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Global robust stabilization of nonlinear strict feedforward systems with
input unmodeled dynamics

Tianshi Chen and Jie Huang

Abstract—In this paper, we study the global robust stabi-
lization problem of strict feedforward systems subject to input
unmodeled dynamics. We present a recursive design method
for a nested saturation controller which globally stabilizes
the closed-loop system in the presence of input unmodeled
dynamics. One of the specific difficulties of the problem is that
the Jacobian linearization of our system at the origin may not be
stabilizable. We overcome this difficulty by employing a special
version of the small gain theorem to address the stability of
the closed-loop system while employing the asymptotic small
gain theorem to establish the global attractiveness property of
the closed-loop system. An example is given to show that a
redesign of the controller is necessary to guarantee the global
robust asymptotic stability when the input unmodeled dynamics
is present.

I. INTRODUCTION
In this paper, we study the global robust stabilization
problem of strict feedforward systems described by
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subject to the following input unmodeled dynamics

& =q(&,u,d), v =p(&,u,d) 2

where pi,...,pn—1 are odd positive integers, x; € R,i =
an, & € R, uv € R, d: [0,00) - D C R™
with D a compact set having a known bound, is piecewise
continuous representing a static time-varying disturbance,

and ¢;, ¢+ = 1,...,n, p,q are locally Lipschitz, and are
continuously differentiable and vanish at (0, ...,0,d) for all
deD.

The robust stabilization problem of nonlinear systems
subject to input unmodeled dynamics has been studied for
over fifteen years, see, e.g., [1], [6], [5], [7], [8], [9] and the
references therein. Among them, [1], [7], [9] studied various

special cases of system (1) with p; = ... = p,—1 = L.
For example, it is assumed in [1] that, for ¢ = 2,...,n
gi(xi_l,...,xl,v,d) = T;—1 + gi(wi_l,...,xhv,d) where

gi(xi—1, .., 21,0,0) = o(xi—1,...,21,v). A common as-
sumption of these papers is the stabilizability of the Jacobian
linearization of system (1) at (0,...,0,d). However, this
assumption is not satisfied by system (1) when some of
the p;’s are greater than one. As a result, the approaches in
[11, [7], [9] do not work for our problem. In particular, the
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Lyapunov linearization technique cannot be used to establish
the local stability of the closed-loop system as what was done
in [1]. In this paper, we will adopt the small gain approach to
handle the global robust stabilization problem of system (1)
subject to the input unmodeled dynamics (2), and to design
a nested saturation controller recursively to guarantee the
global robust asymptotic stability in the presence of the input
unmodeled dynamics. More specifically, we will employ two
versions of the small gain theorem adapted from [12] to
establish the local stability and global attractiveness of the
closed-loop system at the origin respectively.

It is noted that when the input unmodeled dynamics (2)
is not present, the problem reduces to the global robust
stabilization problem of system (1) viewing v as the input.
This special case is also treated in [10], [13], [14] under
various assumptions. The approaches in [10], [13], [14] are
Lyapunov based. In contrast, ours is a small gain approach
which leads to the well-known nested saturation controller. It
will be seen later that even for this special case, the results in
[10], [13], [14] do not contain ours because the functions g;’s
in this paper only need to satisfy Assumption 4.1 to be given
in Section IV, while in [10], [13], [14], the functions g;’s are
subject to some other assumptions. For example, in [14], it is
assumed that, for i = 2,...,n, @; = 21" 7' +§;(z, v, d) where
G0 D) < a1+ @+ 2l R x
Xi(z1, .oy Tim1,v) with a; > O being an unknown constant
and x;(x1,...,2,-1,v) > 0 being a known function. In the
case when §;(z,v,d) is a polynomial in z1,...,z;_1,v, the
above assumption implies that the degree of each z; (j =
1,...,—2) and v has to be greater than p; and 1 respectively.
However, we allow the degree of each z; (j =1,...,i — 2)
and v to be equal to p; and 1 respectively. As an illustration
of this point, a simple example that cannot be handled by
the approaches in [10], [13], [14] will be given in Section
V.

