxng

where Aq(t) = 772B2,AH2(1€) + Ag1, with B2 A > 0 being a
constant and A, ; being an ns X ng- dimensional positive-definite
matrix, and €2 is a scalar function defined by ez = K;,iTr(Egl)
orex = 1. Koo > 72Tr(Q270) is a design constant, Q2,0 is an
o2 X og-dimensional positive-definite matrix, and given in (8a).
Then the dynamics of o, ®2, IIs are given by,

B2 =(e2 — 1) D@40 (3 C2®252; %2(0) = 7 °Qy  (8a)
Ty =(Az — (3 L2Co + Bo,a /210, ) 4 Tz (As — (5 LaCo
+02,8/2Iny) = 2053 Colly + D2 D)
—G3LaLy +7° A2 (8b)

G2
(i)z =As ;P2 + y2A2,211 + u42,212 + Z A2,213jw2,j
=1

+ij2 Az 214; ®1(0) = P10 (8c)

where Ag 5 := Ag—C%LgCg—HgCéCgC% is Hurwitz. By Lemma 1
in [1], we have the covariance matrix ¥ upper and lower bounded
as follows, K{;LTQ < 3a(t) < ¥2(0) = 772Q2i(1), YATr(Q2,0) <
Tr(22(t))™" < Ka., whenever X exists on [0,¢¢] and @2 is
continuous on [0,]. To avoid the calculation of ¥;* online, we
define 525 = Tr(25 ).

To guarantee the estimates parameter to be bounded and the
estimate of high frequency gain to be bounded away from zero

without persistently exciting signals, we introduce the following
soft projection design on the parameter estimate.

Define po := inf{P>(62) | 62 € R72,b2,po + A2,212002 = 0}.
By Assumption 4 and [15] we have 1 < p2 < oo. Fix any
p2.0 € (1,p2), we define the open set ©,, := {0 | P2(0) <
02,0} Our control design will guarantee that the estimate G lies in
©2,,, which immediately implies |b2 po + A2 212062] > ca,0 > 0,
for some c2o > 0. Moreover, the convexity of P» implies the
following inequality: %(92) (02 — 02) <0 VO € R72\O2. To
incorporate the modifier to the estimates dynamics, we introduce
l2,2 = [—(ng,-(ég)/ 01><n2],, where

oo (—rwm) (oms g
m (@(92)) Vo, € 62,0\62
002><1 Vs € O4

ngr(ég)::

and the dynamics of £ is then given as follows,

52 =% [ (P2,r(62))  O1xny }/ + Ass + Bou + As i
+ Dotz — £2Q2(&2 — &2) + (3 (V2205 + La) (y2 — Ca2€2)

where & = [04 @2 with initial condition [0} o 5 ]’, and Lo is
defined as L2 = [01x,, L5]". This completes the estimation design
of S2.

Associated with the identifier and estimator of subsystem S;,
i = 1,2, we introduce the value function W; : R™i 17 x R™ T x
Si(niton — Ras Wil&i, &, £0)=[0—0 2 147 |wi—5:i—D; (0i—

Gi)\f_[,l, whose time derivative is as follows
i
: 2 4 . A2
Wi = —¢islz1,1 —ya|” — 7 |xi — 3 — Di (60; — 9i)|n;1AiH;1

—ei v C10: — éz‘li;cgci@i + €8 |Cidti — yal?
Hieln, =V Elyi — Cial® + 72 wil® = 7 lws — wi o]
+2(0; — 0:) Py (0;) + €icis |05 — éi|§>(_c;ciq>i )

where w; . is the worst-case disturbance, given by w; . : R X

Rnﬁ-oi % ]Rni-Hm‘ X S+(ni+ai) — R
Wi (&, &, S, wi) = GEi (yi — Ci&i) +77 % (Ig, — G ELE))
DS (& —&); i=1,2

We note that (9) holds when 3; > 0 and 6; € ©; ¢, and the last
term in W; is nonpositive, zero on the set ©; and approaches —oo
as 6; approaches the boundary of the set O;,0, which guarantees
the boundedness of éi, i=1,2.

