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Infinite-Horizon Soft-Constrained Stochastic Nash Games with
State-Dependent Noise in Weakly Coupled Large-Scale Systems

Hiroaki Mukaidani

Abstract—In this paper, we discuss infinite-horizon soft-
constrained stochastic Nash games involving state-dependent
noise in weakly coupled large-scale systems. First, linear
quadratic differential games are formulated in which robustness
is attained against model uncertainty. In particular, conditions
for the existence of robust equilibria have been derived from
the solutions of the sets of cross-coupled stochastic algebraic
Riccati equations (CSARES) for the first time. After establishing
an asymptotic structure along with positive semidefiniteness
for CSARE solutions, we derive a new algorithm based on
Lyapunov iterations for solving the CSAREs. Consequently, we
show that the proposed algorithm attains linear convergence
and reduced-order computations for a sufficiently small value of
¢. Finally, numerical example is provided to verify the efficiency
of the proposed algorithm.

I. INTRODUCTION

The stochastic control problems governed by Itd’s dif-
ferential equation have become a popular research topic
during the past decade. Particularly, a practical example of
the flexible structure comprising a mass-spring system has
been demonstrated [1]. It has been shown that the so-called
’Langevin equation’ driven by Gaussian white noise has two
different uncertainties involving deterministic and stochastic
portions. Moreover, the stochastic H, control problem with
state- and control-dependent noise have been investigated. It
has attracted much attention and has been widely applied in
various fields. In particular, the stochastic Hy/H, control
with state-dependent noise has been addressed [3].

Linear quadratic Nash games and their applications have
been widely investigated in many literatures (see e.g. [11]).
Recently, robust equilibria in indefinite linear quadratic
differential games under a deterministic disturbance input
affecting the systems have been discussed [5], [6]. These
results are based on the steady-state feedback saddle-point
solution for soft-constrained Nash games [7]. Although the
results in [5], [6] are very elegant in theory and it is
easy to obtain a strategy pair by solving the cross-coupled
algebraic Riccati equations, stochastic uncertainty has not
been considered.

In this paper, we discuss a theoretical and a numerical
aspect by extending the results of [5], [6] in the deter-
ministic case to the soft-constrained stochastic Nash games
governed by It0’s differential equations with state-dependent
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noise. It should be noted that earlier studies on weakly
coupled stochastic Nash games [8] have not taken the state-
dependent noise into consideration. Further, in [13], even the
deterministic disturbance input has not been considered. On
the other hand, although the stochastic Hy/H, control has
been considered, stochastic noise and unknown deterministic
disturbance [3] involving multiple players have not been
addressed. Hence, the concept of Nash equilibrium cannot
be ascertained. The main contributions of this paper are
as follows. First, linear quadratic differential games are
investigated with respect to an infinite horizon. It should be
noted that systems governed by Ito’s differential equations
are disturbed by deterministic noise and strategy spaces
involve the linear feedback strategy with a memory-less
perfect-state information structure [9]. After formulating the
soft-constrained problem for the one-player case, a set of
sufficient conditions is given as the saddle-point solution.
Moreover, in order to guarantee the existence of strat-
egy pairs, sets of cross-coupled stochastic algebraic Riccati
equations (CSAREs) are introduced for the first time. As
a result, these strategy pairs can be obtained by solving
the CSARESs. Second, the soft-constrained stochastic Nash
games for weakly coupled large-scale systems are inves-
tigated from the numerical viewpoint. Since the proposed
numerical computation is based on the Lyapunov iterations,
linear convergence is guaranteed for a sufficiently small
parameter ¢. Finally, in order to demonstrate the efficiency
of the proposed algorithm, numerical example is included.
Notation: The notations used in this paper are fairly standard.
Superscript T' denotes the matrix transpose. M = (m;;)
denotes standard notation of a matrix (m;; are the elements
of M). I,, denotes an n x n identity matrix. block diag
denotes a block diagonal matrix. | - | denotes the Euclidean
norm of a matrix. E denotes the expectation. ® denotes the
Kronecker product. The space of the R¥-valued functions
that are quadratically integrable on (0, oo) are denoted by
L5(0, o0).

