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Abstract— This paper considers the tracking control of a
nonaffine system. A performance-dependent self-organizing
approximation approach is proposed. The designer specifies a
positive tracking error criteria. The self-organizing approxima-
tion based controller then monitors the tracking performance
and adds basis elements only as needed to achieve the tracking
specification.

Index Terms— self-organizing approximation based control,
adaptive nonlinear control, locally weighted learning.

I. INTRODUCTION

In the past decades, on-line approximation based control
has been considered extensively in e.g., [1-7,9-12,17-19,
22,23]. The design and analysis of adaptive controllers
involving on-line approximation to achieve stability and
accurate trajectory tracking in the presence of unknown
or partially unknown nonlinear dynamics have been well
developed.

In general, on-line approximation based controllers can-
not achieve an exact modeling of unknown nonlinearities,
inherent approximation errors could arise even if optimal
approximator parameters were selected. Under reasonable
assumption on the basis function and the function to be
approximated, for any given € > 0, if the network ap-
proximator has a sufficiently large number of nodes, then
€ approximation accuracy can be achieved by proper selec-
tion of the approximator parameters [8, 15]. Thus, to meet
€ approximation accuracy, one approach is to allocate a
sufficient large number of learning parameters. However,
allocating too many learning parameters bears the danger
of over-parameterizing the approximation. This may have
computation and performance penalties. The other approach
is to choose suitable approximators. With these motivations,
nonlinear adaptive control with function approximation em-
ploying automatic structure adaptation has been discussed
in a few articles [1,3, 5,6, 13, 14, 19,20, 22,23]. Articles [3,
19] used wavelet networks and adapted the structure of
the network in response to the evaluation of the magnitude
of the output weights by “hard-thresholding”. Smoothly
interpolated linear models were considered in [5].

In [1,20], local approximators within localized receptive
field were defined and the on-line approximation was tuned
in a local region without affecting the approximation ac-
curacy previously achieved in other regions. Therefore, the
function approximation structure is able to retain approxi-
mation accuracy as a function of the operating point. As
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in [5], the structure adaptation is based on exploration: if
none of the existing basis functions is excited, then a new
node is allocated. These articles also use gradient descent
to adjust the distance metric of each local approximator
so that each receptive field is tuned according to the local
curvature properties of the unknown function. In [5, 13, 14],
linearly parameterized locally model were used, which is
a special case of the Receptive Field Weighted Regression
(RFWR) approach. No stability results are given in [1,20].
The common shortcoming of the existing approaches in [3, 5,
13,14,19] is that (i) they only address the stability analysis
for the state and the approximator parameters, not the change
in the number of basis functions, and (ii) the structure
adaptation algorithms are defined by the trajectory, not by the
performance. New approximator nodes are added when the
current state is sufficiently far from all existing receptive field
centers, whether or not additional approximation accuracy
is required. Recent articles [6,23] developed an approach
where the approximation structure is adjusted during sys-
tem operation, based on the observed trajectory tracking
performance. A self-organized state estimation approach is
developed in [22] and organizes the approximator structure
based on estimation error. Article [6,22,23] focus on models
that are affine in the control variable.

In this article we consider the tracking control of a n-
th order nonaffine system. Our goal is to design a self-
organizing on-line approximation based controller to achieve
a prespecified tracking accuracy, without using high-gain
control nor large magnitude switching. Towards this end,
we first propose a sliding mode control such that the state
of the system comes into the operational region, then we
propose an adaptive controller in the operational region based
on the self-organizing idea in [23] and approximation ideas
in [7,16]. It is shown that our proposed controller can
achieve the prespecified tracking performance and requires
less computation during control. The contribution of the
article is that we extend the self-organizing based control
method to control high-order nonaffine system.

II. PROBLEM STATEMENT
Consider single-input single-output (SISO), input-state
feedback linearizable systems of the form
Ty = Tit, 1<i<n—-1 (1)
h(z,u) 2)

Ty =



where = [z1,---,2,]" € R™ is the state vector and

u € R is the control signal. The function h(x,u) represents
nonlinear effects that are unknown at the design stage. The
function h is assumed to be differentiable.

