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Multi-Timescale Nonlinear Robust Control for a Miniature
Helicopter

Yunjun Xu

Abstract— This paper proposes a new nonlinear control
approach which is applied to a miniature aerobatic helicopter
through a multi-timescale structure. To deal with inherent
unstable internal dynamics, the translational, rotational, and
flapping dynamics of the helicopter are organized into a three-
timescale nonlinear model. The concepts of dynamic inversion
and sliding manifold are combined together. Part of the
uncertainties is explicitly taken into account in the nonlinear
robust control design, and Monte Carlo simulations are used

for validations under other sensor mnoises and model
uncertainties.
Index Terms— Miniature helicopter, multi-timescale,

nonlinear system, robust control, under-actuated system.

I. INTRODUCTION

he evolution of the Unmanned Aerial Vehicle (UAV) is

at a tremendous pace these days. However, in order to
respond to a growing market’s demand and operate in the
US National Airspace System (NAS), UAVs require the
Certificate of Authorization from the Federal Aviation
Administration (FAA) [1], [2]. Typically, the practice in
rotary wing UAV flight control is to linearize the aircraft
dynamics about different trim conditions and use gain
scheduled linear control techniques to control the helicopter
during different flight conditions. Mismatches and
uncertainties among these operating points are captured
through different robust control methodologies such as H._,

[4], [5], # control [6], neural nets [7] or fuzzy logic [8].

However, aerodynamic forces acting on a rotary wing UAV
changes dramatically when it operates between different
flight conditions. To design a controller for operations in the
full flight envelope, dynamic inversion, input-output
feedback linearization or sliding mode control (SMC) is
typically used [6], [9]-[11]. Because of the under-actuated
nature, a pseudo inverse is normally experienced. Numerical
errors can not be avoided and the induced internal dynamics
instability may occur even with the help of singular value
decomposition techniques. Two of the typical methodologies
used to address this problem are timescale separation (TSS)
[12], [13] and the State-Dependant Riccati Equation control
(SDRE) [14]. In the SDRE approach, only the part of the
system that is not able to be presented in the state dependant
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coefficient (SDC) form needs to be inverted.

This paper is mainly concerned with the development of a
general multiple-input-multiple-output (MIMO) nonlinear
robust controller, which combined with the three-timescale
structure (three resolvable problems) can be applied in a
specific miniature helicopter control problem. Different
from [12] and [13] where a two-timescale model is used and
the flapping motion is assumed to be quasi-static, three
timescales are used where the flapping motion is regarded as
the fastest mode explicitly. In each timescale, a uniform
nonlinear robust controller is designed with guaranteed
stability and is robust with respect to explicitly considered
parametric uncertainties and unmodeled dynamics. Unlike a
typical SMC [15]-[19], there is no discontinuity function or
non-ideal switch, which typically results in the chattering
phenomenon [20], [21]. In the mean time, the controller is
guaranteed to be insensitive to bounded parametric and
functional uncertainties, which is better than a typical
dynamic inversion approach.

The rest of the paper is organized as follows. First the
Lyapunov stability based nonlinear robust control is derived
and the existence and uniqueness of the feedback control
gain are proved. Second, led by the analytical stability
study, some characteristics of the proposed nonlinear control
method are discussed. After that, the three-timescale
miniature helicopter dynamics model is briefly listed. Then
controllers are designed and validated through Monte Carlo
simulations for each timescale.  Finally, the overall
simulation results are demonstrated and a conclusion is
drawn.

II. NONLINEAR ROBUST TRACKING CONTROL

A. General Case

Let us consider a nonlinear system with a state function of
X = (X X, 1) + Zbij.(xl,...,xn)uj, i=l.,n, j=1..,m(1l)

Jj=1

and an output function of
v, =h(x,.nx,),i=1..,p 2)

T
where x, = [xl,...,xf”"”J eR" and x" 7V Eg%'x /dt" are
states with up to n,—1 derivatives. u=[u,,...,u, ] € R" is the
control input and B= [b,/.(xl,...,x,,)Je R™" is the input

matrix. f=[f,...f,]’€R" is the nonlinear state function.

