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Network-Based H.. Control of Systems with Packet Dropout and
Time-Varying Sampling Period

Yu-Long Wang and Guang-Hong Yang

Abstract— This paper is concerned with the problem of H..
controller design for networked control systems (NCSs) with
time delay, packet dropout and time-varying sampling period.
The considered NCSs may receive more than one control
input during a sampling period. A multi-objective optimization
methodology in terms of linear matrix inequalities (LMIs)
and the discrete Jensen inequality are adopted to deal with
the problem of H. controller design for NCSs with time-
varying sampling period. The proposed H.. controller design
is also applicable for NCSs with constant sampling period. The
simulation results illustrate the effectiveness of the proposed
H., controller design.

I. INTRODUCTION

Networked control systems (NCSs) have received increas-
ing attentions in recent years. The flexibility and ease of
maintenance of a system using network to transfer infor-
mation is a very appealing goal. However, computer loads,
network, sporadic faults, etc. may cause time delay, packet
dropout and sampling period jitter, etc., which might be
potential sources to poor performance of NCSs.

Many researchers have studied stability/stabilization for
NCSs in the presence of network-induced delay [1], [2], [3],
and [4], [5], [6] studied the problems of stability/stabilization
for NCSs with packet dropout. [7] and [8] was concerned
with the problem of optimal control for systems with time
delay/packet dropout. For other methods dealing with time
delay specifically, see also [9], [10], etc. There have also been
considerable research efforts on H. control for systems with
time-delay [11]-[15].

Just as we can see, the systems considered in [3], [5], [8],
[13] are sampled with constant sampling period. In computer
control applications, the sensor supposedly samples at a fixed
nominal period, but computer loads, network, sporadic faults,
etc. may cause time delay, packet dropout and sampling
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period jitter, etc. Recently, there are also considerable re-
search efforts on time-varying sampling period [16]-[19].
[16], [17] studied the problems of stability analysis/controller
design for systems with time-varying sampling period and
time delay, and [16], [17] assumed that the control input
u was constant between sampling instants. [18] considered
digital feedback control systems with time-varying sampling
period consisting of an interconnection of a continuous-time
nonlinear plant. [19] was concerned with the problem of
H.. controller design for NCSs with time-varying sampling
period, long time delay and packet dropout, and [19] assumed
that the actuator may receive zero or one control input during
a sampling period.

To the best of our knowledge, for NCSs with time-varying
sampling period, H. controller design and packet dropout
have not received enough attention except in [19], and [16],
[17], [19] assumed that the actuator may receive zero or one
control input during a sampling period.

The purpose of this paper is to prove robustness of NCSs
with respect to small variations of the sampling period.
In this paper, we will consider the case that the actuator
receives more than one control input during a sampling
period, time delay and packet dropout are also taken into
consideration, and H. controller design for NCSs with time-
varying sampling period is presented, which are different
from the existing results for systems with time-varying
sampling period. If the actuator receives zero or one control
input during a sampling period or constant sampling period is
adopted, the proposed H.. controller design is also applicable.
The discrete Jensen inequality is adopted for controller
design and no any redundant matrices are introduced, so
the computational complexity of the obtained results may be
reduced compared with the ones having redundant matrices.

This paper is organized as follows. In Section 2, the
model of NCSs which may receive more than one control
input during a sampling period is presented. By formulating
a feasibility problem into a multi-objective optimization
problem subject to LMIs constraints, Section 3 is dedicated
to H. controller design for NCSs with time-varying sam-
pling period, time delay and packet dropout. The results of
numerical simulation are presented in Section 4. Conclusions
are stated in Section 5.

II. PRELIMINARIES AND PROBLEM STATEMENT

Consider a linear time-invariant system described by

X(t) = Ax(t) + Biu(t) + B,o(t)

z(t) = C1x(t) + Dyu(t) (1)
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where x(t), u(t), z(t), ®(t) are the state vector, control input
vector, controlled output, and disturbance input, respectively,
and o(z) is piecewise constant. A, By, B, Cy, D are known
constant matrices of appropriate dimensions. Throughout this
paper, matrices, if not explicitly stated, are assumed to have
appropriate dimensions.