II. SOFT-CONSTRAINED STOCHASTIC NASH
GAMES

Consider stochastic linear time-invariant weakly coupled
large-scale systems.

dx(t) = [Acx(t) + Bieui(t) + Bacua(t) + Ecv(t)]dt
+Arcx(t)dw(t), 2(0) = 2°, (1)
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) [i:ﬁii] olt) = [z;gg] |
A [ill;l 5/1142122 ] le 1= [ 51‘12111211 5;;1112 122 ]

By €Bi2 Evy eBr

Bie = [5321] ) Bae = [ Baa ]  Be = [EEm Ea ] '
xz;(t) € R™, ¢ = 1, 2 represent the i-th state vectors.

( = 1, 2 represent the i-th control inputs.
vi(t) € R, i = 1, 2 represent the i-th disturbance.
w(t) € R is a one-dimensional standard Wiener process
defined in the filtered probability space [1], [2], [3], [4].
Moreover, v;(t) € L (0, 0o) is considered to be an unknown
finite-energy stochastic disturbance that adversely affects the
to-be-controlled output (whose desired value is represented
by 0) [2]. Here, € denotes a relatively small positive cou-
pling parameter that relates the linear system with the other
subsystems.

The cost function for each strategy subset is defined by

Ji(uy, uz, v, x(0))

- F / N |27 (£)Que(t) + ul (#) Rizus 1)
0
eu (O Ry (1) = o (OVier ()] dt, @)
where i, j=1, 2, i # j, Qic = QL >0,
Q [ Q111 5Q112] Qe = [ Q211 5Q212]
e = 5Q112 Q122 2 EQ;lQ Q222

Rij = R}; >0 € R™ ™ Ry = R{, z 0 € R™M*M,
Vi =block diag ( Vi1 ¢ 'Vip ) >
Va. = block diag ( 5_11/21 Vag ) >0

Stabilizability-an essential assumption in this paper-has been
introduced [3].

Definition 1: The stochastically controlled system gov-
erned by the Itd’s equation dz = (Fx + Gu)dt + Giadwy,
x(0) = x is called stabilizable in the mean-square sense
if there exists a feedback law v = Kz such that for
any xo, the closed-loop system dx = (F + GK)xdt +
Gixdw, 2(0) = o is asymptotically mean-square stable,
ie., lim_ o ExT(t)x(t) = 0, where K is a constant matrix.

For the matrices A., Bjc, j =1, ,N and Ai., the set

Fy is defined as F := < (Fie, ..., Fne) | The closed-loop

system dz(t) = [Az + Y0 | By Fpela(t)dt + Arcx(t)dw(t)

is asymptotically mean-square stable.

The soft-constrained stochastic Nash equilibrium strategy
pair (uf, ub), ui(t) := Fra(t) is defined such that it
satisfies the following condltlons [5], [6].

Ji(Fix, Fyx, z(0) < Jl(Flgx, Fy .z, 2(0)), (3a)
Jo(Fiox, Fya, x(0)) < L(Fiiz, Faex, x(0)), (3b)

where

Ji(Frez, Foer, z(0)) := sup Ji(Fiex, Feew, v, 2(0)),
veLX (0, o)

Ji(Fiex, Focx, v, x(0))

—E/ 0(Qie +

+€Fj5RiijE)'r(t)

+ FLR;Fe
— 0T (t)Vieu(t) | dt,

for all 2(0) and for all (Fy., Fb.) that satisfy (F}., Fb.) €
Fa, (Fls; FQ*E) € Fo, and (Fl*sa FQ*E) e Fo.