Then (5) can be equivalently written as, ¢ = 1, 2:

ty
Jiyty =/ (Ei,s|clfl —yal®+&i clp, +li =7y — Cizal?
0

2 2 2 -
=Y Wi — wiw|" = ¥ | Wia

2 2
)dr—ti0 =160 (t0) Fe, 1
where &; . = & — &;. This completes the identification design step.

B. Control Design

In this section, we describe the controller design for the uncertain
system under consideration. Note that, we ignored some terms in the
cost function (5) in the identification step, since they are constant
when y1, y2, W1, W2 and Yo are given. In the control design step,
we will include such terms. Then, based on the cost function (5),
the controller design is to guarantee that the following supremum
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is less than or equal to zero for all measurement waveforms,

ty 2
sup Jyt, < sup {/ (‘Clj”l —yal” + Z (li
NI N wWm EWm 0 =1

w1 EW1,Wwa EWo
i eld, — VG lyi — Cidal® — v2lwi,al2) ) dr  (10)

where function [; is part of the weighting function Iy, and [ is part
of the weighting function /> to be designed, which are constants in
the identifier design step and are therefore neglected.

By equation (10), we observe that the cost function is expressed
in term of the states of the estimator we derived, whose dynamics
are driven by the measurement y1, y2, W1, W2, Y2, the reference tra-
jectory yq, the input w, and the worst-case estimate for the expanded
state vector él and 52, which are signals we can either measure
or construct. This is then a nonlinear H °-optimal control problem
under full information measurements. Since g2 = y1 in the adaptive
system under consideration, we can equivalently deal with the trans-
formed variables, v = [ vy vh ]/, instead of considering y1, y2,
w1, We, and g2 as the maximizing varlable and we will attenuate

disturbance v, = [ Vi UVdg ] and cancel the disturbance
o o /
w1, and W2, where v; = [ Gi(yi — Cides) Wi, Wi ] ,
Vi,a = [ Ci(yi — Cidts) Wi, } ,i=1,2.

For ¢ = 1,2, we introduce the matrix M;; :=

[ Af’[l;m n; Ai fDin;  Pin, }, where p; n, iS a n;-
dimensional vector such that the pair (A; f, pin,) is controllable.
We note that §o = yi, then the following 3ni + 4ns + §1 +
G2-dimensional prefiltering system for yi, y2, w, Wi, w2, and
y2 generates the ®; and ®3 online: s = A; 1 + Din, Vi
N, = Ai Moy ,5 + Ping Wi g5 Nw;,i(0) = N, 50, §J = 1,0+, Gis
Ai = Aigpdi + €upiniyz + (1 — €,0)p2msu; Xi(0) = Ao
N2y = A2 M2y + P2nyls M24(0) = N240, Aio = AifAios
Aio(0) = Pin, -

= (I—ey) [ As% 'n2y
Ago1g + [ AZ?IM
+ [ AZ}_l)\i,o

q;
LAY e
j=1

A 0135 + [ A?ff_lm‘

Az 2y M2y ]M;fl
Aighi N ]M,-Tfl/ii,mz
Aifhio i ]M;flq)i,oo

—1
Ai g Nois | Mg

Aigni i } M;flAi,zu
where 7;,0, Ai,0, N2,y0 and ®; ,o are the initial conditions such that
the above equation holds at ¢ = 0.

The variables to be designed at this stage include %21, u, &1,c,
and &2 .. Note that the structures of A; and As in the dynamics is in
strict-feedback form, we will use the backstepping methodology, see
[71, to design the control input u, which will guarantee the global
boundedness of the closed-loop system states and the asymptotic
convergence of the tracking error. Since there are the nonnegative
definite weighting on &1 . and 2 . in the cost function (10), we can
not use integrator backstepping to design feedback law for &; . and
&2,c. Hence, we set &1, = €2, = 0 in the backstepping procedure.
After the completion of the backstepping procedure, we will then
optimize the choice of &1, and &2 . based on the value function
obtained. Note that 1, II;, s1.x, 91, 3o, I, s2.5, and éz are
always bounded by the design in Section III-A. Since ®; is driven
by control y2, and ®, is explicitly driven by w, they can not be
stabilized in conjunction with Z; and @2 in the backstepping design.
We will assume they are bounded and prove later they are indeed
so under the derived control law.

