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Abstract—This communication is concerned with state-
feedback stabilizability of discrete-time switched linear systems.
Necessary and sufficient conditions for state-feedback exponen-
tial stabilizability are presented. It is shown that, a switched
linear system is state-feedback exponentially stabilizable if and
only if an associated sequence converges to zero. Equivalently,
a switched linear system is state-feedback exponentially stabi-
lizable if and only if a dynamic programming equation admits
a solution of some kind. We also address the issue of testing
the stabilizability of a given switched system by computing the
elements of a new associated sequence of upper bounds for the
elements of the previously mentioned sequence. These computa-
tions involve the solution of convex programming problems. The
elements of both associated sequences are shown to be related
via Lagrange duality. Numerical examples illustrate some of
the results reported in the paper.

I. INTRODUCTION

In the present article, we will use the term switched system
to refer to a class of dynamical system described by a
differential or difference equation whose right hand side is
dynamically selected from a given finite set of (right hand
side) functions, and this selection is governed by a function
(of the time) usually termed switching signal.

Switched systems are useful in modeling processes ex-
hibiting significatively different behaviors depending on a
state (or status, or mode) that takes discrete finite values
and which describes the mode of operation of the process.
Such processes naturally appear, in numerous and different
manners, in engineering. For instance: In power electronics,
it is well-known [12], [11] that various types of power con-
verters present the aforementioned characteristic behavior. In
control systems, control schemes have been considered [3],
[4] in which a master (supervisor) controller has the task of
switching or selecting between a given finite set of available
controllers to close the loop with a given plant. Thus, the
overall (closed-loop) system is a switched system. Switched
systems are also being considered [7] to model the complex
behavior of processes that are subject to the occurrence
of faults. Such scenario is modeled by considering a finite
number of possible faults (that may suffer the process) each
associated with a different dynamic behavior described by a
significatively simpler model.

Switched systems have lately attracted the attention of
researchers in the control systems community. The practical
relevance of devising methods for analysis of switched sys-
tems and for the design of such systems in order to achieve
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certain specifications is a motivating factor for studying
these systems. The quest for devising such methods have
encourage research in many directions. Some of the research
in the area is documented in various survey papers [5],
[2], [9] and monographs [11], [8], [6], [10]. Some of the
important issues that are being studied concern with certain
stability problems related to these systems. As stated in [5], it
is possible to recognize three basic problems concerning the
stability of switched systems: (1) The problem of finding
conditions for stability, for arbitrary switching signals. (2)
The problem of finding conditions for stability, for switching
signals belonging to some given set. (3) The problem of
finding conditions for the existence of a switching signal that
stabilizes the system. The topic of the present article is re-
lated to (but different from) problem (3). It is concerned with
the problem of finding conditions for the existence of a state-
feedback that stabilizes the system. More specifically, the
present work is devoted to the problem of finding conditions
to determine the state-feedback exponential stabilizability in
discrete-time switched linear systems.

The present article is organized as follows. In section II
mathematical preliminaries and definitions are introduced.
Necessary and sufficient conditions for state-feedback ex-
ponential stabilizability of switched linear systems are pre-
sented and proved in section III. In this section, a sequence is
associated to each switched linear system. We then prove that
the state-feedback exponential stabilizability of the switched
system is equivalent to the property of convergency (to
zero) of the associated sequence. Other conditions, which are
equivalent to the state-feedback exponential stabilizability
of the switched system, are also presented. Section IV is
devoted to the problem of testing the state-feedback stabi-
lizability of a given switched system by computing upper
bounds for the elements of the associated sequence. In that
manner, a new associated sequence (of upper bounds) is
introduced. The computation of the elements of this new
associated sequence involves solving convex programming
problems. It is also shown that the elements of both as-
sociated sequences are related by Lagrange duality. Two
numerical examples, included in section V, illustrate some of
the results reported in this work. Summary and concluding
remarks are in section VI.

Most of the notation used through the paper is standard.
Z* denote the non-negative integers. For k € Z1, we use
ZIOF] to also denote the set ZI%*l = {0,... k}. We use I
to denote the set of all the sequences {zx} C R", k € Z*.
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For a matrix X € R"*"™, p(X) is its spectral radius.

II. PRELIMINARIES

Let N € ZT, N > 0, be given. We will denote by Q the
set @ ={1,...,N}. Let us introduce the following sets of
control functions (or switching signals)

Qr = {q:q:Z[O’k_l]—>Q},k€Z+,k:>0,
O {q:q: 27 — Q}.
Let the matrices 4; € R"*", i € {1,..., N}, be given.

The present article is concerned with the dynamical system
described by

z(k+1) = Aypyz(k), k€ ZT, 2(0) =29 € R", g € Qus .

(1
The motion of this controlled dynamical system will be
denoted by (- ; xo, q).
To each mapping « : R™ — Q we associate the diagonal
(or static) operator F, : I} — Q, defined by

Fu(z)(k) = k(x(k)), ke Z".

It is clear that if we also associate to each mapping ~ :
R™ — Q the (closed-loop) dynamical system described by

Ta(k+1) = A,i(ajcl(k))l‘cl(k) , ke Zt , 2 (0) = xg € R™
2

then, it follows that z(-; xo, Fi(x)) = za(-;x0).

In this work we will adopt the following definitions.

Definition 1: The switched system (1) is feedback expo-
nentially stabilizable whenever there exist a mapping x :
R™ — @ and scalars & > 1 and 0 < 8 < 1 such that the
motions of the associated (closed-loop) dynamical system (2)
satisfy

lzer(k; zo) | < aB*|laoll, k € ZT, zo €R™.
Definition 2: The switched system (1) is uniformly expo-
nentially convergent whenever there exist scalars a > 1 and
0 < B < 1 that obey the following property:
For each zp € R"™ there exists g,, € Qs such that the
corresponding motion of (1) satisfies

(ks 20, 4o )| < @B¥[|zoll, k € Z7 .

