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Adaptive Regularization for a Class of Nonlinear Affine
Differential-Algebraic Equation Systems

Zongtao Lu and Xiaoping Liu

Abstract—In this paper, the regularization problem is in-
vestigated for nonlinear differential-algebraic equation (DAE)
systems with unknown parameters, which appear linearly in
both differential and algebraic equations. It is shown that the
feasibility of the proposed algorithms guarantees the existence
of a feedback controller so that the resulting closed-loop
systems admit equivalent ordinary differential equation (ODE)
systems with lower triangular forms. As an application case of
DAE systems, a constrained manipulator with flexible joints is
studied to illustrate the proposed methodology.

I. INTRODUCTION

Differential-Algebraic Equation (DAE) systems (also re-
ferred to as singular, descriptor, semistate, generalized sys-
tems etc.) arise naturally as dynamic model of electrical [18],
mechanical [17] and chemical engineering [3] applications.
It embodies an important class of systems of both theoretical
interest and practical significance. In theoretical research
on DAE systems, the work focused on the issues related
to solvability and numerical solutions [1] [2]. There was
some work on the topics of passivity based design [19],
feedback linearization [6], observer design [22], disturbance
decoupling [13], input-output decoupling [14], regulation [5]
[15], output tracking [7] [12], stabilization [16], robust stabi-
lization [11], over- and under-determined nonlinear analysis
[10]. In practical applications, it is known that mechanical
systems with classical holonomic and nonholonomic con-
straints [21] and robotic systems with kinematic constraints
[7] are modeled naturally by DAE systems. DAE systems
are also known as dynamic models in power systems [4]
and chemical processes [9].

In above mentioned theoretical research and practical
applications, the parameters in the DAE systems are normally
assumed to be known or given. However, it is not the case
in general. For example, for a constrained robotic system,
the parameters such as damping, stiffness and friction coef-
ficients in the dynamic equations are normally unknown due
to the difficulty of measurement. Therefore, to investigate the
adaptive control problem of DAE systems becomes natural
and significant.

In this paper, we consider a MIMO nonlinear affine DAE
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system
filx) + pr(x)z + g1(x)u + ag(x)0 (1)
= fo(z) + p2(x)z + g2 (2)u + as(x)0 2)
y = h(z) (3)

where x € R*, z € R, u €¢ R™, y € R™ and § € R!
are the vector of differential variables, algebraic variables,
inputs, outputs, and unknown parameters respectively. f;(z),
(@), p1(2), pa(a), g1(@)s ga(a), ar (@), as(a), h(x) are
matrix-valued smooth functions with dimensions of n x 1,
sXx1l,nxs, sxs,nxXxm,sxXxm,nxt sxt, mxl,
respectively. Assume that the origin is an isolated equilibrium
point, i.e. f1(0) = 0, f2(0) = 0 and h(0) = 0. In this
paper, we develop one methodology to regularize this class
of DAE system, i.e., finding a change of coordinates to
transform the DAE system into an equivalent ODE system
with a lower triangular structure. A state feedback controller
is constructed for the resulting system.

The proposed methodology consists of three algorithms.
By repetitively calculating the so called generalized char-
acteristic numbers given in Algorithm 1, Algorithm 2 is
proposed to identify the constraints hidden behind the al-
gebraic equations. These two algorithms can be considered
as extensions of the first and second algorithm in [16]. In
comparison with the algorithms in [16], one more term will
be considered each step of our algorithms, which is due to
a (). Algorithm 3 constructs the change of coordinates. The
key step of the change of coordinates involves the design of a
static feedback u = y(z)z + v. The resulting ODE system is
in a lower triangular form and the design adaptive controller
guarantees the global asymptotic stability of the closed-loop
system if the change of coordinates is defined globally.

In the next section, we present the problem formulation
and three developed algorithms. Based on the resulting ODE
system with lower triangular form, an adaptive controller is
designed by the backstepping technique in Section 3. As
an important application of DAE systems, one constrained
robotic system with flexible joints is studied in the Section
4. Concluding remarks are given in Section 5.