In view of yo = C;lefja+2’qua+2va + &2,1, we will treat T2,1 as
the virtual control input of subsystem S1, where o = ¢1,a +G2,qa t0
carry out the backstepping design for subsystem S1, and then derive
the robust adaptive controller, p , for closed-loop system. We will
show later that the control law u := p guarantees the boundedness
of the closed-loop system states and the asymptotic convergence of
tracking error. For detailed equations of the backstepping design,
see the full version of the paper.

For the closed-loop adaptive nonlinear system, we have the
following value function, U = Wi + Ws + Va ,.,, where V5 ,,
is the value function defined in the backstepping procedure, and its
time derivative is given by

e — yaf® —Z( s~

+e; (V¢ —1)]0;
T

JrZBj,kZ?,k
k=1

. . 1 2 N
+’72‘wj - wj,opt|2) + Z ‘§1,(r1+r2) ’Q1—62|92 — 92|q>/20é02¢,2

N 2
J(ej_ej)‘nflAjnfl
J J

- 9j\q>;.c;.ch>,- —2(0; = 6;) P (6) + |13,

2 2 2 2 2« 12
= 77w ” + T wj — wjept]” — 7wy

2

1 2
1+ §§1,(T1+T2) QI,

S2,ra | _
Q2

1
52,(; + 5

where z;; = Z;; — ou,j, ay; is the virtual control law, ¢ =
1,2, 7 = 1,---,7 S1,r,+r, and G2, are functions obtained
after backsteping design; wi,opt and wo opt are the worst case
disturbance with respect to the value function U, v3 ., is a function
obtained after step 1 + 72 + 1. All variables above are well defined
in our full version paper.

Then the optlmal choice for the variable 51 ¢ and £L, 1=1,2,
are: &i,cx = 2§1 iy = 51 . = €1 - 2§1 ri4re; E2ex =

2<2 ry = Eou = E2 — 5@ ro» Which yields that the closed-
loop system is dissipative with storage function U and supply rate:
—lz11 = yal* +2 w1 [* + 7 w2|? + 7?10 ]* +7?[tb2,a|*. This
optimal choice for éi, ¢ = 1, 2, results in the first proposed adaptive
control law.

The optimal choice of &« is generally very complicated. We
could simply choose &; . = 0, i.e., & = &;. Since it will result in
a simplified identifier structure, this suboptimal choice of fl may
be preferable over the optimal one. This suboptimal choice for éz
results in the second proposed adaptive control law, i = 1, 2.

This completes the adaptive controller design step. We will
discuss the robustness and tracking properties of the proposed
adaptive control laws in the next section.

1 2
1 ls2,ralg, —

IV. MAIN RESULT

In this Section, we present the main result by stating two
theorems.

For the first adaptive control law, with the optimal choice of &; c«,
the closed-loop system dynamics with initial condition X are

X = F+GX)[wi wh |+Gua(X) [ @ wh ]
where F', G and Gps are smooth mapping of D x IR, D and
D, respectively; and the initial condition Xo € Dy := {Xo €
D|0o; € @Z‘,éi,o € 0;,%;(0) = 77262;5 > 0,Tr ((Ei(O))il) <
Kic,85(0) = 4°Tr(Qio);i = 1,2}. And U satisfies an
Hamilton-Jacobi-Isaacs equation, VX € D Vy(rﬁ'”) € R.

LR 4+ 5 D0 (X) [ GX) Gu(X) ]

442 0X
(o) Gux) T (20) +aux

(71+7'2)) -0

4789



where () : D x R — IR is smooth and given by

2
QUE Y ) = for —yal + > (=26 = 8/ Py (6)
j=1

2.2 Ho12 1 2 ~ 2
€& (V¢ = DIb; —bilercrcpe, + 4 |<iur; o, Tily;
7
+ Zﬁ]szk) + €202 — 92|¢’Qc§c2q>2
k=1

The closed-loop adaptive system possesses a strong stability
property, which will be stated precisely in the following theorem.

Theorem 1: Consider the robust adaptive control problem for-
mulated in Section II with Assumptions 1 — 5 holding. The robust
adaptive controller ;1 with the optimal or suboptimal choice of &; .,
achieves the following strong robustness properties for the closed-
loop system.

