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H., Output Tracking Performance Analysis and Controller Design for
Networked Control Systems with Packet Dropout

Yu-Long Wang and Guang-Hong Yang

Abstract— This paper studies the problems of H. output
tracking performance analysis and controller design for net-
worked control systems (NCSs) with time delay and packet
dropout. By defining new Lyapunov function and using the
discrete Jensen inequality, linear matrix inequality (LMI)-based
H.. output tracking performance analysis and controller design
are presented. The adoption of the discrete Jensen inequality
may reduce the computational complexity of the obtained
results. The designed controllers can guarantee asymptotic
tracking of prescribed reference outputs while rejecting dis-
turbances. The simulation results illustrate the effectiveness of
the proposed H.. output tracking controller design.

I. INTRODUCTION

In many practical systems, the original plant, controller,
sensor and actuator are difficult to be located at the same
place, they are often connected over network media, giving
rise to the so called NCSs. The flexibility and ease of main-
tenance of a system using network to transfer information
is a very appealing goal. However, computer loads, net-
work, sporadic faults, etc. may cause time delay and packet
dropout, which might be potential sources to instability and
poor performance of NCSs.

Many researchers have studied stability/stabilization for
NCSs in the presence of network-induced delay [1], [2],
[3]. In [4], a novel model-predictive-control strategy with
a timeout scheme and p-step-ahead state estimation was
presented to overcome the adverse influences of stochastic
time delay and packet losses. For other methods dealing with
time delay and packet dropout, see also [5], [6], [7]. Recently,
there have been considerable research efforts on H.. control
for systems with time delay [8], [9], [10].

Synthesizing feedback controllers to achieve asymptotic
tracking of prescribed reference outputs while rejecting dis-
turbances is a fundamental problem in control. The main
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objective of tracking control is to make the output of the
plant, via a controller, track the output of a given reference
model as close as possible. For the problem of output
tracking control, [11] studied the reliable robust tracking
controller design problem against actuator faults and control
surface impairment for aircraft. [12] solved the tracking and
disturbance rejection problem for infinite-dimensional linear
systems, with reference and disturbance signals that were
finite superpositions of sinusoids. For other results on output
tracking control, see also [13], [14], [15] and the references
therein.

The study on NCSs and output tracking control keeps
attracting considerable attention due to the demands from
practical dynamic processes in industry. To the best of our
knowledge, however, few works pay attention to the problem
of output tracking control for networked control systems
except in [16], in which paper the controlled plant and
the controller are in continuous time and discrete time,
respectively.

In this paper, the discretized controlled plant and the
discrete time controller will be considered, and the dis-
crete Jensen inequality is also adopted to avoid introduc-
ing any redundant matrices, which are different from the
existing results on output tracking control for NCSs. By
using LMI-based method, H.. output tracking performance
analysis and controller design for NCSs with time delay
and packet dropout are presented, the designed H.. output
tracking controllers can ensure the stability of the closed-
loop NCSs and optimal tracking performance. The discrete
Jensen inequality is adopted for controller design and no
any redundant matrices are introduced, so the computational
complexity of the obtained results may be reduced compared
with the ones having redundant matrices [6], [7], [16].

This paper is organized as follows. Section 2 presents the
closed-loop model of H. output tracking NCSs. Section 3
is dedicated to the H., output tracking performance analysis
and controller design for NCSs with time delay and packet
dropout. The results of numerical simulation are presented
in Section 4. Conclusions are stated in Section 5.

Notation. Throughout this paper, M” represents the trans-
pose of matrix M. I and O represent identity matrices and
zero matrices with appropriate dimensions, respectively. *
denotes the entries of matrices implied by symmetry. Matri-
ces, if not explicitly stated, are assumed to have appropriate
dimensions.
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II. PRELIMINARIES AND PROBLEM STATEMENT

Consider a linear time-invariant plant described by

x(t) = Ax(t) + Biu(t) + B, (1)
y(t) = Cx(t) + Du(t)

where x(¢), u(z), y(t), o(z) are the state vector, control input
vector, measured output, and disturbance input, respectively,
and w(r) is piecewise constant. A, By, By, C, D are known
constant matrices of appropriate dimensions.