II. PRELIMINARY

Throughout the paper, we will use (1, x2) with 1 € R™
and x5 € R™ to denote the vector (z7,21)7 € R™ x R"2,
and let £ be the set of all piecewise continuous functions
w : [0,00) — R™ with a finite supremum norm ||w||e =
sup,~ [lw(t)||, and let ||w|, = limsup,_, . ||w(t)| denote
the asymptotic L., norm of w, where |-|| is the standard
Euclidean norm. A function v : R>o — Ry>( is called a

gain function if it is continuous, nondecreasing, and satisfies

Region (Project no.: CUHK412305) _ 7(0) = 0. Let Id denote the gain function v(s) = s,
‘ J. Hugng is with the. Departr.nent‘ of Mechanical and Automa- and let O ”v‘ R — R™2 be a function such that
tion Engineering, The Chinese University of Hong Kong, Hong Kong ” )H . o
jhuang@mae.cuhk.edu.hk hrn”U‘H T 1is a finite constant for some positive
978-1-4244-2079-7/08/$25.00 ©2008 AACC. 3422



integer p. For a function g(v), the notation g(v) = o(v)
means limjj, o W =0.

In the following, we first review some terminologies
introduced in [4], [12].

Consider the following nonlinear system
&= f(z,w,d), y=h(z,w,d) 3)

where x € R" is the plant state, y € R? the output, w € R™
the piecewise continuous input, f(z,w, d) and h(x,w, d) are
locally Lipschitz functions satisfying f(0,0,d) = 0 and
h(0,0,d) = 0 for all d € D, and d : [0,00) — D is a
piecewise continuous function with its range D a compact
subset of R™. Let x(¢t) denote the solution of system (3)
with initial state z(0), input w and d.

Definition 2.1: [4] The output y of system (3) is said to
satisfy a robust L., stability bound (RLB) with restrictions
X, A on z(0),w and gains 7°, vy respectively, if there exist
open set X of the origin of R", positive real number A,
gain functions 70, v, all independent of d, such that, for each
2(0) € X5, d € D, ||w||so < A, the solution of (3) exists
for all £ > 0 and

yllco < max{y°([|z(0)I), ¥(|lwlls)} @
Definition 2.2: [12] The output y of system (3) is said
to satisfy a robust asymptotic bound (RAB) with restriction
X, on z(0), restriction A on w and gain -, if there exist
open set X, of the origin of R", non-negative real number
A, gain function ~, all independent of d, such that, for each
2(0) € X,, d € D and piecewise continuous w satisfying
|wl]le < A, the solution of (3) exists for all ¢ > 0 and

lylla < v(llwla) s)

Remark 2.1: In both Definitions 2.1 and 2.2, the word
robust is used to emphasize that the inequalities (4) and (5)
hold regardless of the presence of the disturbance d in (3).
For convenience, in the following, we will simply use LB
and AB to mean RLB and RAB respectively. Moreover, if
the state x of system (3) satisfies LB or AB, then we will
say system (3) satisfies LB or AB. If the output y of system
(3) satisfies LB with restriction on z(0), restriction A on
w and gain v, and satisfies AB with no restriction on x(0),
restriction A on w and gain ~y, then we will say y satisfies
LB with restriction and AB with no restriction on 2:(0), both
with restriction A on w and gain ~.

III. A TECHNICAL LEMMA

Like [1], [12], our approach will utilize saturation func-
tions characterized as follows.

Definition 3.1: A locally Lipschitz function o(-) : R —
[\, A] is said to be a saturation function with saturation
level A > 0, if for all s € R,

(1) o(s) = s when |s| < 3;
(2) 5 < sgn(s)o(s) < min{|s|, A} when |s| > 3.

In the following, we consider the system

2 =0(d)u+ F(&,u,d), & = G, u,d) (6)

where ' : R X Rx D — R,G : R" x R x D — R
are locally Lipschitz functions vanishing at (0,0, d) for all

d €D, and 0 : D — R is continuous, nonzero and does not
change its sign.
Under the control

u=—o(k(z+ H(d)&)? —u) (7

where o is a saturation function with level A > 0, k is a
nonzero real number with the same sign as 6(d), H(d) is a
1 x ne¢ matrix depending on d satisfying || H (d)| < v for
all d € D and some positive constant v, and p is an odd
positive integer, system (6) takes the form

2= —0(d)o(k(z + H(d)E)? — 1)
| HF(E —o(k(z + H(d)E)? —u),d) ®)
§=G(& —o(k(z + H(d))" — u),d)

which can be viewed as the interconnection

v
v = Y2, U2=[vz; :|:y1 9

of the following two subsystems

é = G(gv _U(kvl)v d)a

Yy Y11

)= H(d)¢ ] ’

yiz | [ F(¢, —o(kvy),d)/k
z = —5(];5[(2 + ’U21)p — %]) :l— ]~€’U22,
Y2 = (z +v2)P — ¢

where 5(s) = 6(d)o(s/0(d)) is a saturation function with
level A = [6(d)|\, and k = 6(d)k > 0.