II. PROBLEM FORMULATION AND MAIN RESULTS

Considering the DAE system (1)-(3), the adaptive reg-
ularization problem of this system is to find a feedback

u=v(z)z+az, 5) and adaptive law = 5(:5, 5), with y(x)
and a(z, ) smooth functions defined in a neighborhood U

-~

of the origin and «(0,6) = 0, such that the corresponding
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closed-loop system

r = fi(z)+gi(x)a(z,0) (4)
+p1(z) + g1(2)v(2)]2 + a1 (x)0

0 = folx) + ga(x)a(a, ) (5)
+[pa(w) + go(x)y(x)]2 + az(z)0

y = h(z) (6)

has the following properties:

1. for any consistent initial condition xy € U, it has a
unique differentiable solution (x(¢), z(t)) with 2(0) = xq;

2. lim¢—, o xz(t) = O for any consistent initial condition
xo € U.

The following algorithm is given with the assumption as
[ p2(z) g2(x) ] has a full row rank.

Algorithm 1: Calculation of the Generalized Character-
istic Number

Step 1. Assign ¢o(z) = ¢(z) and set k = 0. Calcu-
late Ly ¢o(z), Lp,¢o(x), Ly, ¢o(x) and La, ¢o(z). If the
p2(x) 92()

Lpl bo ('T) L!]l Po (l‘)
there exists a unique vector-valued smooth function eq(z) of

dimension s such that

[ Lp,do(x) Ly ¢o(x) | =eo(x) [ p2(z) ga(x) |

Define that ¢1(xz) = Ly, ¢o(x)— eo(x)f2(z) and wi(z) =
Lo, ¢o(x) — eg(x)aa(x). Otherwise, set 7 = 1 and terminate
the algorithm.
Step k£ + 1. Suppose we have already defined
a sequence of ¢o(x), ¢1(x)---dr(x). Now calculate
Ly ér(x), Lp, dr(x), Ly, ¢1(x) and Lq, (). If the matrix
p2() g2(x)

LP1¢/€($) L91¢k(x)
exists a unique vector-valued smooth function ej(x) of

dimension s such that
[ Ly on(x) Lo () | =ep(@) [ p2(z) go() |

Define that ¢py1(z) = Ly op(r)— ex(z)fz(z) and
Wi41(x) = Lo, Or(z)—ex(x)as(x). Otherwise, set r = k+1
and terminate the algorithm.

The algorithm terminates at Step 7. Such an integer is
defined to be the generalized characteristic number of the
function ¢(x) under the constraint (2). Differentiating ¢ ()

matrix has a constant rank s, then

has a constant rank s, then there

with respect to time, it follows that for k =0, 1, ---, r — 2
dor(x
(b;i ) Lfl ¢k(m) + Lpl (bk(.ﬁ)z + L!h ¢k(x)u (7)

+La1 ¢k($)9
= Or41(@) + wis1(2)0
+er(@)[f2(x) + p2(2)2 + g2(x)u + az(2)0]

and

dor—1 (37)

dt = Lflgbr,l(l‘) +LP1¢7’71($)Z (8)

+L91 ¢r71($)u + LDq (brfl(‘r)e

Remark 1: Algorithm 1 will be used in the following
Algorithm 2 and 3. Different from the algorithms in [14] and

[16], besides ¢, Algorithm 1 is also involved in calculating
wy, due to the as(x) term, where 6 enters.

Algorithm 2: Regularization

Algorithm 2 is used to identify all the hidden constraints
behind the algebraic equation (2). It begins with decompos-
ing the algebraic equation (2) into the form of (9) and (10).
Each step of Algorithm 2 involves calculating the generalized
characteristic number 7% of the function ¢’(z) under the
constraint produced in the previous step. The algorithm is
developed under the assumption that the hidden constraints
on z is independent of 6.

Step 0. Consider the constraint (2) and suppose the matrix
[ p2(z) g2(x) | has a constant rank so. Without loss
of generality, assume that its first sy rows, denoted by
[ bo(z) co(z) ], has a full row rank so. Let p = s — so,
then for each ¢ = 1, 2, ---, p, there exists a unique vector
S%(x) such that

[ p2 (@) 93" (2) | =S'(2) [ bo(@) cof) ]

where p3°t(2) and g5 () are the (so-+i)th row of py(x)

and g () respectively.