For NCSs with time-varying sampling period, define #;
as the kth sampling instant, ;| as the (k+ 1)th sampling
instant, &y as the length of the kth sampling period and % as
the ideal sampling period, then hy = ;| —t;. Suppose O is
a scalar and —h < o < h, [ is a positive integer and [ > 1,
define ¥y = {h, h£0o/l, h+£206/l, ---, h+tc}. In this paper,
we suppose the sampling period 7y € ¥4, that is hy switches
in the finite set ;.

In the following, we will present the model of NCSs which
may receive two control inputs during a sampling period, the
case that the actuator receives more than two control inputs
during a sampling period is discussed in Remark 2.

Suppose uy_;, is the available control input at the instant
fx, during the sampling period [fg, fx11], twWo control inputs
up—r, and wu,_p, rteach the actuator at the instants 7 + &
and 1 + &g, respectively, where & € [0, ], & € [0, Ay,
and &, < &. In this paper, we suppose [, < Iy < ly, rm <
e <1y P < Pr < Py € and &y switch in the finite set
B, where ¥, = {B|B € [0, /]}. Define n as the maximum
of consecutive packet dropout, then lyy = ryy +n+ 1, on the
other hand, since the time delay of the control inputs u;,
and ug_p, may be shorter than a sampling period, then r,, =
pm =0.

For NCSs with long time delay, packet dropout and time-
varying sampling period, if the actuator receives two control
inputs u_,, and u;_p, during the sampling period [fks 1],
the discrete time representation of the system (1) is as follows

k k k T
X1 = Py + Flkukflk + Frkuk*rk + Fpkuk,pk + o

B @)
Tk —C]Xk+D1Mk

where & = eMx, Tf = [(eAdsB), Ty =
f;{klz eA(hkfwdSB], F]ng = ff]l(]; eA(]7k7S)dSBl, fk = fohl‘ eASdSBQ,
Up = —ka. "

Define @, —rfk K, -} K, T’y K and T as W), ¥y,
W3, W4 and ¥s, respectively. At the instant #;, the available
control input at the actuator is —Kx;_;, then (2) can be

written as follows

X1 = Wixg +Woxe—g +Waxp—p, +Waxp—p, + Vs
2% =Cixg—D1Kxpy,

3)

then the problem of H. controller design for (1) can be

reduced to the corresponding problem for the system (3).
The following discrete Jensen inequality will be used in

the sequel.

Lemma 1 [20]. For any constant positive semi-definite

symmetric matrix M € R™™, two positive integers f; and

B, satisfying B, > B > 1, the following inequality holds

—(B— B+ )X, v (OMy (i)

< (2P wi) M (s, v) @

ITI. H., CONTROLLER DESIGN FOR NCSs

Based on the model presented in (3), we are now in a
position to design the feedback gain K, which can make the
system (3) asymptotically stable with the H., norm bound 7;
(If the sampling period Ay, is adopted, the corresponding He.
norm bound is denoted as ).

Theorem 1. For given positive scalars ly, Ly, ray, m, Pu>
Pm, if there exist symmetric positive definite matrices N, Q;
i=1, -, 7, kvj (G=1, ---, 5), and matrix V, scalars
Y > 0, such that the following LMIs hold for every feasible
value of hy, & and &y (b € Uy, &1 € %o, &2 € D)

Ay 0 R R O R, O Ry O
x Ap R, Ry 0 0 0 0 0
x o+ Ay O 0 0 0 0 0
« % x Ay O 0 0O 0 0
* * * * —é4 0 0 0 0
* * * * * 7\66 0 0 0
* * * * * * _éﬁ 0 0
* * * * * * * Kgg 0
* * * * * * * * -l
* * * * * * * * *
* * * * * * * * *
* * * * * * * * *
* * * * * * * * *
* * * * * * * * *
* * * * * * * * *
| * * * * * * * * *
Nl A A A A A N