It should be noted that in this study, the strategies u; are
restricted as the linear feedback strategies [9]. The weighting
matrix Vj,, is always symmetric and positive definite for all

= 1, 2. Since J; is negative, this matrix constrains the
disturbance vector v in an indirect way; therefore, it can be
used to describe the aversion to the model risk of player ¢
[5]. In particular, if the quantity vTva is large for vector v,
this means that player ¢ does not expect large deviations in
the nominal dynamics in the direction of E.v. In a previous
result [S] and numerous existing results, this so-called soft-
constrained formulation has been used.

A. ONE-PLAYER CASE

First, a one-player case is discussed. The result obtained
for that particular case will be used as the basis for the
derivation of the results for the general 2-player case.

Consider a linear time-invariant stochastic stabilizable
system

dx(t) = [Acx(t) + Bieui(t) + Eou(t)]dt
+Arcx(t)dw(t), 2(0) = 2°, (€))

where uq(t, ) := Fi.2(t), Fi. € F1. The cost function is
given below.

J(uy, v, 1:(0))
- £ / (DQuex(t) + ul (8) Ry (1)

—u" () Vico(t)| dt. ®)
Let us define the strategies spaces I',, {ui(t, z) =
Fiex(t) | Fie € Fi}and Ty, = {o(t) | v( L0, 0)}.

) € L(0,
Definition 2: A strategy pair (uf, v*) € T, x T, is in
saddle-point equilibrium if

J(ul, v, (0)) <J(uj, v*, x(0))<J(u1, v*, z(0)) (6)

for all (uj, v) €T, x Ty, and (ug, v*) € Ty x Ty,

The following theorem generalizes the existing results of
[5], [6], which is a very important result in deterministic
soft-constrained Nash games, to a stochastic case.

Theorem 1: Assume that for any w;(¢) and v(¢), the
stochastic system is stabilizable. Suppose that the following
stochastic algebraic Riccati equation (SARE) has the solution
P. >0.

P.A. +AT'P. + AT P. A,
_Pe(Sls - Mls)Pe + le - Oa (7)
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where Sy := Bi.R'Bl., My, := E.V,.'EL.
The strategy pair

ui(t, ©) = Fi.a(t) = —Ryy Bi. Poa(t), (8a)

vi(t) = Vi BL PoE(t), (8b)

di(t) = [Ae — (S1. — My ) P.)i(t )d
+A1:2(t)dw(t), #(0) = (8¢)

is in saddle-point equilibrium if it is asymptotically mean-
square stable and F}, € F;. That is, inequality (6) related
to the cost function J(uy, v, x(0)) is satisfied. Moreover,
J(u3, v*, 2(0)) = 27 (0)P.x(0).

Proof: Since we assume that for any u(¢) and v(¢),
the stochastic system is stabilizable, there exists a feedback
law v = Kz such that lim; ., Ex® (t)z(t) = 0. Thus, by
applying the Itd’s formula to (4) and considering (8a), we
get

J(ug, v, x(0))

= PO+ B[ [lult) - w0k,

—o(t) = Vi L Paa ()], | dt. ©)
From this, it follows that
J(ul, v, 1:(0

=T OPa(0) = B[ lole) - Vi BT P

< 27 (0) P-x(0), (10)
where Z(t) is governed by

d3(t) = [ (4. — $1.P)3(0) + Buolt)|
+ A5 (t)dw(t), #(0) = 2°.

Furthermore, if J(u}, v, 2(0) T(0)P.x(0), then v(t)

)=z =

v*(t). Hence, J(u}, v, J;( )) < 2T(0)P.x(0), for all v(t) #
v*(t) and J(uf, v*, 1:(0)) =z (0)P.xz(0).