The main objective of this paper is to design a controller,
such that the output y(¢) of the plant tracks the output of
a given reference model as close as possible. Suppose the
reference model is described by

(D

#(t) = GR(t) + (1)
9(t) = H(r)

where £(r) and r(¢) are the reference state and the energy
bounded reference input, respectively, and r(z) is piecewise
constant. G and H are known constant matrices of appropri-
ate dimensions with G Hurwitz.

The state feedback controller takes the following form

2

u(t) = Kix(r) + K &(t) (3)

where K| and K, are the state feedback controller gains
which will be designed in this paper.

In this paper, we suppose the sensor is clock-driven, both
controller and actuator are event-driven. If time delay or
packet dropout occur, the latest available control inputs will
be used.

The assumption on time delay is as follows.
Assumption 1. The time delay 7 (7 is the sensor-to-actuator
time delay) is assumed to be time-varying and can be denoted
as T, = nh+ &, where n is a positive integer, & is the sampling
period, & € & = {0, h/l, 2h/l, ---, (I—=1)h/l, h}, lis a
positive integer and [ > 1.

Considering the definition of &, we have

u(t) :{ t € [kh, kh+mh/l)

t € kh+mh/l, (k+1)h]
where m =0, 1, ---, I, ux_, 1, is the available control
input at the sampling instant kh. Define Ly, and L,, as the
upper-bound and lower-bound of L, respectively, then the
maximum of consecutive packet dropout is Ly — 1.
Considering the effect of time delay and packet dropout,
the discrete time representation of the system (1) is as follows

Uk—n—L;,
Uk—n,

4)

X1 = Oxp +To(&—p)ug—p +T1 (& p)ttg g, +T20%
Yk = Cxx + Dug—p— 1,
®)
where ® = e, Ty(g_,) = é%sk’" eMdsBy, Ti(e_,) =
f:ﬁekin eAstB1 ,I[h = fél eAstBQ, u, = Kyxi + K>y,
Correspondingly, the discrete time representation of the
system (2) is as follows

Rpr1 =P+ 1y

o " 6
Vi = Hxy ©

where ® = ¢Ch, T = foh e%ds.
Therefore, from (5)-(6), we can get the following aug-
mented closed-loop system

Sir1 = Wi &+ VoK Gy + V3K, +Favi

(7)
€ = lP1%/6 +DKék7nka
~ (0% P 0
h = = — = \P fg ~
where & o > €k =Yk —Yk» Vi |’ 1 [0 q;}’

Then, the tracking requirements are expressed as follows
(see [16])

i) The augmented closed-loop system in (7) with vy =0 is
asymptotically stable

ii) The effect of wy and r, on the tracking error ey is
attenuated below a desired level in the H. sense. More
specifically, it is required that

lexll2 < YlIvill2

for all nonzero vy € [0, ) under zero initial condition,
where Y > 0. We say the H. output tracking performance is
achieved if the above two requirements are met.

Based on the discrete-time state equation (7), we will study
the problems of H., output tracking performance analysis and
controller design in this paper.

The following discrete Jensen inequality will be used in
the sequel.

Lemma 1 [17]. For any constant positive semi-definite
symmetric matrix M € R™™, two positive integers f; and
B, satisfying B, > B > 1, the following inequality holds

~(B-B+DER, v (M ()
<—(xfy w) M(gl, vi))

ITII. H., OUTPUT TRACKING PERFORMANCE
ANALYSIS AND CONTROLLER DESIGN

This section is concerned with the problems of H., output
tracking performance analysis and controller design.