Set ¢'(z) = f3°T'(x) — S*(z)ap(z) and wi(z) =
a3 () — S*(x)do(x) with ag(z), do(x) being the first so
rows of fo(x), ag(x) respectively and f3°™"(x), a5t (x)
being the first (sg + 7)th rows of fa(x), aa(x) respectively.
Then the algebraic equation (2) becomes

= ao(x) + bo(z)z + co(x)u + do(x) )

¢'(z) +w'(2)0 + 5 (x)[ao(x) (10)
+b0(1:)z + Co(m)U + do(.’l’:)@]
fori=1, 2, -, p.
Substituting (9) into (10) leads to
0= ¢'(z) + w'(x)0 (11)

Considering that the hidden constraints on x is indepen-
dent of #, we have w'(z) =0 for i = 1, 2, ---, p. So the
hidden constraint (11) becomes

0= ¢'(x) (12)

Step 1. Assign ¢(z) := ¢*(x) and carry out Algorithm 1
to calculate its generalized characteristic number under the
constraint (9). Then ', ¢ (), ¢} (), -+, ¢L_ | (2), wi(z),
o, wh | (x) and €f(z), e1(z), - -+, eli_,(z) are produced.
Now define ai(z) = Ly ¢!y | (2), bi(z) = Ly, ¢4 (),
() = Ly, by (2) and dy (2) = Loy 61, (2).

Differentiating ¢} (z) with respect to time leads to for i =
0,1, -...rt =2

d¢é§x) = dip1() +wipy ()0 + e (x)[ao(x) (13)
+bo(2)z + co(x)u + do ()]
and
1 X
CMTIT?() =ay(z) + b1(2)z +c1()u+di ()0 (14)
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deg (z)

It follows from (12) that == =0, from which, together
with (13), we obtain the hidden constraint 0 = ¢} (z) +

Considering that the hidden constraints on z is indepen-
dent of 0, we have wi(x) = 0 and the new hidden constraint
is 0 = ¢l(z). By the same token, it can be derived that
w}(z) =0 and

¢i(z) =0

fori=1,2, -, r! —1. It follows from (15) with s = r1 —1
and (14) that

15)

0=a1(z)+b1(z)z + c1(x)u + dy(x)6 (16)

Combining (9) and (16) yields the following algebraic
equation

0=a'(x) + b (x)z + c(x)u + d* (x)0 (17

1 _ | ao(x) 1 bo() 1 _

where al(z) = ax (2) ] bl(z) = by () ] () =
co() _ | do(x)
[ ci(z) ]’ d}(x) = di(z)

If the matrix [ b*(z) c¢'(c) | has a full row rank so+ 1,
then set £ = 2 and go to next step. Otherwise, terminate the
algorithm.

Step k. Suppose the algebraic equation produced at Step
k — 1 is given by

0=a" () + b Y az)z + F N a)u+d*Y(z)  (18)

Assign ¢(z) = ¢F(x) and carry out Algorithm 1 to
calculate its generalized characteristic number under the con-
straint (18). Then r*, ¢f(z), ¢f(2), -+, k. (2), wh(2),

~,wh (x) and ef (), ef(z), .-+, €, _,(x) are produced.
Now define ay(z) = Ly, ¢F,  (z), bi(z) = Ly, ¢F | (2),
cr(w) = Ly, ¢F _(2) and dy(z) = Lo, ¢k, (2).

Differentiating ¢ (z) with respect to time produces

WD o)+ w08+ k@)l (@19
+0P (@) 2 + 2w + dF T (2)6)]
fori=0,1,-.., 7" —2and
e

= ag(x) + bi(x)z + cp(x)u + di(z)0  (20)

dt
dok () .