Lemma 3.1: Consider system (6). Assume & subsystem
satisfies LB with restrictions =, A, on £(0), u and gains 7Y, v
respectively, and satisfies AB with no restriction on £(0),
restriction A on u and gain . Then under the control (7),
the following results hold:

1) With A < A, the output y1,, i = 1,2, of 31 subsystem
satisfies LB with restrictions Z,A; on £(0),v; and
gains 4V, 41; respectively, and satisfies AB with no
restriction on £(0), restriction A; on v; and gain ;.

2) If there exist sufficiently small A, |k| such that the
following small gain condition holds:

max{2 - 67(711(s))?,2 - 6PF12(s)} < 5,5 >0,

22:

(10)

then the state z, ¢ of the closed-loop system (8) satisfy
LB with restriction and AB with no restriction on
(z(O),lg(O)), both with restriction 3 on % and gains
3(g)7 5 v(2 - 67s) respectively.

Remark 3.1: Lemma 3.1 is a generalization of the corre-
sponding one in [4] in three aspects. First, the control (7)
takes a more general form; second, ¢ subsystem is allowed
to satisfy LB and AB with a nonlinear gain from u instead
of the linear gain; and finally, the higher order assumption
F(&,u,0) = o(§,u) has been removed.

Remark 3.2: The following inequalities are used in the
proof of Lemma 3.1:

2~6p(:)/11(5))p<S<:>’_}/11(2'6p5p)<5
< Y11(8) <2‘%6*15%,s>0,
2-6p’_}/12(5)<5 = ’_}/12(2'6p5)<8, s> 0.

Y
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Proof: Part 1): The assumption on ¢ subsystem and
lo(kv1)| < min{|k||v1], A} with A < A implies that, for
all £(0) € R™¢, d € D, piecewise continuous vy, £(t) exists
for all ¢ > 0, and satisfies

[1€]l0e < max{y?([|£(0)])), y(min{[k|[|v1]loe, A})}  (12)
for all £(0) € 2, d € D, v; € L1, and
[€lla < y(min{|k[[|v1]la, A}) (13)

for all £(0) € R™¢, d € D and piecewise continuous vy.

Noting [y11| = [H(d)¢| < [[H(A)[[[€]] < v|[€]| yields

ly11lloe < max{py? (1EO)]), 311 (lo1lloo) } (14)

for all £(0) € Z,d € D, v; € L]
vy(min{|k|s, A}) and

[y11]la < vy(min{[E[|villa; A}) = F11([[or]la)

for all £(0) € R™¢, d € D and piecewise continuous vy.
Next consider y12. Since F'(§,u,d) is locally Lipschitz
and F(0,0,d) = 0 for all d € D, there exists a gain
function v°(s) such that |F(&, u, d)| < ~°(]|(§,w)]|) for any
£ eR" ueRand d € D. Then, using (12) and (13) gives

91200 < mw{v"(%?(IK(O)H))//~€ Ta([[vrflec)}  (16)

for all £(0) € 2, d € D, v1 € LL,, where J12(s) =
max{7°(27(m1n{|k|s,/\})), °(2min{|k|s, A\})}/k, and

yi2lla < (17)

where 11(s) =

[oohs

s)

Fz(l[villa)

for all £(0) € R":, d € D and piecewise continuous v;.
Defining A; = oo and 79(s) = max{r79(s), 7°0279(s)/k}
completes Part 1).

Part 2): Let us first apply Propositions 2.1 and 2.2 of
[3] to show that the output (y1,y2) of X1 and X5 under the
interconnection (9) satisfies LB with restriction and AB with
no restriction on (z(0),£(0)), both with restriction on .