Given a desired trajectory x4(t)
i)

with derivatives

xl(i (t), i« = 1,...,n, each of which is available and
bounded V¢ > 0. For convenient, we denote z.(t) =
[T1e, Toc - -y Tne] | = [xd,xfil), .. 7%(1"—1)]‘{

Control Problem: Design the control signal u to steer
x1(t) to track the desired trajectory z4(t) and to achieve
boundedness for the states x; for i =2,...,n.

To make the problem tractable, we make the following
assumption.

Assumption I: For any z € R™ and v € R,

eo(x) < W < 2¢(x) 3)
[h(z,0)| < b(x) )

where €g(x), ¢(x), and b(z) are known positive functions.

Remark 1: In Assumption 1, the first inequality in (3)
makes sure that the system is controllable at any time. The
second inequality in (3) makes sure that f(x) defined in
eqn. (17) is unique and continuous (see Lemma 2). The
bound b(x) in (4) is used to make sure that the tracking
error comes into and stays in a bounded operational region
which is chosen by the designer.

Remark 2: The tracking control problem could be solved
by

u=——(Ke+ (|A] + b(x))sign(e))

1
- (%)
€0
with e and A defined in (7) and (11), respectively; or by
1

€0

u= (Ke+ (|A] + b(x))sat(e/e)) (6)
where ¢ is a positive constant. The control of (5) achieves
finite time convergence of e to zero and asymptotic conver-
gence of x(t) to x.(t), but requires control with magnitude
|A] 4+ b(z) switching at very high rates. The control of (6)
achieves finite time convergence to |e| < ¢ and ||z —z.| < e
where v is a constant determined by the choice of L in
(7). The control of (6) still requires control with magnitude
|A|+b(x) and with the region of the sat function the effective
gain is (||A|| + b)/e which can be quite large when the
desired accuracy ¢ is small. The magnitude of the switching
term in the u from (6) as a function of e is shown as
the dotted line in Fig. 1. In this paper we propose a new
approach. We introduce a new parameter ¢ > 0 which
is finite but can be significantly larger than e. The large
magnitude sliding mode term will be designed (see eqn.
(12)) to ensure that |e(t)] < o is achieved in finite time
and maintained for all future times. When |e(t)] < o a
self-organizing approximation based controller (see the next
section) is designed to ultimately achieve |e| < e. Due to the
inclusion of the self-organizing approximator, the control is
able to achieve this same tracking accuracy using a switching
term of magnitude € which is small in comparison to the
switching term in control law (5). Fig. 1 shows as a solid
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Fig. 1. Sketch of the magnitude of the switching term in the control laws
of eqns. (6) (dotted) and (12) (solid).

line a sketch of the magnitude of the switching term from
the proposed approach of (12).

III. TRACKING ERRORS AND BASIC CONTROL
STRUCTURE

Throughout the article the tracking error components are
defined as

Ty =T — Tie, 1<i<n

where 7 is the tracking error vector defined as & = = — x,
[#1,...,%,] . Note that

ii:ji—l—ly 1§Z§7’L—1
Let
e(t) = LT&(t) @)

where L = [l1,l2,...,l,_1,1]T is a constant vector. Note
that L'# = 0 defines an (n — 1)-dimensional hyperplane
in N™. The absolute value of e(t) represents the distance of
Z(t) from this hyperplane. On the hyperplane e(t) = 0, the
dynamics of ; are defined by

ZEn + ln—lin—l + ...+ lg.fg + lQZEQ + 11571

Tne1 +lno1Zn-2 + ... + 32 + lod1 + 13y

(Sn_l —|— ln_lsn_2 —|— e —|— lgS2 —|— lQS —|— ll)jl O

where s is the Laplace variable; therefore, L is be selected
so that (st +1, 15" 2+ ...+ 1382 +1las+1;) =0isa
Hurwitz polynomial. In this case, the transfer function

jl (S) . 1

e(s) sl s 24 4382+ las+ 1y
is Bounded-Input-Bounded-Output (BIBO) stable. If e(t) can
be shown to be bounded for all £ > 0, then each Z;,1 < <
n is bounded.