The relative degree for the output y=h=[y,...y,]' € R” is
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r=[h,...,r,]'€R”. To avoid numerical errors in pseudo

inverse associated with the proposed controller, p<m is

required. The aim of the controller is capable of tracking the
desired trajectory y, ,,i=1,...,p . The nominal model is

~ i A
X = [ (X X )+ Db (XX Dy, i=1n, j=1,m (3)
j=1

and the nominal measured output is y, =/ (x,,..,x,), where

A represents the predicted information, f=[f,..,f.] € R
and B= [1;,./ (xl,...,xn)}e R . The parametric uncertainties

of the input matrix are bounded by |4j| <D; <1, i,j=1,..,p
as

(I+4)= [LBLf‘f’lh(x)J[LEL’jTlIAt(x)} AR (4)
where I is an identity matrix with the proper dimension. B

and B are assumed to satisfy the matching condition. “L”
and “+” are used to denote the Lie derivative and the
pseudo inverse respectively. The error between the predicted
and actual state functions is bounded by

F=|-Lh + L) i=1,.0p (5)

The sliding manifold s =[s,....s,]" € R” is
r=2
s, = |edt+ Y A e +e" N i=1,.,p (6)
k=0

where A4,,>0, k=-1,..,5;,—2 can be any positive number
and the error signal is defined tobe e, =y, ,—y,, i=1..,p.

Theorem 1: For a nonlinear system (1) with bounded
parametric and functional uncertainties (5) and (6), the
proposed MIMO feedback control scheme

r-lp | d rp S e+
u:[LéLflh(x)J {TJﬁ—Lih(x)+zl.e+kZ;1k.eu Yykes|(7)

guarantees that the closed-loop system is globally
asymptotically stable for tracking desired signal y,,. Note

that element-wise multiplication a-b=[ab,,...,a,b,]" is used.
An explicit time varying feedback gain k =[k,.,....k,]" will be

obtained from the stability proof below (Section I1.B).

Unlike the SMC or boundary layer augmented SMC
(BASMC), there is no discontinuous function (or switching
function) involved in the proposed controller and therefore
chattering is avoided. This property is crucial to the multi-
timescale robust controller to be used in the miniature
helicopter control problem.

Proof: Stability of the control law is ensured through the
analysis of the Lyapunov function candidate ¥ =s"s/2, The

. P )
derivative of the Lyapunov functionis =) v, =) ss, .
i=1 i=1
§=—Lh(x)+ Lh(x)~ ks
(®)

r n r=2
—A{dd;fd ~ L)+ A, et 3 4 et 4k -s}
k=0

Using parametric uncertainty and functional uncertainty
bounds, when s,(¢) # 0

r R r=2
§<F-(I-D)k-s+D %—L}h(x)wl,1 e+ g e =oges (9)
k=0
Therefore the gain is calculated by
F+D ddyf —L}_ﬁ(x)wL1 -e+2}% Ny s=I-D)k-s  (10)
t k=0

When s,(t)=0, we have v,=0 and v,=0. Therefore the
reaching and sliding on the sliding manifold s,=0 are
guaranteed. Here, v, is lower bounded by zero, and v, is
negative semi-definite. Because v, <0 and v,(r)<v,(0), the
output and output tracking errors are bounded. Thus, s, and
s, are also bounded. For the continuous functions s, and
5, V,=s5+ss are also bounded, which means
v,(x,,....x,,7) 1s uniformly continuous over time. According
to the Barbalat’s Lemma [22], v(x,£)— 0 as t— < and thus

the controlled system is asymptotically stable.