Let Z(¢) and Z(t) be governe

e N
>
<

di(t) = [Ac2(t) + Bie F1:2(t) + Ecv™ (t)]dt
+ A2 (t)dw(t), 2(0) = 2°, (11a)
dz(t) = [A:Z(t) + B Fy Z(t) + E-0*(t)]dt
+A2(t)dw(t), 2(0) = 2°, (11b)
respectively. Furthermore, define v(t) := (F}. — Fi.)Z(t)
and 7(t) := v*(t) — V;,' ET P.2(t).
Then,
‘](ula ’U*a $(O)) _‘](uylﬂa ’U*a $(O))
=5 (Ol ~ Ik, Ja (12

Introducing &(t) := Z(t) — Z(¢), the following equation is

satisfied.

dg(t) = [(Ae
+A15§(t)dw

— 51 P-)E(t) + Byev(t)]dt

(), £(0) =0, n(t) = Vi.'ELE(t). (13)

€

Hence, taking into account the fact that for any v(t), the
closed-loop system is asymptotically mean-square stable,

> d
B[ G @Pena—o.

Thus, the following inequality holds.
J(uy, v*, 2(0)) = J(uy, v*, 2(0))
- 2 2 d p
= B[ [0, ~ R, - F€ OP0)]

o0
B[ [0+ L0l + €T 0Qu0] e > 0. (19
0
This is the desired result. ]
B. SOFT-CONSTRAINED STOCHASTIC NASH EQUILIB-
RIUM

The soft-constrained stochastic Nash games are given
below.

Theorem 2: Suppose there exists positive semidefinite
symmetric matrices Pj..

gi(‘€7 PlE) PQE)
= P’ie (Ae - SjEPjE) + (Ae - SjEPjE)T P’ie + ATEP’L'EALE

—P;e Sic Pic +€ P} Sije Pje + Pie My Pic +Qic = 0, (16)

(14)

where i, j = 1, 2,5 # j, Sic := Bi.R;;'BL, Sij. =
Bj:R;, 1R”R 1B]TE, M;. .= E.V_'ET.

The strategy set (Fy., F.) is defined by
ul(t) := Fia(t) = —R;'BLPx(t), i =1, 2.

Then, (Fy., F3.) € Fy and this strategy set denote
soft-constrained stochastic Nash equilibrium. Furthermore,
Ji(Ff.. F5., 2(0)) = 27 (0) P.c(0).

Proof: Now, let us consider the following problem in
which the cost function (18) is minimal at Fj. = F*

1e"
(Fe) :==  sup E/
veLX(0, o)

A7)

Q’LE + FzgRiiFie

+ePLS; Po)a(t) — vT(t)Vigv(t)} dt,  (18)
where z(t) follows from
dm(t) = [(AE — SjEPjE + BiEFiE)x(t) + Ee’l)(t)] dt
+ Az (t)dw(t), 2(0) = 2°. (19)

Note that the function ¢ coincides with function J in The-
orem 1. Applying Theorem 1 to this minimization problem
as

Ae - SjEPjE = Ae; B'L’e = Blsa

Qic + EPJESiije = Qie, Rii = Ri1, Vie = Vi
yields the fact that the function ¢ is minimal at
Fie = —R;;'BEP. = F}.. (20)
Moreover, the minimal value is = (O)Pz-gx(()). [ |

It should be noted that the asymptotically mean-square
stable can be proved by using the similar technique used in

[1].
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ITII. ASYMPTOTIC STRUCTURE OF CSARES

Firstly, in order to obtain the strategy set based on nu-
merical solutions, the asymptotic structure of CSARE (16)
is established. Since A., A1, Sic, Sije. Qic and M, include
the term of the parameter ¢, the solution P;. of CSARE (16)-
if it exists-should contain the parameter €. By considering
this fact, the solution P;. of CSARE (16) is assumed to have
the following structure.

P11 ePri2 ]

P =
le |: EPEQ EP122

. — ePr11 ePoro
e = T
eP519 Paao

] .21

Substituting the matrices A., Aic, Sic, Sije, Qic, M; and
P;. into CSARE (16), letting € = 0, and partitioning CSARE
(16), the following reduced-order stochastic algebraic Riccati
equation (SARE) is obtained, where Pj;;, i = 1, 2 is the
0-order solutions of CSARE (16) as € = 0.
PiiiAii + AL Py + Al Piii A
—P;ii(Sii — Mii) Piii + Qiii = 0, (22)
where S;; := B;;R;;' BL and M;; := E;;V;;'EL.
The following condition is assumed.
Assumption 1: SARE (22) has a positive semidefinite so-
lution.
The asymptotic expansion of CSARE (16) for € = 0 is
described by the following lemma.
Lemma 1: Under Assumption 1, there exists a small con-
stant o* such that for all € € (0, ¢*), CSARE (16) admits
a positive semidefinite solution P;; that can be expressed as

P, := Pj. = P, + O(e), (23)

where

Py =block diag (P11 0), P>=Dblock diag (0 Pz2).