Step 1. Show that, for Yo system viewing va1, V22, U as
inputs, there exists a gain function 78 such that, y» satisfies
LB with no restriction on 2(0) and gain 43, restrictions
Agl,ﬁgg,ﬁﬂ on e, Ve, % and gains :ygl,:ygg,:yg respec-
tively, and satisfies AB with no restriction on z(0), re-
strictions Ao, Ago, Ay on va1, ’022, u and gains o1, Y22, ~y
respectively, where Ay = Ay = 00,Ap = ﬁ and
Ya(s) = 2F1(15(s))P, Ya1(s) = 2 6757, Faa(s) = 2
675,75 (s) = 2\5\

Let V(z) = . Then its time derivative along the
trajectory of o subsystem satisfies

V= —(5(k[(z + va1)? — %]) — kvao)z

Now consider the following three cases: )
(1) k| (2 +v21)P — £ < 3: We have V = —k((z + v21)? —
% — 1)22)2. ThllS,

1 U, 1 1
|vaa| 7 } > |var| + |E|P + |vaz|?

}:V<O

U, 1
|z| > 3max{|va], |E|p’

i 1
= [2] > [var| + |3 + vaz|?
= |Z+’021|p > |% +’L)22|
|Z| > 3|’021|

(18)

(2) k| (z + va1)P — x> % and z > 0: We have

. oyl
2=z > 2max{|U21| |27} > —v1 + (£)7
= k|(Z+1121)p — = ((Z+1}21) — %) > %

o 19)
= a.(k[(z —I—U~21) } ]) > 5
=V < —2(3 — klv|) < O
for all |vgg| < i = 2\%'
3) k|(z+v21)p — %[> 2 and z < 0: We have
—2 = 2| > 2max{|va1, |£]7} > var — (£)7
= k|(z+v21)p — % = —k((z +U21)p — %) > % (20)

= 5(H(= +vn) — 2) < 3
=V < —Z(—g + k|U22|) <0
for all |vga| < = 2 = 2\/\19\

Noting (18) to (20), we claim that, there exists a gain
function 79 such that, for all 2(0) € R, d € D, piecewise
continuous @, wvg; and wveo satisfying ||ves|, < ﬁ, z(t)
exists for ¢ > 0, and satisfies

12]l00 < max{~3(|2(0)]),

1 ooy L 21)
3/[va1 oo 3([|v22lo0) 7, 3(LFL=) 7}
for all 2(0) € R,d € D, 1, va1 € L1, ||v22]/o0 < 3“6‘ and
1 Ulla\ L
I2lla < max{3]|vailla, 3(|vaalla) 7, 3(LEk) s} (22)

for all 2(0) € R,d € D piecewise continuous u, va1 and v
satisfying [|vez|ls < 3Ik| In fact, the proof of (21) can be
derived by Lemma 3.3 in [12] and the proof of (22) can be
derived from the derivation of (A.16) of [1].

Then it follows from (21), (22) and y = (2 + va21)? — ¥
that, yo satisfies

[y2]l00 < max{79(|z(0)]), )
Fo1([[v21 [loo)s F22([[v22]l00 ) 72 (18] 00) }  (23)

for all 2(0) € R,d € D, 1, va1 € L, ||v22]/o0 < and

3\k\

ly2lla < max{F21([[vailla), Y22 ([[vazlla), 75 (lalla})  (24)

forall 2(0) € R,d € D piecewise continuous u, va1 and v
satisfying H'UQQHG < 3“6‘

Step 2. Choose A, k appropriately to satisfy the small gain
conditions of Propositions 2.1 and 2.2 of [3].

Clearly, the small gain condition 75;0%1;(s) < s for s > 0
and ¢ = 1, 2 of Proposition 2.1 of [3] is guaranteed according
to (10) with sufficiently small A, |k|.

From (14), (16), (23), (11), and by Proposition 2.1 of [3],

lynlloe < max{37(l£(0)])), (ﬁ?(llé( 0,

23671 (39(12(0))) F, (L2l=) 3, =
I12le < max (390D, GREO))
2716739 (|2(0) ), L=, (20
o2l < {2 20IEO):
2. 67(32(€0) )7, 78(|=(0))), 2 - 7 ey 7
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for all 2(0) € Z = {z € R: 58(2[) < &2}, €(0) € 2 =
{6 € 2 max{3(l¢]), R UEN)P} < %} € D and
lallss < 3-

Next consider Proposition 2.2 of [3]. First note that the
solution of the interconnected system exists for all ¢ > 0
using the same argument as that in Lemma 3.5 of [12].
Then A; = oo implies that the first condition of Proposition
2.2 of [3] is satisfied. To check the second condition, note
that limg o J11(s) = '711(‘2‘) < o0, hmsﬁOO F2(s) =
”712(ﬁ) < oo and Ag; = 00, Agy = 3Ik| Then we only

need to check limg_ o F12(s) < ﬁ From (10), we have

1iIns—»oo ’712(5) = ’712(%) < 2~6i:|k| < ﬁ

Finally, note that the small gain condition, i.e., J2;071;(s) <
s, for all s > 0 and 7 = 1,2, is also guaranteed due to (10)
with sufficiently small \, |£].