B. Existence of a Solution to k

Lemma I: There exists a unique positive solution for the
control gain k that satisfies (10) for any positive numbers

4 and g . Proof:

For Vs, >0, the Lyapunov stability requires
r . =2 P
F+ YDy | ¥y = Lihy+ Ay e+ 3 A el |+ 15,= ks, = D" Dy [ s, |
k=0 =

(11)
while for Vs, <0, the Lyapunov stability requires

» . r=2 " p
FA 2D |V = Lihy+ Ay + D A e | =, =—kis, = 2D, Thys, | (1
=1 k=0 Jj=1
2)
Case I: s,>0 or s,<0, Vie[l,..,p],
Under this case, both (11) and (12) can be written as

p N r=2 p
F, +ZD,/’ |Y,r/,d _Lr}hj +/1—1./ej +kz(;/1A,,ejAH) [+ |75, 1= ks, | _Z]:DU ‘ kjs, [(13)
- =

Let us define ¢, =/ ks[>0 and ¢ =[{,....,{;]€ R’ . Equation
(13) can be written in a vector form as { =¢—Dg=(I - D)g,
where

P n r=2
{=F+ ZDU ‘y;/,d - L}h,‘ * j'—1.,/6,/ + Zj’k,je}kﬂ) {75, | (14)
j=1 k=0

Because of the uncertainty matching function [22], the
maximum eigenvalue of matrix D is less than 1. According
to the Perron—Frobenius theorem, if ¢ >0, and the
maximum eigenvalue of matrix D is less than 1. Thus there
exists a unique solution of ¢ and ¢>0. The unique and

positive k can be found by k =|¢/s]|.5,#0. In case of
ks,
be calculated because the proposed controller (8) only uses
ks

Tad A

s; = 0, the magnitude of ks, (g =

) instead of k; will

Case2: 5,>0, s,<0,Vl,q€[l,.,p] and g #!/
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Let us define ¢, =k;s, for 5,>0 and ¢, =k, for s, <0.

Equations (11) and (12) can be simplified as

p ) L 12 p
F+Y.D,y, —Lih+ A, e+ > A +ms, =ks, - Y. D, ‘k/.s/.‘ (15)
j=1 k=0 j=1
and
P N 2 P
F, +.Z;D‘U Vie=Lih + 4, e, + kz(;ﬂk/et/km -n,s,=—k,s, _ZD"’ k,Sj‘ (16)
= = j=]

The left side of both Egs. (15) and (16) are positive.
Based on the same derivation as shown in Case 1, there
exists a unique and positive solution for ¢, from which a

unique k can be calculated explicitly.

III. CHARACTERISTICS OF THE CONTROLLER

A. Chattering Free

As a typical dynamic inversion approach, the proposed
nonlinear robust control removes the discontinuous function.
B. Saturation Protection

It is often true that saturation happens in the initial stage
of a tracking problem and the corresponding initial gain is
large. Let us use the second order system as an example.
The control feedback gain &k (in SMC) is calculated by

F+D|j, - h(x)+ 2, -e+lo~é‘+n=(I—D)k (17)
and is not affected by the sliding manifold. We can simplify
the control gain calculation as k=(I-D)"'p+(I-D)'n

where p is defined as F+D

¥, Lh(x)+ 2, -e+zﬂ~é\. It

can be seen that the control feedback gain & will not reflect
the slow transient effects due to the saturation. However, the
solution of & in the proposed controller is found as

(I-D)'p./s+(I-D)'y=k
where p./s=[p,/s,....p,/s,] .

(18)

IV. MINIATURE HELICOPTER DYNAMICS IN THREE
TIMESCALES

Different from [12], [13], three timescales are used.
Separations are made among the fast mode (i.e. flapping
dynamics), the middle mode (i.e. attitude dynamics), and the
slow mode (i.e. translational dynamics). The idea is to
control the flapping dynamics at the fastest rate (1 kHz). The
control inputs u, for the fast mode are the main rotor
collective &, , longitudinal cyclic &, and lateral cyclic
Opr - The pedal &,,,, a and b are used as the control

vector u, for the middle mode (100 Hz) to track the desired
Euler angles [¢,,6,.w,] . In the slow mode, two of the

Euler angles, [;/),Q]T, and the main engine thrust 7, will be
regarded as the control u, for controlling the body velocity.
In the slow mode (10 Hz), the roll, pitch and yaw rates, and

0,.q» @ and b are all in the average sense (within the

sampling period of the slow mode). Due to the page limit,

detailed information and nomenclature of the miniature
helicopter model can be found in [24] and will not be listed
here. Here, to simplify the control design, the dynamics
model has been re-organized in a much clearer way.