To allow the bounds to be easily expressed, we choose L
—+ A

such that
n—1
(@ +)

e(t)
AN D LN P W I

d

T1



for some constant A > 0. This implies that the vector L in

(7) is defined as I; = C:~L \"~% 1 < i < n, where
(n—1)!

(n—)!(i —1)!

is the binomial coefficient. The transfer functions to Z; from

e are

Ci-

1 _
n—1 "

Ti(s) _ dals) g0 ST
e(s) e(s) (2
1 AN\ )
@TWE”O_ZG) hsism

The advantage of defining e(t) in this manner is that if there
exists a constant pg. > 0 such that the magnitude of e is
bounded as |e(t)| < e, Vt > 0, then the tracking errors are
asymptotically bounded by

|Z:()] < 27PN e, 1< i <, (®)

which yields

[12(t)l2 ©)

with A = [A17" 20277 0 2n=2) 2771] and || ||2 being
the 2-norm of a vector. See page 279-280 of [21] for
additional detail.

The self-organizing on-line approximation based controller
developed in the subsequent sections is designed to maintain
stability and to achieve a tracking accuracy of |e(t)] < e
with p. prespecified at the design stage. If L is selected
as in the previous paragraph, then |e(t)| < p. ensures that
|Z1] < %,ue = g as t — oo. Let D" denote the region
in R™ such that |#;| < 2°7'A\"""g for 1 < i < n. It is
obvious that D™ is bounded since z. and o are bounded.
Noting (8), if |e| < o, then x € D™. We call the region D"
the operational region. It can be adjusted by the choice of
o.

With the definition of e in (7),

A+ h(z,u)
A+ cu+ (h(z,u) — cu)

< Aoll2fte as t — oo

é —

(10)
where c is the bounded function in eqn. (3), and

A=X""13y 4+ CL A 2Eg 44 CP 2R, — 2. (1)
We choose the control law

1

- (—Ke — A — ugq — €rsat (£>) , lel <o
C ’ €f
[Ke+ (JA] + b(z))sign(e)], le|] > o

12)
where constant K > 0, o(> p.) is a positive constant, € (>
0) will be defined later,
sign(y),

sar(y) = {

and u,q is defined later in (29).
Remark 3: If |e| > o, the controller is a sliding mode
control. If |e| < o, the controller is self-organizing in a

u =

€0

if ly| > 1
otherwise
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manner that will be defined in the following section. We
choose the control law (12) to be a switching controller
because we want to use a high gain control to steer the state
of the system to the bounded operational region D". Within
this operational region an adaptive learning controller is in
charge of the control. Hence, in the operational region the
control does not use large magnitude high gain switching
even though the system model is unknown (see Fig. 1 and
Remark 4 for more details).

Lemma 1: If |e|] > o, with the control in (12), the tracking
error e exponentially decreases.

Proof: By the intermediate value theorem, there exists

B € [0,u] such that eqn. (10) can be written as

oh
¢ = A+h(z,0)+ Oh(z,f),, (13)
ou
For |e|] > o, select the Lyapunov function
1
= 5ez. (14)

Differentiating V' along the solution of (13) with the control
(12) yields

V. = e[A+h(z,0)]
_ ¢ 8h(_x’ p) [Ke+ |Alsign(e) + b sign(e)]
€0 ou
Ke? 0h(z, B) 1 Oh(z, 3)
< HEOMD) LIS ] jya)+9
. _Keon@p) (15)
- €0 ou -

Therefore, e exponentially decreases if |e| > o. [ |
Due to the exponential decrease proved in Lemma 1,
from any initial condition e(0), the condition |e(t)] < o
is achieved in finite time. Once the condition |e(t)] < o is
achieved, it will be maintained for all future times. In the
following, we mainly discuss the case that |e| < o.
If |e| < o, substituting (12) into (10) yields

é=—Ke+ (A(x,u) — uqq) — €fsat (;) (16)
!

where

Az, u) = h(z,u) — cu.