1) Given ¢y, > 0, and ¢g > 0, there exists a constant ¢, > 0 and
compact sets O1,c C ©1,0, and O2 . C Oz, such that for any
uncertainty (‘1'1,07 01, @17[0’00), uv)l’[o’oo)7 Yao, y;?é,zf)) S

W1 and (mgyo,@z,11)2’[0700)7151’[0,00)) c WQ with ‘J:¢,0| <
cws [Wi()] < cws [Wit)] < cws [Ya(t)| < ca; VE €
[0,00),¢ = 1,2. All closed-loop state variables xi, Z1,
61, X1, s1,s, M, Mds Prwu, T2, Ta, 2, o, S2.3,
N2, M2,d, P2 are bounded as follows, V& € [0,00),
lzi(@)] < ces |Ti()] < ce; 0i(t) € Oie; [mi(t)] <
e |mia)] < e [Piw(t)] < ce KT < Bit) <
’Y_QQ;(%;'YQTT(QLQ) < si,n(t) < Ki,c;t = 1,2. The inputs
are also bounded |u(t)] < ¢y, and él < cu, ég < cu,
vVt € [0, 00), for some constant ¢, > 0. Furthermore, there
exists constant ¢y > 0 such that |\ o(t)] < ex, |Ai(f)] < ea,
|7771)i,j (t)| S Cx, = 172’ J = 17' : '7qi’ and ‘772724(75)‘ S Cxs
vt > 0.

2) For any I (131,0,91,11}1,[0700),1I)1,[0700)7Y(go,
yl(i?[“é::?)) € Wi, and ($2,0,02, 11)2,[0,00), 11)27[0,00)) € Wh
the controller © € M achieves disturbance attenuation
level ~ with respect to wi and ws, arbitrary disturbance
attenuation level 4 with respect to wi,, and w2,, and
disturbance attenuation level zero with respect to i, and
ﬂ)z,b.

3) For any r (131,0,91,12)1,[0700),1I)1,[0’00)7Y(ilo,
yl(;[aé::f)) € Wi, and (x2,0,92, 12)27[0700)711727[0,00)) € W
with U\}L[g’oo) € LoN Lo, 7:027[0,00) c Lo N Lo,
Wi ,a[0,00) € Lo N Lo, W2 4[0,00) € Lo N Lo,
W1 p[0,00) € Loo, W2 p[0,00) € L, and Yd[O,oo) € Lo, the
noiseless output of the system, z1,1, asymptotically tracks the
reference trajectory, yq, i.e., lim;—.oo (z1,1(t) — ya(t)) = 0.

Based on Theorem 1, we note that the above controller p can

achieve disturbance attenuation level v with respect to w; and w.

We have the following theorem about the ultimate lower bound on

the achievable performance level « for the adaptive system.

Theorem 2: Consider the robust adaptive control problem for-

mulated in Section III, under the assumptions of Theorem 1, the

ultimate lower bound on the achievable performance level is only
relevant to the Subsystem Sq, i.e., v > Cfl or y > Cfl‘

uncertainty

uncertainty

V. CONCLUSIONS

In this paper, we present the robust adaptive control for the
same linear system as [1] except that we assume part of the
disturbance are measured. We assume that the subsystem S; and
S, satisfy the same assumptions as [1], and we use the same
design method as [1] to derive the controller, where the measures of

transient response, disturbance attenuation, and asymptotic tracking
are incorporated into a single game-theoretic cost function, and
then cost-to-come function analysis is applied to obtain the finite
dimensional estimators of S; and Sz independently. The integrator
backstepping methodology is finally applied to obtain the controller.
The controller achieves the same result as [1], namely the total sta-
bility of the closed-loop system, the desired disturbance attenuation
level, and asymptotic tracking of the reference trajectory when the
disturbance is of finite energy and uniformly bounded. In addition,
the proposed controller may achieve arbitrary positive disturbance
attenuation level with respect to the measured disturbances by
proper scaling. The contribution of the measurements of part of the
disturbance inputs is that we can design an adaptive controller with
disturbance feedforward structure with respect to Wi, and wa to
eliminate their effect on the squared £2 norm of the tracking error.
Moreover, the asymptotic tracking is achieved even if the measured
disturbances are only uniformly bounded without requiring them to
be of finite energy.
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