For the augmented closed-loop system (7), we suppose the

controller gains K| and K, are given. The following theorem
presents the conditions under which the system (7) achieves
the H. output tracking performance 7.
Theorem 1. For given controller gains K; and K3, if there
exist symmetric positive definite matrices P, Q1, Q2, O3, QOu,
Z1, Zp, Z3, Zy4, scalar Y > 0, such that the following LMIs
hold for every feasible value of &_, (&_, € ¥)

(®)

(A n 4 0 Z4 Zn 0
* A22 0 0 0 0
* * A33 Z3 Z3 0
* * x Ay O 0
* * * *  Ass 0
* * * * * =yl
* * * * * *
* * * * * *
* * * * * *
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¥p (W -D"M 9T ]
K"vlp  K'¥IM 0
kTwlp  k™wIm  K'DT
0 0 0
0 0 0 | <0 ©)
wip wim 0
-P 0 0
* -M 0
* * o/

where

Al =—P+01+(Ly—Ln+1)02+ 03
+04—21—Z2r— 74

Ay =-01-2
Azz = —0r — 273
Ay = —Q4—2Z3—2Z4

Ass =—03—7p— 73
M =n*Z +(n+Ly)*Zy + (L — L) Z3 + (n+ L) Z4

then the augmented closed-loop system described by (7) is
asymptotically stable with H., output tracking performance 7.
Proof: Let us consider the following Lyapunov function

Vi = Vik + Vor + Var + Var + Vi + Vor + Var + Vi + Vor + Viok
(10)
where

Vi = &L P&,

k-1
V=Y &0i&
=

1 n

k-1
V=Y & &

i:k*ﬂka
—n—L,, k—1 -
Vg = Z Z 3 j Q2§j
i=—n—Ly+1 j=k+i
k—1 r
Vsc= Y, &3¢
l':k,n,LM
k—1
Ve = Z é,‘TQ4§i
i=k—n—L,,
-1 k-1 -
Vie=n) Y njzin;
i=—n j=k+i

1 k-l
Vae=(n+Ly) Y, Y njzZn,

i=—n—Lyy j=k-+i

“n—Lp—1 k=1
Voo=Lyu—Ln) Y, Y njZn,
i=—n—Ly j=k+i
1 k-l
Vik=(n+Ln) Y, Y njZm;
i= Ly j=k+i

P, O1, Q2, O3, Qa, Z1, Zp, Z3, Z4 are symmetric positive
definite matrices and 1; = &1 — &;.
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From Lemma 1, we can see that
k—1 ’ k—1 T k—1
—n Y miZin; < —( ) nj) Z]( Y n,-)
j=k—n Jj=k—n Jj=k—n
=—(&— &) Z1 (& — &)

k-1
—(n+Lu) Y, njZm;
Jj=k—n—Ly
k-1 T k=1
S*( TIj) Zz( Z nj)
j:kfl’l*LM j:k,n,LM

= (& —En-1y) 20— Exmn1yy)

k—1
—(n+Ln) Y, njZn,

Jj=k—n—Ly,
k—1 T k—1
< E 0)a
Jj=k—n—L, Jj=k—n—L,
=—(&—&n-tn) Zs(& — E—n-1,)
k—n—L;;,—1
—(Lu—Ln) Y, njZm;
j:k,n,LM
k—n—Ly—1
=—(Lu—La) Y, NjZn;
Jj=k—n—Ly
k*}’l*kal
~(Lu—Lw) ), njZm,
j:k—n—LM
k—n—L;y,—1 T k—n—L;;—1
(e )
j:kfnfl‘k j:kfnka
k—n—L;—1 T k—n—Li—1
(X m)ya( X on)
Jj=k—n—Ly Jj=k—n—Ly

= 7(§k—n—Lm - ék—n—Lk)TZ3 (&k—n—Lm - ék—n—Lk)
— (En—ty = Ekmn1a) Z3( &1, — En—ty)