A. Fast Mode

In this paper, the flapping dynamics is considered as the
fast model

2
16u"K
. —q—ﬂ+ i’ sign(,u) Ya 2K, 4 ta
[al} B T, 8|,u| +ac J T,QR T,QR
Ml b 2Kk v,
L 7, 7, QR
f ) (19)
8Ky u, Ao Q 0 s
3Te QR on Qm)rm col
+ 5]0}1
pghorm 2
SKﬂ Va_ 0 Slar ( Q St
L 3T€ QR T@ Qnorm

where the state is xf:[al,bl]T , the advance ratio is
W=Au>+v /(QR), and the control input vector is

w; =[GootsionsSur ]| - Also the relative velocities of the

helicopter with respect to the wind are u,=u-u,,

v, =v—v,,and w, =w-w,,.

B. Middle Mode

The middle mode (attitude dynamics) is governed by
_¢_ i p+gsingtan @+ rcos@tan 6 |
gcos@—rsing
gsin@secd +rcospsecd
@1y = 1) L+ (Lyp + Ly ) L
prd,, —[xx)/lyy +Mht/[yy
_pq([xx _[yy)/[zz + (Nvf + Ny, _Qe)/[zz_
I 0 1 (0
0
0

hymY§ 1128 peq + (K + T (i |/ Lsby
(K g+ T (@ |/ Ty
-m thrltr / [Lv§ped

where the state vector is x,, =[¢,0,%, p,q,r]" and the control

R T TR

+

input is [5ped,a1,b1T. The detailed information of the

moments and forces can be found in [24].

C. Slow Mode
In the slow mode (translational motion), the state and the
control vectors are defined as x, =[u,v,w] and

u =[T,.,a,b]" . The governing equation is

mr?>
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i Vi —wq +X g /m

V| = WP —uF + [V + Y + Y, 1 m+ Y550

p
w uc?—v1_7+Zﬁ,5/m 1)
—gsin¢9+(—a1/m)Tm,
+ gsin¢cos6+(b1/m)
gcospcosd+(-1/m)T,,

where symbols with over-bars denote variables that are
evaluated using the average values from the middle mode.
The forces generated by the fuselage are

X s =058 V., (22)
Y ==0.508{v V., (23)

and
Z s ==0.5081 (W + Vi V. (24)

where Vm:\/u +v2 +(w, +V,mr)2 .

V. FAST MODE CONTROL AND MONTE CARLO VALIDATION

The fast mode controller is designed to track reference
lateral and longitudinal flapping angles «a,, and b,

respectively. The settling time needs to be less than the
sampling period of the middle mode (0.01s) and the steady
state error are assumed to be within 5% (uncertainty bounds
considered by the middle mode). Let us denote the fast mode
to be x,=f(x)+Bu, and y,=x,, where subscript f
designates the fast mode. The uncertainties in the fast mode

state function are modeled as ‘ fri—fr|<F,.i=12 and those

<F,,
of the input matrix are
B =(I+4)B,, A, |<D, <1, i=12,j=12 (25)

E
where “ A ” represents the nominal modes.

Since the relative degree for the fast mode is one, the
nonlinear robust controller can be simplified as

u; =BT|:yd—f/-+k/-'S/:|

without the integral gain, where s, =e¢, =y, ,

(20)
-y,. To

satisfy the asymptotical stability requirement under bounded
uncertainties, the control parameter &, needs to satisfy

2
Fri+ 2Dy
=

where 77,,>0, i=1,2.