Proof: Since the result of Lemma 1 can be proved by
using a technique similar to that used in [13], the proof is
omitted. [ ]

IV. LYAPUNOV ITERATIONS FOR SOLVING
CSARES

When CSARE (16) is solved, the existence of the cross-
coupled term makes it difficult to directly solve this equation.
Thus, in order to avoid the cross-coupled term, Lyapunov
iterations [12] can be applied. It has been shown that
Lyapunov iterations yield the positive semidefinite stabiliz-
ing solution for the sign-indefinite cross-coupled algebraic
Riccati equation (CARE) [12]. However, there are no results
for CSARE (16). It should be noted that CSARE (16) is
quite different from the existing CARE because there is the
stochastic term AZ_P,.A;. in CSARE (16). This can be
convincing motivation to establish a new Lyapunov iteration
for solving CSARE (16). On the other hand, when Newton’s
method and two fixed-point iterations for solving CSARE
[13] are applied, many procedure is needed. By using the
Lyapunov iteration, the reduction of the required operation
count is attained. As a result, the reduction of the CPU time
would be guaranteed.

In order to obtain the solution of CSAREs (16), the
following useful algorithm is given.

2
Pz'(ekﬂ) (AE - Z Spepng) + MiEPi(ek)>

p=1
2 T
(1S sr ) pe
p=1

+AT. P A+ PP, PR — pE g p*)

let je

+eP S PP 4 Qie =0, k=0, 1, ..., (24a)
o | 7] [ oA B,
ePyy ePpay £Pyy 222
with the initial conditions
PO - p,. (25)

The following theorem indicates that the proposed algorithm
which is based on Lyapunov iterations attain the linear
convergence.

Theorem 3: Under Assumption 1, there exists the small
constant & such that for all ¢ € (0, 7), & < o*, the iterative
algorithm (24a) converges to the exact solution of P, with
the rate of the linear convergence, where Pi(Ek') is positive
semidefinite matrix and A, — SjEPj(f ) + MiEPi(Ek') is stable
matrix. That is, the following conditions are satisfied.

|PY — Pr = O+, (262)
2

Re) [46 — ) "SP4+ M;.P™ <0, k=0, 1, .(26b)
p=1

The following lemma will play an important role in
establishing (26a).

Lemma 2: 1f dz(t) = Az(t)dt + S0, Apz(t)dwy(t)
is exponentially mean-square stable and Q@ = Q7,
2T(0)P2(0) = [i° 2T (t)Qz(t)dt where P satisfies the
stochastic algebraic Lyapunov equation (SALE) ATP +
PA+Y Y ATPA,+Q=0.

Proof: The proof of this theorem can be derived by
using the mathematical induction. When k£ = 0, taking
(23) into account, it is easy to verify that the first order
approximations P corresponding to the small parameter

.
0 .
are the same as Pfe ). Moreover, since

2
Az — Z Spe Py + My P
p=1
= block diag( D11 H11 ) =+ O(E) = Dl + O(E),
2
Ae - Z SpaPIgg) + MQEPQ(S)
p=1

= block diag ( H22 D22 ) =+ O(E) = DQ + O(E),

where Di; := Aiu — SiiPui + MiiPii, Hi = Ay —
SiiPiii, i = 1, 2, there exists the small perturbation
parameter oo such that A. — Zf}:l Spe P+ M. P s
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stable because D; is stable for sufficiently small e. When
k=h, h > 1, it is assumed that

|PY) — Pr| = O(h*), (27a)