Define AV, = Vi1 — Vg, then
AV =&l \PEy — E] P&,
AV =EL 016 — &L, 01E,

AV <& 08— &L, 1,026k -1,
k—n—Ly,

+ Z é,’T ) éi
i:kfnkaJrl +1
k—n—Ly,
AViy= Ly —Ln)§l Q&— Y, & &
i=k—n—Ly+1

AVse =& 038 =& 11,036k n-Ly
AVee =&l 04&— &L, 0a&in-1,,

—1
AV =n Z (M Zy Mk = N i Zy M

=—n

k—1

Y

(12)

13)

(14)

15)
(16)

a7

(18)

19)
(20)

= (&1 =) Z1 (& — &) —n Y, njzZim;

j=k—n
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—1

AVege=(n+Ly) Y, [ Zame—nliZanid]

i=—n—Ly
=(n+Lu)* (&1 — &) 2 (& — &)
k=1
—(n+Ly) Y, njZm; (22)
j=k—n—Ly
—n—L;;—1
AVor=(Ly—Lw) Y, [0 Zsme— 0 iZsii]
i:,n,LM
= (Lt — Lin)* (&1 — &) Z3(Ei1 — &)
k—n—Ly—1
—(Lu—Ln) Y, 1] Zm; (23)
j=k—n—Ly
1
AVik=(n+Ln) Y. [0 Zame—nl i Zanid]
i=—n—Ly
= (n+Ln)* (&1 — &) Za(Eprr — &)
k-1
—(n+Ln) Y. nlzm, (24)
j:k*n*Lm
Combining (7), (11)-(24) together, we have
AV, < ETAE, (25)
where
&k A A Az Ay Ais Ags
Sk—n ¥ Ap Ay Ay Aos A
g — r—n—1, A | * ¥ A3z Ay Azs Az
Ekn-r, |’ * * Ags Asgs Asgs
Skon—1y * * Ass  Asg
Vi * * *  Ags
and

Al =YIP¥ — P+ 01+ (L — L+ 1)02+ 03+ 04
—Z\—Zo—Zy+ (P —D)TM(¥, 1)

A =Y PYLK + (¥ — 1) MK + 74

A1z = YT PY3K + (W) — 1) MK

Ay =24

ANs=2,

At =T PYs+ (P — 1) MY,

Axn = K'Y PY K + KTWI MWK — Q) — 74

Az = K"WI PY3K + KTPT M5 K

Aoy =Ap5 =0

Az = KTWI PY, + KTWI M,y

Az = KT P K+ KTWIMY3K — Q) — 275

A3y =23

A3s =273

Asg = KT PY, + KTWE My

ANy =—-04—7Z3—-74

Ags =A46 =0

Ass=—03—2r—73
Asg =0
Ass = VI PY,+ P MY,
M =n*Zy + (n+Lu)*Zo + (Lt — L)*Z3 + (n+ Lin)*Zs

To notice that the available control input at the instant kk
is ug_n_r,, for any nonzero &, we have

~1,T T ETmE

Y erex— YV székT:‘ék
where E is omitted here for space limit. Then
~1,T T ETXE
Y epek— Vi i+ AV < ETAE,

where A = A+ Z. Using the Schur complement, one can see
that (9) is equivalent to A < 0, then for any nonzero &, if
(9) is feasible, we have el e, — yvI v+ AV, < 0.