S S S P S o VDT

0 0 0 0 0 0 0

0 0 0 0o 0 0 o0

P2 L LS L LU £ 0

0 00 o 0 o o

Ja s Jv s Ji Js 0

0 0 0 0 0 0 0

Ir T T oo [ <00

—N 0 0 0 0 0 0

x A 0 0 0 0 0

* * Z 0 0 0 0

* * * 9(23/ 0 0 0

* * * * .:ZZ 0 0

* * * * * ,:?z; 0

* * * * * * -l |

where

Atp =N+ (= by +1)01 + Qs+ Q3+ (ryr — 1 + 1) 04
+0s+ (P — Pm+1)06+ Q7 —Ri —Rs —Rs —Rs

Ay =—01 2R

As=-03—R—Rs

Au=-0—R —R,
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A6 = —Q0s — Ry, Ass = —07 — Rs
N_ k T
fl Nq>k N, fz = —VFlk
kT 7z kT
/3 = —VFrk , /4 = —Vl“pk

A =12R —2N), D=
Py = 1,2 (R —2N),
%5 =py*(Rs—2N)

(Ing — L) "2(Ry — 2N)
%4 =r (R4 —2N)

then with the control law

w=—Kxp, K=VIN~!

the system described by (3) is asymptotically stable with Hw.
norm bound 7.

Proof: Let us consider the following Lyapunov function

Vi =Vik + Vo + Vag + Vag + Vi + Vor + Vi + Vi + Vor
+Viok + Vit +Viok + Vizk + Viar +Vise + Vier

(6)
where
Vik :x,{ka
k=1
V=Y, x Oix;

—ly k=1
=Y Y xouw,
i=—Iy+1 j=k+i

k=1
41<: Z x; 0ax;
Vsik = Z x{ Q3x;
i=k— lm
S
Ver = lu Z Y njRin;
i=—ly j=k+i
=1 k=1
Vik=(u—1n) Y, Y njRam;
i=—ly j=k+i
—1 k=1
Va=1n Y, Y nlRsm; (7)
i=—ly j=k+i
k=1
Vor = Z xiT Qax;
i7
-
Vik= Y, Z X} Qux;
i=—ry+1 j=k+i
k=1
Vie="Y, x/ Osxi
i=k— ™M
1 _
Vik=ru Y, Z TI]RMI;
i=—ry j=k+i

k-1
T
Visk= ) x Qexi

=k—py

—Pm k—1

T

Vie= Y, Y xO¢x;

i=—ppy+1 j=k+i

=

Visk = Z x; O7x;

i=k—py

R
Viex = Pu Z Z n; Rsn;
i=—ppy j=k+i
P, Oy, .-+, O7, Ry, -+, Rs are symmetric positive definite

matrices and 7); = Xxj11 — X;.
From Lemma 1, we can see that

k-1 k=1 T k=1
~Iy Y, mTRmiS—( Y Tli) Rl( Y Th)
i=k—lyy i—k—lyy i—k—Iyy
— (k= Xp—1y,) Ry (ke — x-py,) (B)
k—lp—1
lM—l Z R2ni
i=k—1Iy
< — (e, — Xi—g) " R (X, — Xi—g,)
— (X1, —x51,)) Ra (Xk—1, — Xi—1y,) 9
k=1 k=1

—1, Z

i=k—lm

R'%Th ~

(8 ()

— (e —xkfl,,,) R3(xy —xp—y,,) (10)

k—1

—rm ki N/ Ram; < (iizlrM 71i> TR4(‘ kz Th‘)

i=k—ry i=k—ry

— (%% — X—ryy )T Ra (X — X—pyy) (1)

S k=1 T k=1
—pu Y nfRmi<—( ¥ m) Rs( Y )
i=k—pm i=k—pm i=k—pm
—(xx *xk—pM)TRs (X — Xk—py,) (12)
Define AV, = Vi1 — Vi, then
AVig = X1, | Pxgi1 —xi Pxy (13)
k—ly,
AV <xi Qe+ Y, xQuxi—xi , Qixi—y,  (14)
i=k—Iy+1
I
AVy= Y (f Qrxe—x{;01%+:)
i=—Iy+1
k=l
= —ln)X Q1 — Y. X Qi (15)
i=k =Ty +1