2
A=Y Spe P + Mic P
p=1
Subtracting (16) from (24a) and setting k = h, the following
equations are satisfied.

2
(P~ p2) (Ae — 375, P + M. pg»)
p=1

ReA < 0. (27b)

2 T
+@r2%%wm#§@w%m)

p=1

1€

+AT, (PIHY - PL) s

PrS (P* P(h)) (P* P(h)) S, P
tle0je | Lje — je +{Fje— je jetie
+(P® - L) si (P - Py)
(- 22w (2 1)
te [Pj?SMEPj‘? - P].*ESMEPJ.*E] —0. (28)

Using the fact that the assumption (27a) holds, it is easy to
derive that

P8y (P = P) = 0("+),
) = 0(*+),
) = 0%+,

€ [PJ'(:)SM&PJ'(;L) - P_]?‘ESijEP;E} = O(E}H—Q)-

(Pjg’” - PV*E) S;e (PW — P

G i€ i€

i€ i i€ i€

(PW - Pv*) M; (PW _ P!
€

It should be noted that if ¢ # j, P£S;. = O(e) holds. Thus,
the following relation is satisfied.

2
(P01 Py (AE I L VS p;gh))
p=1

2 T
+@r2%mum#§@ﬁhﬁ)
p=1

AL (PRI~ PL) A1 +0(M2) = 0. (29)

By using Lemma 2 and taking into account the fact that
the stability assumption (27b) holds, the following result is
satisfied.

|PLTY — Pr| = O("+2). (30)

Furthermore, it is shown that there exists the small positive
perturbation parameter o1 such that

2
A= 3 Sy P 21 PO

p=1

2
= A= Sy Pio+ My P+ O(e"?) = D, + O(e)
p=1

is stable. Consequently, choosing & := min{og, ... ,0p41},
the relation (27b) holds for all £ € IN. This completes the
proof of Theorem 3 concerned with the Lyapunov iterations.
|
Using the asymptotic structure of the solutions (23), the
local uniqueness of the convergence solutions is studied.
Theorem 4: Under Assumption 1, there exist the suffi-
ciently small constant & such that for all € € (0, §), ¢ <
o < o*, the convergence solution P;; of the iterative solution
Piek') is unique in the neighborhood of € = 0.

Proof:  First, under Assumption 1, there exists the
neighborhood of ¢ = 0 such that the CSARE (16) admits
a unique positive semidefinite solution P;; by means of the
implicit function theorem (see the proof of Lemma 1). That
is, for sufficiently small e, the CSARE (16) has a unique
positive semidefinite solution P;. Taking into account the
fact that the solutions P}, of (23) and (27a) are equivalent,
the iterative solution Pi(ek' converges to ;¢ and it is a unique
solution for sufficiently small €. [ ]

It seems to be formidable for solving the stochastic
algebraic Lyapunov equation (SALE) (24a) because such
equations are not the ordinary algebraic Lyapunov equation
(ALE). In fact, The MATLAB function lyap cannot be
used. Then, using the gradient-based (GI) algorithm [10],
it can be easily solved with the same order dimension of the
systems.

For example, let us consider the SALE (24a) in the
following general form.

E'Y +YE4E[YE +U =0, 31)
where 2, 2, Y =YT >0, U=U"T € R™*™,

It should be noted that for SALE (31),

2
. k —_
Ac = Spe B + M PY = E,
p=1
A =2, P sy,

Pi(ek)SiEPi(Ek)_Pi(ek)MiEPi(ek)+5P]'(f)Sij6P]'(f)+Qi5 = U.

The GI algorithm for solving the SALE (31) is given below
[10].

Ys1(m) 4+ Yso(m) 4+ Yi(m)

Y(m) = 3 ; (32)
where
Yai(m) := Y (m — 1) +20(m)=",
Yia(

2(m) ==Y (m — 1) + \260(m)
Yi(m):=Y(m—1)+ AZ10(m)
O(m) :=U —ZTY (m) — Y(m)= — E{Y (m)Z;,
Y(0) =0, A7H = 2[E] + =4

)
=T
=1

3

It should be noted that the convergence has been proved in
[10]. Finally, using the GI algorithm (32), the same order
computations of each system dimension can be attained.
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TABLE I
ERROR PER ITERATIONS.