From (15), (17), (24), (11), and by Proposition 2.2 of [3],

lynilla < (Lke) s, Jynalla < Lol (28)
lysla < 2- 6v 1l (29)

for all 2(0) € £(0) € R", d € D and piecewise
continuous ) )
Let 79(s )=max{71( ):78(s), 377 (5), 3(70 (5)) 7,271 7%
(79(s)) 7, (k73 (s)), 7(2k67 (37 (s))P), (2k6p71(8))} For
all (2(0),6(0)) € Z xZ,d € D and [[a < 3, (26)
implies [|y12]|c0 < ﬁ. sing (25), (26), (21) and (27),

(12), yields

I2lle < max{3°([|(2(0), £(O))[1), 3(LiL=) 7}
1€]1o0 < max{30(|((0), £O))1), ¥(2 - 671 00)}

for all (2(0),£(0)) € Z x =, d € D and [|t]|o < 2
Then for all (2(0),£(0)) € R x ]R"€ d € D and piecewise
continuous u satisfying ||@ll, < %, (28) implies ||y12]ls <
‘ - Using (28), (22) and (29), (13) yields

[2la
]la < 3(
K|

%)%, llglla < v(2- 6 alla)
for all (2(0),£(0)) € R x R™, d € D and piecewise
continuous 4 satisfying ||@|, < %

Remark 3.3: Let x = z + H(d){ = z + y11. Noting
2l < 2max{lzl, lynl}, u = —o(k(= + HA)EP — a)
—o(kv1) = —o(ky2) and equations (25) to (29), yields that
x,u satisfy LB with restriction and AB with no restriction
on (2(0),£(0)), both with restriction 4 on @ and gains
6(%)?2 - 6P - Id respectively. Similarly, assume y =
h(&,u,d) is an output of £ subsystem, and satisfies LB with
restriction and AB with no restriction on £(0), both with
restriction A on u and gain 4. Then y satisfies LB with
restriction and AB with no restriction on (z(0),£(0)), both
with restriction 2 on @ and gain 5(2 - 6Ps). These facts will

3
be used in the proof of Theorem 4.2.

IV. NESTED SATURATION CONTROLLER DESIGN

We first design a nested saturation controller for system
(1) and then show how to redesign the controller when the
input unmodeled dynamics (2) is present.

Let us make the following assumption.

Assumption 4.1: Assume py, ..., p,—1 are odd positive in-
tegers satisfying p1 < po < ... < p,—1 and c¢1(d) =
%U (0,4)> Ci(d) = 88;7—‘{1|( ,0,d), © = 2,...,n, are nonzero
and do not change thellr signs for all d € D.

As a result of this assumption, system (1) can be rewritten
in the following form:

i =il gl (2 2l e, d), i =, .2 30)
1 = cv+ g7 (v,d)
where g7, 1 = 1, ..., n, are suitably defined functions vanish-
ing at (0,...,0,d), and for simplicity, we have dropped the
argument d in ¢;, 1t =1,...,n
Theorem 4.1: Consider system (30). Under Assumption
4.1, there exist A; > 0 and nonzero k; with the same sign as

0; where 61 = ¢1 and 0; = ¢;/k;—1, i = 2,...,n, such that
under the control
v=—o1(k12]" + ...+ op(knalr —uy)) (31)

where, for © = 1,...,n, o; is a saturation function with
level \; and p, > p,—1 is an odd positive integer, the
closed-loop system satisfies LB with restriction and AB with
no restriction on (z,(0), ..., 21(0)), both with restriction on
Uy,. In particular, when u,, = 0, the closed-loop system at
(0,...,0,d) is globally asymptotically stable. 1

Proof: The proof is a special case of the proof of Theorem
4.2 with v = u and n¢, = 0, i.e., when the input unmodeled
dynamics (2) is not present.

As will be shown in Section V, the control law (31) can
be destabilizing when the input unmodeled dynamics (2) is
present. So we have to redesign. Let us make the following
assumption on the input unmodeled dynamics (2).