AV =x; Qoxi — x{_;, O2xkiy, (16)
AVs = xi Q3¢ —x/{_lm 03x¢_1, (17

1
AVee =1y Y. [ Rime — iR M)

i=—Iy

k=1
v Y, n/Rin;
i=k—Iy
(13)

= Iy (i1 —xi) TRy (a1 — X))
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-
AVye=(y—1n) Y, [N Romi— 0 Romii]

i=—ly
= (I = bn)* (51— x0) " Ra (i1 — )
k11
—(m—1n) Y, nfRam; (19)
i=k—lyy
-1
AVege=1ln Y (¢ Rane — n R3]
i=—ly,
2 T v .7
= b (k1 =) R3 (v —xk) =L Y, M R
ikl
(20)
Similarly, we have
k—rm
AV < xt Quxy + Y x! Qux; —x/{,rk OaXi—r, (21)
i=k—ry+1
k—rp
AVigk = (ryg — ) Qaxi — Y. x] Qax; (22)
i=k—ry+1
AV = x{ QsXk — X, O5Xk—ry, (23)
k=1
AVige = rig(xci1 =) Raeyr —x) —r Y, 0/ Ram
i=k—ry
(24)
kfpm
AVig <x{Qexi+ Y, X QeXi—xi_p Qeip,  (25)
i=k—py+1
k_pm
AVige = (py—pm)xt Qsxc— Y, x] Qex; (26)
i=k—pp+1
AVise = x{ Q1% — X, Q1% py; 27)

k—1
AVige = P (%t —x) Rs (ki1 —x) — Py Y, 1 Rsmi
i=k—py

(23)
Combining (8)-(28) together, we have
AV <& (A+Q)& (29)

where A is omitted here for briefness, and
ékT = [x;f x/f—z

K-y Xk—py

xlf—/,,, XI{—ZM xlz—rk

Xk—pu w{]

=¥ ¥ 00 ¥ 0 ¥ 0 V¥

IL=[¥ -1 ¥ 0 0 ¥; 0 ¥ 0 ¥

Q =TT PIL; + [ TII R\ I + (Iyg — L) TS Ry ITo
+ 2T R3T + r3 TIE RyT1, + p2 TIE R5TT,

From (3), we can see that 7z = Cixy — D1Kxp g,
and z; can be  written as gz = 0.&, where
® = [ -D/K 0 0 0 0 0 0 0], similarly,
w; = &, where ®2:[0 0 000 O0O0OTGO I},
for any nonzero &, we have

Y 'tk a— nol o =& EE
where E =7, '070, — %107 0,, so

Y 'oha— nol o+ AV < ETE

where Y =A+Q+E.

Using the Schur complement, it is easy to prove that if
(5) is satisfied, we have Y < 0, then for any nonzero &, we
have yk_lzZZk - ykwkT w; + AV, <O0.

Since }/,le,{Zk - ykwkT wy + AV, <0, then

—1_T T
Yo %k — Y@ O < —AVy

Summing up z! zx, ®f & and AV in the above inequality
for k =0 to k = n, using the zero initial condition, we have

n n
Yozl <% Y llol P = %V
k=0 k=0
the above inequality holds for all n, let n — oo, we have

l2]3 < % |3

If the disturbance input wy =0, (5) can ensure the asymp-
totic stability of the system described by (3), and if @y # 0,
we have |[z][3 < ¥2||@|[3, so if (5) is satisfied, the system
described by (3) with K = V' N~! is asymptotically stable
with H. norm bound %, this completes the proof. |
Remark 1. Just as shown in Theorem 1, it is difficult to
optimize all the 9 simultaneously, the linear weighted sum
Ysum Of Y may be introduced to optimize ¥,. Suppose

ant+op+--+ 001+t < Ysum

where ¥; (j=1, 2, ---, 21+ 1) are the feasible values of
H., norm bound ¥, «; are the weighting coefficients and
o; > 0, the optimal J; can be obtained by optimizing Ysum.
Generally speaking, for specific weighting coefficients o,
(where p=1, 2, ---, 2I+1 and p # j), the larger the
weighting coefficient ¢t; (j=1, 2, ---, 2/+1), the better the
H., norm bound 7;, one may choose appropriate weighting
coefficients to get the desired H. norm bounds.