It follows from (12) that =3= = 0, from which, together
with (19), we obtain the hidden constraint 0 = ¢¥(z) +
w¥(x)f. Considering that the hidden constraints on x is
independent of 6, we have w¥(x) = 0 and the new hidden
constraint is 0 = ¢¥ (). By the same token, it can be derived
that w¥(x) = 0 and

¢y (z) =0

fori=1,2, -, rF —1. It follows from (21) with i = ¥ —1
and (20) that

2y

= ap(z) + br(x)z + cp(x)u + di(z)0 (22)

Combining (18) and (22) yields the following algebraic
equation

0 =a"(z) + b (2)z + (z)u + d*(x)0 (23)
k a"~!(x) k OFt ()
where a”(x) = {ak(az) , bi(z) = bi() },
I I €)) _[d (@)
o) = [ cx(x) ] () = { di(x) ]

If the matrix [ b*(z) c*(c) | has a full row rank so +k,
then set k = k41 and go to next step. Otherwise, terminate
the algorithm.

Algorithm 2 is said to be feasible if it terminates at Step
k = p and the matrix [ bP(z) cP(c) | has a full row rank
s = so + p. It follows from Algorithm 2 that in order for
solutions to the DAE system (1)-(2) to be impulse-free, the
initial condition x(0) must satisfy 2(0) € M with

M =
for j =

{z € R"| ¢f(z) = 0,¢j(x) = 0, and wj =0,
1,2, r 7t i=1,2,--- p}

If Algorithm 2 is feasible, the DAE system (1)-(2) is
equivalent to the following DAE system

z= f1(z) + p1(x)z + g1 (x)u + aq(z)0 (24)

0 =a(z) + b(x)z + c(x)u+ d(z)0 (25)

where € M and [ b(z) c(z) | has a full row rank s.

With the assumption that Algorithms 1 and 2 are feasible,
the DAE system (24)-(25) can be changed to lower triangular
form by a feedback controller u = ~(xz)z + v and the
following algorithm.

Algorithm 3: Standardization

Algorithm 3 is applied to transform DAE systems into
equivalent ODE systems. Algorithm 1 is used repetitively in
Algorithm 3.

Step 1. Set ¢! (x) := h'(z) and calculate the generalized
characteristic number ¢! of ¢! (z) under the constraint (25).
Then ¢', 1 (2), ¥1(x), - Yo (%), 91 (@), - oy (@)
and F}(z), El(x), -+, E;I_Q(ac) are produced. Now define
Ai(x) = Ly (2), Bi(z) = Ly, ¢y (z), Ci(z) =
Ly} _y(2) and Di(2) = La, d}1_(2).

Differentiating ) (z) with respect to time yields

1
dw;t(a;) = %1+1($) + <p$+1(x)9 + E} (z)[a(x) (26)
+0(2)z + c(z)u + d(2)0]
fori=0,1, --,..,¢" —2 and
dyl,

Step k. Set 1*(x) := h*(z) and calculate the generalized
characteristic number ¢* of 1*(x) under the constraint (25).
Then ¢, vE(z), Y (z), - ¥ (@), G (o). - o ()
and Eg(z), Ef(z), -+, Ef_,(x) are produced. Now define
Ap(z) = Lpytge_ (@), Be(w) = Ly, ¥p_,(2), Ci(z) =
Lglqb;k_l(sc) and Dq(x) = Lalgb;k_l(x).
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Differentiating /¥ (z) with respect to time leads to for

i=0,1, ., ¢"—2
k
dqﬁ;it(m) = PF () + ¢F o (2)0 + EF(2)[a(z) (28)
+0(2)z + c(z)u + d(@)0]
and
b,
wthl(w) = Ag(2) + Bi(z)z + Ci(x)u + Di(x)0 (29)

Algorithm 3 terminates at Step k = m. Now the following
assumptions are made.

b(z)  cfz)
.| Bilz) Ci(z) | |
Assumption 1: The matrix . is non-
By (z) Cp(x)

singular in U.

Assumption 2: n=r+q withr =704+ 4... 4P and
4=¢"+q" +-+q™

The functions ¢§ (w) for j=0,1, -..r =1 a}ndi =0,
1, ---,..., p, and w;(x) for 7=0,1, ---, ..., ¢ — 1 and
1=0,1, ---, ..., m, form a set of new coordinates, which is
guaranteed by Lemma 1, for proof, see [16].