Assumption 4.2: &1 subsystem satisfies an a-L stability
bound (a-LB, see [12]) with no restriction on &;(0), restric-
tion Ay on v and gain N;-Id, and moreover the linearization
of & subsystem at (0 0,d), Ai(d) = 85 0,0,4), B1(d) =
%|(070=d)7D1(d) = ag 0,0,a), €1(d) = au|(00d is such
that e,(d) — Dy(d)A; ' (d)B;(d) is nonzero and does not
change its sign for all d € D.

To simplify the notation, we drop the argument d in
the above defined matrices and numbers. Then, system (1)
subject to (2) can be written as follows:

@ =+ i@V L2 Gy d), i =2
T = 01D1§1 +cieru + fi(&1,u,d)
& = A&+ Biu+ fo(ér,u, d)

(32)

where fo(&1,u,d) = q(&1,u,d)—A1§1 — Bru, f1(§1,u,d) =

gi(p (51,u d),d) + c(p(&,u,d) — D1&y — eju), and
fl( i— 1 7"'7x€17§17u7d) :g;‘(xfialu"'7x111)17p(§17u7d)7d)7
1 =2,.
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Theorem 4.2: Consider system (32). Under Assumptions
4.1-4.2, there exist \; > 0 and nonzero k; with the same sign
as 6‘1 where 6‘1 = 61(61 —DlAl_lBl) and 6‘1 = Ci/ki—lu 1=
2,...,n, such that under the control

u=—o1(k12l" + ... + op(knafr —uy,)) (33)

where for ¢ = 1,...,n, o; is a saturation function with level
Ai, and p, > p,—1 is an odd positive integer, the closed-
loop system satisfies LB with restriction and AB with no
restriction on (z,,(0), ..., 21(0),&1(0)), both with restriction
on u,. In particular, when u,, = 0, the closed-loop system
at (0,...,0,d) is globally asymptotically stable. 1

Proof: The proof is omitted due to the space limit.

Remark 4.1: Like [1], our design does not require the
detailed knowledge of the input unmodeled dynamics ei-
ther, and the redesigned control can guarantee the global
robust stability against a class of input unmodeled dynamics
characterized by the bounds on D, ¢;, ¢ = 1,...,n and
e] — DlAl_lBl respectively, and the upper bounds on Ny,
Ay, |D1ATY), and fo(&r,u,d) — cr D1AT! fi(6r,u, d) re-
spectively.

V. AN EXAMPLE

Consider the system

B2 = ai +av (34)
xrpT =0
where a is a positive real number. Clearly, system (34)
satisfies Assumption 4.1 although it does not satisfy the
assumptions needed in [10], [13], [14]. When a = 275 we
can design the following nested saturation control law:

v = —01(0.242% + 09(6.10 x 10 °23)) (35)

where o1, 09 are saturation functions with level 10 and 2.5
respectively.

However, for system (34), in the presence of the input
unmodeled dynamics

s—1

= 36
v(s) s 1u(8) (36)
and under the control
U = —01(/{1:10? + 02(/{21'3))

where 0,09 are saturation functions with arbitrary level
A1, A respectively, and k1, ko are arbitrary positive real num-
bers, the resulting closed-loop system is not only unstable at
the origin, but also has unbounded solutions.

Note that the state space equation of (36) is

1=-&+uv=-24+u
then the resulting closed-loop system takes the following
form
ig = !T? + (L(—Qfl — 01 (klac? + O'Q(kg,fg)))
i?l = —251 — Ul(klx:{’ + UQ(ICQI%))
&1 = =& — o1 (ki + 0a(kaa))

(37)

Suppose z1(0), z2(0) are any positive real numbers such
that oy (+) is saturated, i.e., o1 (k121(0)3 + 02 (kax2(0)?)) =
A1 > 0. Let £&(0) = —)y. Then, we have & (t) = —)\; for
all t > 0 and 1 (t), x2(t) are strictly increasing and diverge
to infinity as ¢ — oo, because &1(t) = Ay > 0,49(t) =
z1(t)® +aXy > 0 for all ¢ > 0.

To show the instability of the origin of (37), let ¢ =
(¢27¢1) where ¢2 = X2 — AX1 and (bl = 1 — 251 Then,
system (37) can be written as follows:

b=toe)=| B8

§&1=—-& +9(9,61)

where fo(¢,&1) = (¢1 +261)° and fi(¢,&1) = o1 (k1 +
251)3 + Uz(kg(a¢1 + ¢2 + 2@51)3)), and g(¢,§1) =
=01 (ki (o1 + 261)° + oa(k2(ads + ¢2 + 2a61)%)).