Since y~'el e — yv{ vi + AVj < 0, then

T T
Y erexn— YV Vi < —AVg

Summing up both sides of the above inequality for k =0
to k = p, using the zero initial condition and the character
that the disturbance input v; has limited energy, we have

p p
Y llel P <7 Y il P = Wi
k=0 k=0
the above inequality holds for all p, let p — oo, we have

el [3 < [ vell2

If vi =0, (9) can ensure the asymptotic stability of the
system described by (7), and if vx # 0, we have ||e||2 <
YIVkll2, so if the LMIs in (9) are feasible, the system
described by (7) is asymptotically stable with H. output
tracking performance 7, this completes the proof. |

In the controller gains K; and K, are unknown, we will

study the problem of H. output tracking controller design
for the system (7).
Theorem 2. If there exist symmetric positive definite ma-
trices N, Q1, Oz, Q3, Q4, Z1, 2>, Z3, Z4, matrix V, scalar
Y > 0, such that the following LMIs hold for every feasible
value of &_, (&_, € ¥1)

¢

An Zt 0 Zy Zp 0 N¥T O N¥T-N
x Ap 0 0 0 o viyl yTyl
* x« Aw Zz zz 0 viwl o yTyl
* * *  MAgg O 0 0 0
* * * x  Ass 0 0 0
* * * * x =yl ‘I’Z ‘PZ
* * * * * * —N 0
* * * * * * * Ass
* * * * * * * *

* * * * * * * *
* * * * * * * *
* * * * * * * *
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NYT-N NYT-N NYT-N NYT |

V71‘I‘2T Vfllpg vlllyg 0
viwl viwl  yihel  yIpT
0 0 0 0
0 0 0 0

\%{ \%{ \I(J)Z 8 <0 (26)
0 0 0 0
Ago 0 0 0
* A10,10 0 0
* * Ar1,11 0
* * * —vI ]
where
Ay =—N+Q1+(LM Ly+1 )02+ 03
N + Q4 — Zl Zr—74
Ap = _Ql
Az = —Q2 - 2Z3 N
Ay = —Q4 - Z3 Zs
Ass = *Q3*22*Z3
Ass  =n"2(Z)—2N)
Ag = (n+LM) 2(Zo—2N)
Ajo,10= (Ly — )73(23—21\’)
Ai111 = (n+Ly)"%(Z4—2N)
then with the control law
u = Kixg + Kok, K=VN~!

the augmented closed-loop system described by (7) is asymp-
totically stable with H. output tracking performance 7.
Proof: Using the Schur complement, one can see that (9) is
equivalent to

Ay 20 0 Zi Z, O e T 1
x Ay 0 0 0 0 KT‘Pg Jflyg
* x Ay Zz Zz 0 K¢l KTyl
* * x Ay O 0 0 0
* * * ¥ Ass 0 0 0
* * * * x =l ‘PZ ‘I‘Z
* * * * * * —p! 0
* * * * * * * —n*ZZI_ 1
* * * * * * * *

* * * * * * * *
* * * * * * * *
* * * * * * * *
w1 w1 91 9l
K}\P% K}‘I‘g K}‘Pg 0
kTwl  kTwl  kTwl  kTpT
0 0 0 0
0 0 0 0
LA S O ) @7
0 0 0 0
0 0 0 0
Ago 0 0 0
* Aj0,10 0 0
* * Ann 0
* * * v/

where A1, A, A3z, A4q, Ass are the same as the ones in
(9), and

Agg = —<n+LM>7ZZZ_1 1
Ar0,10=—(Lm — L) "*Z5
A =—(n+Ly) 2z,

Pre- and post-multiply 27 by
diag(P~', P~', P71, P~ P7l [ I, I, I, 1, 1, I) and
dlag(P' P' Pl P' P' IIIIIII),deﬁne
Pl=N, P 1QP— =Q;, P 1ZP— =Z(@(=1,2, 3, 4),

P IKT =VT then (27) is equivalent to
An Zt 0 Zy Zp 0 N¥T NPT N
¥ Ay O 0 0 o viwl yhel
* * A33 ;Zv3 23 0 VT\{I§ VTng
* * * A44 0 0 0 0
* * * x  Ass O 0 0
* * * * x =yl ‘PZ ‘P{
* * * * * * —N 0
* * * * * * * fn*ZZ;1
* * * * * * * *
* * * * * * * *
* * * * * * * *
* * * * * * * *
N‘PYIT -N N‘I’7IT -N N‘PT'T -N N9T
14 wg 1% \Pg 1% \Pg 0
vyl vyl viel  yIpr
0 0 0 0
0 0 0 0
v v i 0 | <o (@8
0 0 0 0
0 0 0 0
Agg 0 0 0
* AlO,lO 0 0
* * A 0
* * * —vyI

where /~\11, /N\gz, /~\33, /~\44, /~\55 are the same as the ones in
(26).