Lemma 1: Suppose that the algorithms 1-3 are feasible
and Assumption 1 is satisfied. Then, the vectors

d¢(1)(x)a d¢%(x)7 e 7d¢11*1—1('r)

dely (@)
d¢5(w)7d¢1($)a'"7d¢q171( )

are linearly independent in U.

Remark 2: Assumption 2 is introduced to avoid the ap-
pearance of zero dynamics. It is needed to point out that,
as a matter of fact, similar conclusions can also be obtained
for the case r + ¢ < n if the appearing zero dynamics is
asymptotically stable in U.

With Assumption 2, it follows from Lemma 1 that the

d'(/)gnmf 1 (LL')

function ®(x) = [ ¢((x)) constitutes a change of coordi-
nates, whereg(z) = [ ¢'(z)T ¢*(x)” P (x)T }T
T .
and ¢(v) = [ Y (x)T 1/12( )z N ™ (x)T ] with
¢'(x) = [ ¢h(x) -+ ¢Li_y(x) | fori=1,---, pand
: T
W)= vila) - (@) } for j=1, - m
Set ¥ ¢f(m)f0rz’:0, L, b -1, k=1 - p
and & = ¢f(z) fori =01, -, ¢*-1L k=1 - m
Let ¢ = [5(1) ceeeh e €] ey ]T and
m m T
§: [ g(% 531_1 50 qm—1 ] .

By differentiating ¥ and &F with respect to time, in the
new coordinates the DAE system (1)-(3) can be expressed

as follows
e=0 (30)
y=8
& = &1+ i (x)f
: (3D

.5:;_2252_14—@"1 ()8
€ty = Ai(x) + Bi(z)z + Ci(z)u + Di(x)0

where ¢ =1,---,m.

In order to apply the adaptive backstepping technique, the
following assumption is needed to transform the system (30)
into lower triangular form.

Assumption 3: The matrix W in (45) has a constant row
rankr—!—EéZf ¢ +i+1lfori=0,1,---,¢°—1land k =1,

, M.

Lemma 2: Suppose that Algorithm 1-3 are feasible and
Assumption 1-3 are satisfied. Then, in £ coordinates, the
system (30)-(31) takes the form of

e=20 (32)
y=&

€ =€l + ¢i(e,6)0

: (33)

q i_9Q féz_l + (qu_l(c‘:' §0a€17 e 75;1'_2)9
£y = Ai(@) + Bi(2)z + Ci(w)u+ Di(x)0

where ¢ = 1,---,m.

The proof is given in Appendix.

Theorem 1: Consider the system (1)-(3). Suppose that
Algorithm 1-3 are feasible and Assumption 1-3 are satisfied.
There exist a feedback controller u = v(z)z + a(z, ) and

an estimator 9= 5(3:, 5) such that the corresponding closed-
loop system is asymptotically stable in a neighborhood U of
the origin.

A constructive proof is given in Section III.

III. DESIGN OF ADAPTIVE FEEDBACK CONTROLLER

We know that the matrix [ b(z) c(z) | is of full row
rank from Algorithm 2, hence there exists a smooth matrix-
valued function y(x) such that b(z) + c(z)y(z) is non-
singular. By introducing a feedback w = ~(z)z + v, the
algebraic equation (25) admits a(x) + [b(x) + c(z)vy(z)]z +
c(z)v + d(z)0 = 0 and solving it gives z = —[b(z) +
c(z)y(z)] " ta(z) + c(x)v + d(x)6)]. As a result, u can be
expressed as

u = —y(x)[b(z) + c(x)y(x)]  alx) + c(x)v + d(x)0] + v

(34

Substituting u and z leads to

e=0 (35)

=8

o = &1 +#1(0,6)0

: (36)

5:21172 52171 +90(17,1(0 507517"'751-7 2)0

€ = Vit gl (0,60, €mt gm)g
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whereV; = A; — [B; + Ciy(2)][b(z) + c(z)y(x)] " a(z) +
{Ci=[Br+Ciry(a)][b(x)+c(x )7(30)] c(x)}v and @], (95) =
(B, + Cor(@)][blx) + e(a)y(w)]"d(x) + D, for i = 1,

m.