Remark 2. The H.. controller design proposed in Theorem 1
can be extended easily to the case that the actuator receives
more than two control inputs during a sampling period, it is
omitted here.

Remark 3. Since constant sampling period is a special case
of time-varying sampling period, the H. controller design
method proposed in Theorem 1 is also applicable for NCSs
with constant sampling period.

If constant sampling period % is adopted, suppose &; €
[0, %], & €0, h], €1 < €2, &1 and gy switch in the finite
set U3, where 03 = {B|P € [0, h]}. If the actuator receives
two control inputs during a sampling period, the discrete time
representation of (1) is as follows

X1 = O +Tyup g +Uruigp, +Upttgp, +T o0
7k = Crxx — D1 Kxgy,

where @ = e, r, = 08“ Ah=3)dsBy I,
JoAh=9)dsBy, Tp, = [1 AM)dsB), T = [)edsB,,
Uup = —ka.

Similar to Theorem 1, the following corollary presents
the H.. controller design for NCSs with constant sampling

period.

(30)
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Corollary 1. For given positive scalars lys, Ly, 1y, rm, Pum
Pm, if there exist symmetric positive definite matrices N, Q;
@=1, ---, D, R; (j=1, ---, 5), and matrix V, scalar
Y > 0, such that the following LMIs hold for every feasible
value of & and &y (&1 € 03, &n € D)

Ay O Ry R 0 R 0O Rs 0
x Apy R R 0 0 0 0 0
* *  Asz 0 0 0 0 0 0
* * * Agq 0 0 0 0 0
* * * * —Q4 0 0 0 0
* * * * * Ag6 0 0 0
* * * * * * *56 0 0
* * * * * * * 7\88 0
* * * * * * * * —vyI
* * * * * * * * *
* * * * * * * * *
* * * * * * * * *
* * * * * * * * *
* * * * * * * * *
* * * * * * * * *

| * * * * * * * * *

Net 7 A A S S NCT
I I Fr Fr S Fr VDT
0 0 0 0 0 0 0
0 0 0 0 0 0 0
DAL UL I LN LR £ 0
0 0 0 0 0 0 0
Jo Sv Jv o Ja Js O
o 00 0 0 0|y
A A L R R 0
—-N 0 0 0 0 0 0
* 2 0 0 0 0 0
* * 32 0 0 0 0
* * * B 0 0 0
* * * x 0 0
* * * * x s 0
* * * * * * -yl |

where
At =-N+y—ln+1)01+ 02+ Q3+ (ry —1m+1)04

+ Qs+ (py — Pm+1)Q6 + Q7 — Ri —R3 — Ry — Rs
A =—01—2R;, Az3=—-03—R—R3

K44: _éz_ﬁl —§2, K66:_§5_§4
/~\88:—é7—E57 /I:NCI’T_N
S =-v[, T, Si=-vI, T
Ia=-VI, T, %1 =L, (R —2N)

Ly = (I —ln) *(Ry—2N),
Ly =r,2(Ry—2N),

L =1,%(R; —2N)
Zs =Py’ (Rs —2N)
then with the control law

g =—Kxp, K=VINT!

the system described by (30) is asymptotically stable with

H., norm bound 7.

Proof: The proof is similar to the proof of Theorem 1, here

it is omitted. |
In the following, we will illustrate the effectiveness of the

proposed design method by an example.

TABLE 1
THE H., NORM BOUNDS (¢ = 1.8, ap = 0.6)

Iy 4 5 6

" | 47436 | 51.2995 | -

Y | 52160 | 68.5423
TABLE I

THE H.. NORM BOUNDS (Iyy =4)

Case 1 | Case 2 | Case 3
7| 5.1429 | 4.7400 | 5.3112
v | 43308 | 5.2205 | 4.0759

IV. SIMULATION RESULTS AND DISCUSSION

Example 1. To illustrate the effectiveness of the proposed
H,, controller design for NCSs with time-varying sampling
period and packet dropout, we present an open loop unstable
system as follows

()= ~0.0994 0.6708 0+ 0.0372 »
=1 04505 —0.1881|" —0.2908 | *
0.2450 32
+[—0.8513 o) .