On the other hand, for symmetric positive definite matri-
ces P and Z;, we have (P—Z)Z '(P—Z;) > 0, which is
equivalent to —Z; ' < P~1Z;P~!' —2P~!. From the definition
of Z and N, we can see that if (26) is satisfied, (28) is also
feasible. So if (26) is satisfied, the augmented closed-loop
system described by (7) with K = VN~! is asymptotically
stable with H.. output tracking performance 7, this completes
the proof. |
Remark 1. Theorem 2 presents LMI-based sufficient condi-
tions for H. output tracking controller design, which can be
effectively solved via Matlab LMI control toolbox.

In the following, we will illustrate the effectiveness of the
proposed design method by an example.

IV. SIMULATION RESULTS AND DISCUSSION

Example 1. To illustrate the effectiveness of the proposed
H., output tracking controller design, we present an open
loop unstable system as follows

(1) = 0.1615 0.1487 )+ —0.1660 u(t)
 1—=0.1021 0.1696 0.1066
0.2066 (29)
102104 @0
y(t)= [0.0724 70.0074} x(r) — 0.2455u(r)
The reference model is described as follows
x(t) = =X(t) +r(r) (30)

$(t) = 0.62(t)
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In this example, we suppose n =1, Ly =2, L,=1. If
constant sampling period / is adopted, suppose & = 0.05s and
€—n € {0.2h, 0.5h,0.8h}. The initial state of the augmented
system (7) is & = [0 0 0]”. For simplicity, suppose the
packets at the instants 0, 2h, 4h, --- are transferred to the
actuator successfully, that is one packet is dropped among
two packets.

If constant sampling period / is adopted, by solving the
LMIs presented in Theorem 2, we obtain the minimum He.
output tracking performance y = 0.8347 with the controller
gain K = [K; K] =[-0.7118 —19.9618 0.9730].

0.3

e Y,

Fig. 1. Outputs y; and . for & (32)

Suppose the input signals are given as follows

0, Os <t <2.55s
o(t) = —0.4, 2.55s <t < 5.05s

0.8, 5.05s <t <7.55s

0.3, 7.55s <t < 11.95s

0 0s <1< 2.555 @1

0.4,

()= 2.555 <t < 5.05s
"= —09,  5.055<r<7.55s
—0.16, 7.55s <t < 11.95s

For control input u; which is transferred to the actuator
successfully, suppose the time varying part & of 7; is given
as follows

0.2h, 0s<t<2.55s
g ) 05h  2555<1<5.05 32)
k 0.8h, 5.055s<t<7.55s
0.5h, 7.55s<t<11.95s

The output y; (denoted as y;) of the system (29) and y
(denoted as y,) of the reference model (30) are pictured in
Fig. 1.

From Fig. 1, we can see that the output y; of the system
(29) tracks the reference signal §;, generated by the reference
model (30) well in the H. sense, which illustrates the
effectiveness of the proposed H. output tracking controller
design.

V. CONCLUSIONS

In this paper, the problems of H. output tracking
performance analysis and controller design for NCSs with
time delay and packet dropout have been investigated.
By using the discrete Jensen inequality, LMI-based H.
output tracking performance analysis and controller design
for NCSs are presented. The designed output tracking
controllers can guarantee asymptotic tracking of prescribed
reference outputs while rejecting disturbances. Numerical
example has illustrated the effectiveness of the proposed He.
output tracking controller design.
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