If
A(Ia u) — Uaq = 0,

it is easy to prove that e converges to zero. Lemma 2 shows
that under suitable assumptions there indeed exists a unique
ul, = f(x) such that

Az, u) — f(z) =0. (17)

Lemma 2: Under Assumption 1, there exits a unique
continuous f(x) such that f(x) satisfies (17) for all x € D™.

Proof: Noting Assumption 1, Lemma 2 can be proved

by following the proof of Lemma 1 in [2, 16]. [ ]
By Lemma 2, function f exists. However, we cannot ob-
tain the explicit expression of f because h(z,u) is unknown.



In the sequel, we apply a self-organized locally weighted
learning algorithm (LWL) to develop a basis for and an
approximation to f(x).

IV. LWL ALGORITHM AND STRUCTURE ADAPTATION

In LWL [6,22], the approximation to f(z) at a point x
is formed from the normalized weighted average of local
approximators f(z) such that

>nwi(@)
where each wy is nonzero only on a set denoted by Sy

(defined below in eqn. (19)) over which fk will be adapted
to improve its accuracy relative to f.

(18)

A. Weighting Functions

We define a continuous, non-negative and locally sup-
ported weighting function wy(x) for the k-th local approxi-
mator. Denote the support of wg(z) by

Sk:{xeD”|wk(a:);£O}.

Let S, denote the closure of Sj. Note that Sy, is a compact
set. An example of a weighting function satisfying the above
conditions is the biquadratic kernel defined as

wi(w) = (1—(

where ¢y, is the center location of the k-th weighting function
and py, is a constant which represents the radius of the region
of support. In this example, the region of support is

Sk:{IEDn| Hx—ck||<uk }

19)

[lz—cell
Mk

0, otherwise.

2y

Since the approximator is self-organizing, the number of
local approximators N (¢) is not constant. Conditions for
increasing N at discrete instants of time are presented in
Section IV-C. Since N is time varying, the region over which
the approximator defined in eqn. (18) can have a nonzero
value is also time varying. This region is defined as

U

1<k<N(t

AN® = Sh.
)

When z(t) € AV®), there exists at least one k such that
wg(z) # 0. The normalized weighting functions are defined
as

wi ()

= <Nt
S w(z)

The set of non-negative functions {@k(x)}iv:(? forms a
partition of unity on AN®):

Wk (CL‘)

N(t)
wp(z) =1, forall z e ANW,
k=1
Note that the support of wy(x) is exactly the same as the
support of i (x).

o\ 2
)) . if || — erl| < p (20)
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When z(t) ¢ AN®, all wy,(z) for 1 < k < N(t) are zero.
Therefore, to complete the approximator definition of eqn.
(18) to be valid for any =z € £™:

N(t)

> on(@)frlz) if ze ANO

k=1

if zeRn— AN®,

(22)
0
In the reminder of this section, we will only consider the

case when z(t) € AN® to give all definitions for the LWL
algorithm.

B. Local Approximators
We define

fr(z) = @fby, (23)

where @, is a prespecified vector of continuous basis func-
tions. For the function f(z), the vector 6% denotes the
unknown optimal parameter estimates for x € S:

(

Note that 0% is well defined for each k because f and fk
are smooth on compact Si. Therefore,

0%, = argmin
(-)fk

[ x|~ ar) . 2

fi=a.0;

will be referred to as the optimal local approximator to f on
Sk.

Let the optimal approximation error to f on S}, be denoted
as €y,

= [fl@) - fi(2).
Since in subsequent expressions ey, only appears as a
product with wy, (), the value of €, (x) is immaterial outside
Si. In order for €, to be defined everywhere, let

{ f(x) = fi (@),

07
The controller will use a known design constant € > 0. We
make the following assumption.

Assumption 2: The basis set ®; is sufficiently rich and
. is sufficiently small such that |es, (z)] < € for x € Sk
for some (unknown) positive constant €; < €.

For a linear basis set [1,x — ¢] for k € [1,N] and
the region of supports are chosen as (21), this assumption
is satisfied if |f”(z)] < 3,z Note that the boundedness
of max,cg, (leg, (v)]) comes from the fact that lep,| is
continuous on compact Sj.