By the property of the saturation function and the Local
Center Manifold Theorem [11] (see also [2]), there exists
a local center manifold & = h(¢) for sufficiently small ¢,
where h is C? and h(0) = 0,h’(0) = 0. Let

X(¢) = —k197 — ka(ady + ¢2)°
then we have, for sufficiently small ¢, that

Ix(¢

XU (6. x(6)) + x(6) - 96 (8)) = O(1o])
Then by Theorem 3 in Chap. 1 of [2], h(¢) = x(¢) +
O(]|¢||®) for sufficiently small ¢. In turn, by Theorem 2 in
Chap. 1 of [2], we obtain that, the equation which determines

the stability of (38) is

¢ = f(&,x(9) + O(lIg]I*))
i
= { k6% + ka(ady + 6o)? ] +0llel)

We further perform the coordinate transform ¢ = ¢2, o =
1 — k1¢ on (39) and yield

P2 | _ [ kalagz + (aky + D ]?
[%}_[ (p2 + k1p1)? }+O(|Is0||5) (40)

where ¢ = (p2,¢1). If we can show the instability of the
origin of system (40) for arbitrary positive a, A1, A2, k1, k2,
then the origin of (38), and thus the origin of (37), is unstable
for arbitrary positive a, A\1, A2, k1, ka.

Let () denote the solution of (40) starting from ¢(0). We
will show the instability of the origin of (40) by definition,
that is, given some ¢ > 0, there exist some ¢(0) (can be
arbitrarily small) and a finite 7" > 0 such that ||¢(T)] > e.
To show this, note that if ¢; > 0, ¢ = 1,2, then

kalags + (aky + D)e1]* > qi(p2 + o1)°
2 28 3
> ¢z +¢1)% = aillell
(2 + k191)” 2 @202 +01)° 2 @2(93 + 01)2 = a2l

where ¢ = ko(min{a,aks + 1})%,¢2 = (min{ky,1})3.
By the definition of O(||¢||), given any 0 < ¢35 <
s min{qi, g2}, there exists g, > 0 such that [|O(||¢[®)|| <

(38)

(39)

vl =
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gs|¢||? for all ||| < ga. Let e = q4. Then, for any positive
©1, P2 satisfying ||| < 2e, we have

1> (g1 — q3)|lell® > 0, @2 > (g2 — gs)||®> > 0,

which implies that, the solutions ¢1(t), @2(t) starting from
any positive ¢1(0), p2(0) satisfying ||¢(0)|| < €, are strictly
increasing and there must exist a finite 7' > 0 such that
llo(T)|| > . Hence, the origin of system (40) is unstable
for arbitrary positive a, A\1, Ao, k1, ka.

As a result, we have to redesign the nested saturation
control law by Theorem 4.2. In the presence of (36), system
(34) becomes

By = 2% 4+ a(—2& + u)
=261 +u
§=—&+u

It can be verified that, system (41) satisfies the assumptions
of Theorem 4.2. When a = 27°, we can design the following
nested saturation control law:

1 41)

u=—01(—6.5 x 107423 + 09(—3.5 x 1071%23))  (42)

where o1, 09 are saturation functions with level 1.2247 and
0.0047 respectively.

For illustration, Fig. 1 and Fig. 2 show the simulation
results with the initial condition (&1(0),z1(0),22(0)) =
(0.1,0.2, —5) for system (34) under the control (35), and
for system (34) subject to the input unmodeled dynamics
(36) under the control (42), respectively.

VI. CONCLUSION

In this paper, we have addressed the global robust sta-
bilization problem for strict feedforward system (1) subject
to some type of input unmodeled dynamics (2). A specific
difficulty in dealing with this problem is that the Jacobian
linearization of (1) is not stabilizable. We have overcome
this difficulty by employing two versions of the small gain
theorem adapted from [12] to establish the local stability and
global attractiveness of the closed-loop system at the origin
respectively.

It is noted that, even in the special case where the input
unmodeled dynamics (2) is not present, our result cannot be
covered by the existing results in [10], [13], [14] because
in this paper the functions g;’s do not have to satisfy some
structural constraints needed in [10], [13], [14]. In particular,
the functions g;’s are allowed to be linear in its arguments.
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