By applying adaptive backstepping technique to design an
adaptive controller, the system (35)-(36) is guaranteed to be
globally asymptotically stable for any unknown parameters.
The design procedure is routine and can be found in [8].

Suppose the designed feedback controller

(7 i (gl ¢2 m g
and the parameter estimator
6=0(¢", &, &™) (38)

guarantee the asymptotic stability of the closed-loop system
in a neighborhood U of the origin. With the controller
(37) and the parameter estimator (38) in & coordinates,
we will express them in the original x coordinates. For
[ AT AT 1" with Ay (x) =
Ax — [By + Ck’YQFCU ) + c(x)y(x)] ta(z), Clx) =
[ CT cr w1th C’k = Ck—[Bk+Ck'Y( )I[b(z) +
c(z)y(z)] (), V= [ V1 V,Z ] fork=1, ---,
m. Hence, the controller v in the original coordinates is
uniquely determined as

convenience, let A(z) =

Ha)[V — Ax)]

With the following equation and Assumption
(39) is guaranteed to be invertible since b(z) +
nonsingular.

Cb@) + @@ 0
Bi(z) 4+ Ci(x)y(z) C4

uw=ry(z)z+C" (39)
2, C(x) in

c(x)y(z) is

L Bm(x) + C(2)y(7) .CA’m

%fgx) glx()x) [ I 0 } [ I R]
: : z) I 0 I
L Bm(x) Cm(x) "

with R = —[b(z) + c(z)y(z)] " Le(x).
IV. EXAMPLE

A constrained robotic system will be studied as an example
to illustrate the developed method in this section. Consider
a constrained two-link robotic manipulator with two flexible
joints [20] and suppose that the end-effector is in contact with
a straight line constraint. Its dynamic model is expressed as

M(q)i+ B(q,4) +9(q) + Kg— K60 = b(g)A (40)
RI+DO—Kq+KO = u 41)
() = 0 (42)

where ¢ = (q1,¢2)” contains the link angles, § = (61,6,)7
the rotor angles, and u = (uy,us)” the two inputs to the joint
motors. R, K and D are the inertia matrix of joint motors,
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the matrix of spring stiffness and the joint friction coefficient
matrix respectively, with the value R = diag(1,1), K =
diag(100,100) and D = diag(d, d).

My My
M1 Mao
M11 = (12)2m2 + 21112’”12 COS(QQ) + (11)2(7711 + mg),
Mz = My = (I2)*ma + l1lama cos(qz), Maz = (I2)*m

The Coriolis, centrifugal and 7gravny terms are comblned as
B(g.q)+9(q) = B1 B2 | with By = —malilago(2d1 +
42) sin(qz) + gmala cos(q1 + q2) + gli(my + ma) cos(q1),
Bo = malila(g1)? sin(qa) + gmals cos(q1 + q2), where the
parameter values are [y = I = 0.3 m, m; = mo = 1 kg,
and g = 9.8 m/s%.

Its Jacobian matrix is given by b(q) = [ b1 by ]T with
by = l1(cos(q1)+Asin(qq))+12(cos(q1 +g2)+Asin(q1 +g2)
and by = lo(cos(q1 + g2) + Asin(q1 + g2).

The constraint is assumed to be a straight line described
as ¢(¢) =y — Az — B with A = —1, B = 0.28 and can
be rewritten as ¢(q) = l1(sin(q1) — A cos(q1)) + la(sin(q1 +
q2) — Acos(q1 +¢q2)) — B =0.

Let 21 = q1,22 = q2,%3 = q1,%4 = G1,%5 = 01,76 =
0s,x7 = 61, x5 = O3 and z = \. The system (40)- (42) can
be written as

The inertia matrix is M(q) = where

T = T3
To = T4
[ 5 @1 ]" = MT'(ON()+M7()b()2
Ts = X7
Tg = Ig
7 = wup + 10027 — 100xs — dx7
Tg = ug+ 100xy — 100xg — dxg
0 = ¢(z1,22)
where N(-) = —f(z1,22,23,24) — g(x1,22) —
100[ @1 @ |7 +100[ @5 6 ]"

Performing Algorithm 2 on 0 = ¢(z1,72) gives 7!