R 2
Vrja~ f.ﬁj‘ S =kpisa— Z;Df,g/kf,fs,/.f (27)
=

The following random noise and uncertainties (all
assumed to be Gaussian) are considered in the Monte Carlo
simulation for the fast mode. The wind model is scaled
(10%) from the one designed for conventional large aircraft
[25]. The airspeed indicator and attitude sensors are
assumed to have 2% noise. The estimated states a, and b,

are assumed to have 1% noise. There are 5% uncertainties in

the helicopter parameters K, A5

e’ er > cmr > amr > >

and B"™

, whereas R and A, have 0.5% and 1% noises

respectively. The control #, has a noise with a zero mean

and 1° standard deviation. With 12,500 Monte Carlo
simulations, the success rate was 99.97%. The mean and
variance of the settling time (q,) are 0.0040s and 0.0039s,

whereas those of 5, are 0.0045s and 0.0034s.
variance of the steady state error (a ) are 0.6602% and
0.2411%, whereas those of b, are 1.2286% and 1.6420%.

The mean and

VI. MIDDLE MODE CONTROL AND MONTE CARLO
VALIDATION

. The
output for the middle mode is y, =h, =[¢,0,w] , and the

Let us rewrite the fast mode to be x, = f, (x)+ B, u,

relative degree is two. To take into account modeling
uncertainties and achieve asymptotic stability, the following
controller is used

u, —[L L hm(x)J [ sm}(zs)

-, - The “ A ” denotes a predicted model.

) .
Lf',,, h,(x)+2e, +e, +k, -
where ¢, =y, ,

In order to reduce the steady state error and settling time,
an integral gain is used in the sliding surface

1 d*e.
s=|:si:l,:1 ..... 3 |:J.e"dt+kz(;ﬂk7f‘:|

The uncertainties in the state equation and input matrix
are modeled as

(29)

rh(x)

‘Lzh(x)+L2h( )‘ ‘ (F-Pl=Fex™ (30

and
To obtain asymptotic stability, control parameters k, need
to satisfy

2
F,+D, dyd

-5, (32
)

The noise associated with the helicopter parameters
(11,1 5k, K g 0,1, ) are modeled to have zero means and

xx 2Ty 2Tz

— L h,(x ,,,)+Zﬂk e

k=0

+n,-s,=U-D,)k,

mrtr
5% of the nominal value in the standard deviation. Also,
0.5% noise is assumed in the helicopter mass and 10%
uncertainties are modeled in Yy, ¥, and V, Coming

itr imr *

from the fast model, 5% noise is assumed in the flapping
dynamics (&, and b, ), and the pedal input J,,,

The success rate is 99.48% with 13,000 Monte Carlo
simulations. The driving factors associated with the middle
mode performance are the mass m and the attitude sensor
precision. The mean values of the settling time are 0.0569s
(¢) and 0.0570s (). The variances of the settling time are
0.0002s and 0.0003s. The mean values of the steady state
error are 2.5854% (¢ ) and 2.1767% (). The variances are
8.9045% and 10.0823% separately.
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VII. SLOow MODE CONTROL AND MONTE CARLO
VALIDATION
At this level, the Euler angles will be used to drive the
translational velocity to desired values. The state vector in
the slow mode is x, =[u,v,w]" and the control variables are

[¢0,0.T,

2" mr

]". Now, the system dynamics can be written as
. T —

X, = f, +Bu, where u =[¢.6.6;] - X, =[7.¢.7]" and
= _— 7T 5 T
uy, = [al’bl’§ped]
from the middle mode.

The control designed for the slow mode involves two
steps (1) a nonlinear robust control law u, to track desired

represent the average state and control

body velocity [uy,v;,w;]" and (2) using the control
commands u, to solve for desired Euler angles and thrust

levels through a zero finding algorithm.
Since the output in the slow mode is y, = x,, the full state

feedback controller is designed for step 1. The uncertainty
f.-f|<F, and

B :(I"'As)és > (AS)“ S(Ds)ij <l

y

model for the slow mode is

(33)

These uncertainties may come from (1) sensor noise, (2)
average value of the middle mode state and control
variables, (3) steady state error of the Euler angle, and (4)
zero finding algorithm error.