2(t) = [0.3564  0.0788] x(r) +0.0942u(7)

Suppose the sampling period h; may switch among /) =
0.08s and i, =0.1s, 1, =0, pp, =0, Ly =1, pyy =1, ryy =2.
Denote the H. norm bounds corresponding to sampling
periods 0.08s and 0.1s as y; and 7, respectively, suppose the
weighting coefficients o = 1.8, op = 0.6, for simplicity of
simulation, suppose & = &, and they may switch between
0.8h; and hy. Solving the LMIs presented in Theorem 1,
we can get the H., norm bounds corresponding to different
Iy (see Table 1, ‘-’ denotes that the LMIs are infeasible),
from what we can see that the H. performance of system
will degrade with the increase of I, similarly, the He.
performance of system will degrade with the increase of
and pyy, here it is omitted for space limit.

—_—x1
0.8 == x2 |
-=--z

0 2 4 6 8 10 12 14 16 18
Time (s)
h1 and h2 adopted

Fig. 1. State response and controlled output
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—_—x1
081 == x2 |
-=--z
0.6 1

0.4f 1

0.2F~ | i‘i 1
~o ﬂ!} ll}

——— VAV
- HR AR VA
- \

!.,,U!
Ty
unf

1 . . . . .
0 2 4 6 8 10 12
Time (s)
h, adopted

Fig. 2. State response and controlled output

Suppose Iy = 4, then the H., norm bounds corresponding
to different weighting coefficients are shown in Table 2
(Case 1 is corresponding to oy = 1, ap = 0.6, Case 2 is
corresponding to a; =3, ap = 1, Case 3 is corresponding
to oy =2.2, ap = 1.6, respectively), from what we can see
that different weighting coefficients o; and o may lead
to different H., norm bounds, one may choose appropriate
weighting coefficients to get the desired H.. performance.

Suppose the initial state of the system is xo = [1 — 1]
and the control inputs based on plant states xg, X2, X4, -
are transferred to the actuator successfully, while the control
inputs based on plant states x;, x3, x5, --- are dropped.
Suppose during the time interval [Os, 6.4s), [6.4s, 18s),
the sampling periods are 0.08s and 0.1s, respectively, if
hy is adopted, & = &> = 0.8h;, and if h, is adopted,
&1 = & = hp. During the time interval [4.8s, 6.4s), the
disturbance inputs Ssin(j) (j =1, 2, ---, 20) are added
into the system, during [6.4s, 8.4s), another disturbance
inputs 5sin(j) (j=1, 2, ---, 20) are added into the system.
Suppose a; = 2.2, ap=1.6, by solving the multi-objective
optimization problem in Remark 1, we can get the controller
gain K =[-3.6719 —4.1193], the plant state response and
controlled output are pictured in Fig. 1.

If Iy = 4 and constant sampling period £ is adopted, & =
& = 0.8hy, by solving the LMIs in Corollary 1, we can get
the H., norm bound y = 2.6890, and the controller gain K =
[—4.4842 —5.0145]. During the time interval [4.8s, 6.4s),
the disturbance inputs 3sin(j) (j =1, 2, ---, 20) are added
into the system, the plant state response and controlled output
are pictured in Fig. 2.

Table 1, Table 2, Fig. 1 and Fig. 2 illustrate the effective-
ness of the proposed H.. controller design for NCSs with
time-varying sampling period and constant sampling period.

V. CONCLUSIONS

This paper studies the problem of H. controller design
for NCSs with time-varying sampling period. The considered
NCSs may receive more than one control input during a sam-
pling period, time delay and packet dropout are also taken
into consideration. The problem of H. controller design for

NCSs with time-varying sampling period is converted into
a multi-objective optimization problem in terms of LMIs,
and the discrete Jensen inequality is adopted for controller
design. The proposed H., controller design is also applicable
for NCSs with constant sampling period. The simulation
results have illustrated the effectiveness of the proposed He,
controller design.
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