19 (1.0¢ — 04)] 19 (1.0¢ — 05)]

k 1™ (1.0e —02)] | 6% (1.0e —03)]|
0 1.9380e — 001 1.9346e¢ — 002
1 6.1463e — 004 5.8604e — 006
2 2.9966e — 006 2.8384e — 009
3 2.3193e — 008 1.9879¢ — 011
4 1.0336e — 010

5 1.9885e¢ — 011

1.9342e — 003 1.9341e — 004
5.8569¢ — 008 5.8568e — 010
1.9861e — 011 1.9880e — 011

V. NUMERICAL EXAMPLE

In order to demonstrate the efficiency of the proposed al-
gorithm, a numerical example is given. The system matrices
are given as follows.

ny =nz =20, A1; = —Izy +R1, A12 =Ry,
A = Ry, Az = —1.2I50+ Ry,

R = (7“1-1]-), rz-lj :=esin(i — j),

Agy = 1.0e — 03 x (I0 + Rz), Agyz = 1.0e — 03 x Ra,
Aj91 = 1.0e — 03 X Ra, A1a2 = 1.0e — 03 x (I + Ra2),
Re = (7“1-2]-), 7“1-23- = e cos?(i — §),

Bui = (b)), byj == cos(i — j),

Bap = (b77), b} :=sin(i — j), By =0, i # j,

En = (ezljl), ezlj1 = 0.1 x sin®(i — j),

By = (€]7), ;7 :=0.1 x cos’(i — j), By =0, i #j,
V1 = block diag( Vin w1ty ) ,

V2 = block diag ( p 'l Va2 ),

Vi =diag( 1 2 20 ),
Q1 = block diag ( Q11 el
Q2 = block diag ( ey Q22

Q11 = 2l + eR3 R3, Rz := (1), ro :=sin’(i — j),

) ?
) )

13/ Tig
Qoo = 2120 + eRI R4, Ry = (rfj), rfj = cos?(i — §),
Rll == R22 == 1, R12 — 0, R21 — 0.
Small parameter ¢ = 0.01 is selected. It should be noted
that algorithm (24a) converges to the exact solution with an
accuracy of [G*)(e)| < 1.0e — 10 after five iterations, where
I6®@)] = 51 1Gn(e. PIE, P,

In order to verify the exactitude of the solution, the
remainder per iteration is calculated by substituting Piek')
into CSARE (16). In Table 1, the results of the error
IG*)(£)| per iteration are given for several values of ¢. As
a result, it can be seen that algorithm (24a) yields linear
convergence. Hence, the proposed algorithms of equation
(24a) in this paper are very attractive. Furthermore, even
if weakly coupled large-scale systems (1) are composed of
two 20-dimensional subsystems, the required workspace is
20. This feature is very useful from the practical viewpoint.

VI. CONCLUSIONS

Infinite-horizon soft-constrained stochastic Nash games
have been discussed. First, conditions required for the exis-
tence of Nash equilibrium have been established by utilizing
CSARES. Second, a numerical algorithm based on Lyapunov
iterations for solving the CSARE:s that arose in the stochastic

Nash games for weakly coupled large-scale systems has been
studied. It has been shown that both linear convergence
and reduced-order computations can be attained. Thus, the
proposed algorithm is expected to be very useful and reliable
for a sufficiently small value of . Finally, numerical example
has yielded excellent results using which linear convergence
has been verified and the proposed algorithm has succeeded
in reducing the computational workspace.

The stabilizable assumption needs to be relaxed in estab-
lishing the conditions for future investigation. Moreover, in
order to implement the present control methodology for more
practical plants, it will be need to extend the bound of the
small parameter .
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