Since the relative degree is one in this case, the nonlinear
robust control can be simplified as
u =B [xw —f +k, -ssJ , where s, =e =x,,-x, and the

needs to
x.v,d - is

The true control variables [¢,0,T, ] can be found as

following. First, the controls found and [¢,0,7,.] have the

mr

control parameter

k.-s,=(I,=D,)"(F, +D,

satisfy

+n,-s,), where n,>0.

following relations.

g1+(Tmr/m)51 —gsind
S2 _(Tmr /m)gl = gsin(I)cosH (34)
G3+7T,,/m gcosgcosd

The magnitude of both sides is equal as
— 2 - 2 2
(gl+aler/m) +(§2_bler/m) +(g3+Tmr/m) :g2 (35)

and the thrust can be found as

1 =(-62 B -455 ) (26) (36)
where

& :[(al /m)* +(by /m)2 +(1/m)2}T,ﬁr (37)

& =(261@/m =26,k /m+ 263 /m)T,,, (38)

2,2, 2 2

and & =¢i +¢y+53-g".

To guarantee a valid solution for the main rotor thrust, it is
required to have & =¢?+¢7+¢7 -g><0 and the velocity

command will be shaped to avoid rapid changes.
The Euler angles (¢ and 6) can be calculated from Eq.
(34) as
sing =—[ gy +(T,,,. /m)a |/ g (39)
and
tan¢=[g2 —(Tmr/m)b]/[g3 + T, /m] (40)
The Euler angle controlled by the middle mode has 10%
steady state error. In addition to the uncertainties and noises
already mentioned in the fast and middle modes, the gravity
coefficient g and corresponding density p are assumed to
have 0.5% uncertainties. 7, has a zero-mean noise with a

1% in the standard deviation. In the 10,500 Monte Carlo
runs, the success rate is 97.10%. The mean values for the
settling time in velocity tracking (u, v, and w) are
1.9994s, 1.9937s, and 0.4059s respectively, whereas the
variances are 0.0111s, 0.0068s, and 0.0196s. The mean
values of the steady state errors in three directions are
0.0141 %, 0.0074%, and 0.0602%. The corresponding
variances are 3.8931%, 1.7115%, and 17.0253%.

VIII. SIMULATION RESULTS

The miniature helicopter is assumed to fly at an altitude of
300m. Initially, the helicopter is in a hover mode with a
zero velocity. As shown in Fig. 1, the helicopter is able to
track the desired velocity (u,=1m/s, v,=1m/s, and
w,=1m/s) for the first five seconds and go back to hover

mode for the later five seconds without any chatter.

1.2

1

0.8

0.6 L uvw
0.4

Command

Velocity (Uv,w), s

0.2

o

02 2 4 6 8 10

Time, s
Fig. 1 Velocity tracking in u, v, and w
The main rotor collective and the tail rotor pedal input are
shown in Fig. 2, where the pedal input has more oscillations
in the slow mode scale. The longitudinal cyclic and lateral
cyclic of the main rotor are shown in Fig. 3. The main rotor
thrust and engine speed performance is show in Fig. 4.

30

. —col
20t E ...... pedal

-20r

Control Commands, Degrees
5 o
-—— h . e
T

-30
Time, s

Fig. 2 Main rotor collective and the pedal input.
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-40 f

Control Commands, Degrees
N
o O
—

2 4 6 8 10
Time, s

Fig. 3 Main rotor longitudinal and lateral cyclic.

140

120

100

8of

400

Main Rotor

===Main Rotor Speeed, RPM
= Main Rotor Thrust, N 1

2 4 6 8 10
Time, s

Fig. 4 Main engine speed and main rotor thrust.

IX. CONCLUSION

A nonlinear robust control algorithm is proposed here
which could enable a miniature helicopter to operate in the
full flight envelop. In addition, the controller is valid for
general n" order MIMO systems with coupled uncertainties
in state and input functions and parameters. The miniature
helicopter is controlled through a three-timescale (flapping,
rotational, and translational models) nonlinear robust
controller. The advantage of the proposed controller is to
have a finite time convergence and guaranteed settling time,
which is preferred for the multi-timescale control structure.
The unique solution of the control feedback gain is
guaranteed. Monte Carlo simulations are conducted for the
validation of the proposed controller for each of the three
modes.
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