2, ¢o(x1,m2) = ly(sin(q1) — Acos(q1)) + l2(sin(q;
a2) — Acos(q1 + ¢2)) — B, ¢1(z1,72) = li(z3cos(z1)
Azgsin(x1)) + lo((zs + x4)cos(zr + x2) + A(zs
za)sin(zy +2)), alx) = By + &M (IN(), b(z)
DM ~1()b(z1,22), ¢ = 0, and d = 0 where ®; =
—l1(23)? sin(z1) + Aly (23)% cos(z1) —lo (23 +24)? sin(z1 +
$2) + Alz(l’g + ZE4)2 COS(ZEl + 562) and &, = [‘1)21,(1)22]
with ®g1 = I3 cos(xy) + Algsin(xy) + lg cos(xy + z2) +
Al sin(zy + z2) and ®os = s cos(z1 + x2) + Als sin(zq +
.%'2).

Solving algebraic equations 0 = ¢o(x1,22) and 0 =
¢1(x1,22) for x1 and z3 gives ©1 = P(z2) and z3 =
Q(x1, 9, x4) where

arcsin aB-b \/ - B
((a')? + (b’)Q)

—x4(lo cos(x1 + z2) + Algsin(zq + x2))/
(I3 cos(xy) + Aly sin(xy) + I cos(xy + x2)
+Alysin(xy + 3))

I+ ++

P() =

QL) =




17— () O (x) ovl, (@)
ox ox Ox
do(x)  OVY(@) W,

U = Oe Oe o, 0e
99(z)  OW(x) Moty
o o T %

with @ = 11 + Iy cos(xa) + Algsin(xs) and b o= —Al; +
I sin(xg) — Aly cos(z2). And solving the algebraic equation
0 = a(x)+b(x)z yields z = —b~!(z)a(x). By substituting 2,
z1 and 3 into the original system, the standard ODE system
(43) is obtained, which is in the lower triangular form.

.fg = X4

gy = xo1(x1,72)xs + X22(71, T2) W6 + Ka(21, T2, T3, T4)

3.2‘5 = X7

x.(; = g
7 = wup + 100x7 — 100x5 — dx7
is = up+ 100z — 10026 — dos (43)
where
{ X xaz } = 100M () [ = b(x, 22) P
X21  X22

M) [-6() - Q]
with P = [®o(-)M 1 (-)b(z1, z2)]
g(x1,22) =100 [ 21 @2 ]T

V. CONCLUSION

(a1 m ] =

The adaptive regularization problem has been solved for
a class of nonlinear affine DAE systems. Our methodology
transforms the original system into one equivalent ODE
system with lower triangular form. The designed adaptive
feedback controller guarantees the global asymptotic stability
if the change of coordinates is defined globally. One example
of a constrained robotic system is illustrated for the proposed
methodology.
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APPENDIX
Proof of Lemma 2. By carrying out Algorithms 1-3, the
system (1)-(3) is changed to the equivalent system (30)-(31).
The matrix W takes the form of

ol x @

where U is given in (46) for i =0, 1, ---, ¢* — 1 and k =
. . T .

1, ---, m. Since the matrix [ 2 % " is nonsingular,

therefore the rank of the matrix U is the same as that of the
matrix W fori =0, 1, ---,¢* —1land k=1, ---, m. In

. 9¢(x) _ 7 Bo(z) _
the matrix U, =5~ = I, o6 = 0,
Ok (z) L,k=landi=j

o€ :{ 0, k#lori#j

Since the rank of the matrix W or U is T+Z;:11 qj +1+1,
d¢f ()
oEl
©¥ is the function of ¢, &1, .- &F=1 ¢k ... ¢k Therefore,

the system (30)-(31) can be expressed by (32)-(33).

=0 for ! >k and ¢ > j if [ = k, which implies that
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