For any » € AN®, f(x) can be represented as the
weighted sum of the local optimal approximators:

fl) = D wnl@)fi(x) + 6¢ (),
k

(25)

e ()

on S’ ks
otherwise.

€fr (x)

(26)



This expression defines the optimal approximation error
§¢(z) on AN®) which satisfies |07 (x)| < &, since
651 = |f(2) = > wrl@) fii(x)
k
= ;wm)(f(x) — fi@))
< Y wn(@)len (@) @7)
k
0] < mgX(|6fk|)zk:®k($) =5 (28)

Therefore, if each local optimal model fi(z) has accuracy
€ on Sk, then the global accuracy of Y, @y () fx(z) on
AN® also achieves at least accuracy é;. The J; term in
(26) is the inherent approximation error of f(z) for f(z).
For the adaptive portion of the control law we choose

(29)

uad:f'

To obtain f, we need to estimate . For = € A’, we choose
the adaptive laws

The parameter adaptation will turn off when either = ¢ A°
or le| < fie.

if |e| > e
otherwise

ka(])keq)k
0

0, = (30)

k

C. Structure Adaptation

We initialize the estimation of f in (22) by f with no
local approximators, i.e., N(0) = 0; therefore, the set A° is
initially empty. We define the following criteria for adding
a new local approximator to the approximation structure. A
local approximator fk is added and N (¢) is increased by one:

1) if |e| < o and the present operating point z(t) does not
activate any of the existing local approximators (i.e.,
max << n¢) (wr(z)) = 0); and

2) if |e| < o and the function e¢ > 0 while |e(t)] > pe.

With the above criterions, N (¢) monotonically increases.
AN changes as N(t) increases. Therefore, the structure of
f in (22) changes as N (t) increases.

V. SELF-ORGANIZING CONTROLLER AND STABILITY
ANALYSIS
For the controller described in Sections III-IV, we have
the following result.
Theorem 1: The system described by eqn. (1-2) with

control law
(—Ke—A — [ —eysat (3)) , le| <o
€f

1
¢
[Ke+ (|A] + b(x))sign(e)], le] > o

(€19

using the self-organizing function approximation (22) with

updated laws (30) and structure adaptive criterion in Subsec-

tion I'V-C has the following properties:

1) Z, e 05, 05, N(t) € Loo;

u =

€0
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2) e(t) = LT is ultimately bounded by |e(t)| < ju.;

3) each 7; is ultimately bounded by |;| < 27 1A=y,
forv=1,...,n, with \ being a constant selected for
designing the L vector. [ ]

The proof of Theorem 1 is omitted due to space limitation.

Remark 4: In Theorem 1, the proposed control law con-
sists of two parts. If |e] > o, the control law is a sliding
mode control. The magnitude of the control depends on
the bound function b(z). If |e] < o, the control law is
a self-organizing control. The self-organizing control learns
the unknown system and improves the tracking performance
gradually based on the structure adaptation scheme. In the
self-organizing control the magnitude of the self-organizing
control does not depend on the bound function b(z). Fig
1. 1 shows a sketch of the control magnitude with the
control law in Theorem 1. In the control, several control
parameters play important roles. Constant o determines the
size of the operational region D" which the self-organizing
control applies. If o is large, the size of the region D" will
be large. Constant (. (< o) determines the tracking error as
time tends to infinity. If p. is small the tracking error will
be small. During the control, pj determine the size of the
locally learning region. If p; are small, €; can be chosen
small. But small p; means that there will be large number
of locally learning regions. In practical control, the control
parameters should be chosen according to the tradeoff of
different factors.

VI. CONCLUSION

This paper considers tracking control for nonaffine sys-
tems. In the operational region a self-organizing controller
is proposed with the aid of a lemma from [2,16] and the
self-organizing approach proposed in [23]. The proposed
controller has the ability to adjust the structure of approxi-
mators and will make the tracking error smaller than a given
positive constant. The approach can be directly extended to
case where &, = f(z) + g(x)u + h(x,u) where f(x) and
g(x) are known, and h(x,u) represents model error.
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