III. FEEDBACK STABILIZABILITY OF THE SWITCHED
SYSTEM

It is convenient to associate to the sets Qp, k € ZT, k > 0,
of control functions the following sets Sy, k € Z*, k > 0,
of matrices:

S = {S eR™™ . S = Aq(k—l) ~'~Aq(0) ,q € Qk}

We associate, also, to the switched system (1), the sequence
of functions Vj, : R® — RT, k € Z", k > 0, defined by

Vi(w) = min lo(k;z,q)|” = min 2"5"Se, ()
and the sequence u, € RT, k € Z*, k > 0, defined by

= max Vj(z) = max min ||z(k;z,q)||?. 4
pi = max Vi(e) = max min [a(kiz.q)|[*. &)

Some simple properties of {V}} and {u} are collected
in the next Fact.

Fact 1: For each given k € ZT, k > 0, it follows that

@))] V}; is locally Lipschitz.

2 Vi(Az) = A2Vi(z), NER, z € R™.

(3)  pr = maxy=1 Va(z).

4 < minges, ||S]?.

(5)  For each given h € ZT, h > 0, it follows that

h
fak < (/Jk) .
Next, we present the main result of this section.
Theorem 1: The switched system (1) is feedback expo-
nentially stabilizable if and only if, the associated sequence
{pr} is such that, any (and then all) of the following
equivalent conditions are satisfied:
@) There exists ko € Z*, ko > 0, such that py, < 1.
() limp_ioo ox = 0.

Proof: The proof is organized as follows. Next, we
prove that condition (i) is equivalent to the feedback expo-
nential stabilizability of the switched system (1). In order
to prove the equivalence between conditions (i) and (ii), we
just have to prove that (i) implies (ii). That proof is included
(below) in the Sufficiency part.

(Necessity.) By assumption there exist a mapping x :
R™ — @ and scalars & > 1 and 0 < 3 < 1 such that the
motions of the associated system (2) satisfy

llwe (ks x0)|| < aﬁkaoH, keZ', zgeR"™.

Choose ko € Zt, ko > 0, such that a?5%%0 < 1. And define
the following family of control functions:

Qzy = Fr(@a(-520)), 0o € R™, |lzol| < 1.
Then, using the definition of V},, we have that

Viro (w0) = min l(ko; zo, q)||* <
qE€Qk,
2 (kos @0, qao)I* = llwer (ko; zo)[I* <
a?B%o | zo e R, |z < 1.

Therefore,

ik, = max Vi, (20) < o?f%0 < 1.
lzofl <1
(Sufficiency.) By assumption there exists kg € Z*, kg >
0, such that p, < 1. It will be assumed, without loss of
generality, that kg > 1. (Notice that in case that kg = 1 we
can appeal to Fact 1 (property (5)) to define a new kf™ =
hko with h € Z*, h > 1. Thus, k5™ > 1, and moreover
e < (po)" < 1.) We choose v € RT such that py, <
v < 1.
For a given zy € R", we will consider the optimal control
problem
. . 2
i |2 (ko; zo, @) ||, (5)
and we will use gy, 4, to denote a solution for that problem.
Therefore, for any given xop € R"

Hx(ko;m()?(,iko,mo)HQ = min ||m(k0;xO>Q)||2 =
q€Qk,

Vi (0) < paio [l0]|* < ]|z
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Let us define

1517} -

max
kg—1
0 Sj

M = max{1,
se

j=1

Let zg € R™ be given, and let h € Z*, h > 0, be
given. Let Gniy0o € Qnk, be a control function made up
by concatenating solutions of the optimal control problem
(5) with the following initial conditions:

Zo = w0, T1 = x(ko; o, Gro,i0) >+ - - »

.QA’,'h,1 = ‘T(ko;i'hf% quo,CEh,—Q) .

That is, using the above notation, the control function G, .«
is defined by

qhk}o,fto (]ko + Z) = qu‘o,.’i’j (Z)v
i€{0,...,(ko—1)}, j€{0,....,(h—1)}.

Now, it is easy to see that, with the above defined control
function G, ., the following inequalities are satisfied:

(k5 20, Ghtg o) I” < MA [|zo]|?,
k€Z+, kE{jko,...,jko—I—(ko—l)},
j€{0,...,(h=1)}.

It is then clear that the above expression implies that
limg— 400 i = 0. In effect, given € > 0 arbitrary, we choose
jo € Zt, jo > 0, such that M~7° < e. Then, for any k € Z+,
k > joko, it is verified that (where we have chosen h € ZT,
h > 0, such that k£ < hkg; thus j > jg)

= max Vi(2) = Vi(20) = min ||z(k; 2o, q)|* <
= I k(2) = V(o) = min |l (k; 20, ¢)|” <

|2 (ks 0, Grig,z0) ||? < My < MAT < e,

where xy denotes an optimal solution of the problem
matzHSl Vk(z)

Foreach k € Z*1, k > 0, we now define the cost functional
Ji :R® x Q) — RT by

k
Ti(zo,q) = Y ll(i; 20, q)lI-
=0

For any given xyp € R™ we will consider the following family
of optimal control problems (parameterized by k € ZT,
k> 0):

min Ji(xg,q),

qEQk k( 0 q>
and we will denote by Ug(xo) the optimal value of that
problem. Therefore, for any given zy € R", we have that
(for h € Z™, h > 0, such that k& < hkg)

Ui (x0) = min Ji(x < min J T <
k(7o) Inin & ( O’q)*qeghko hiko (Z0,4) <

hko
Tnko (20, Gho,zo) = Y 1213 20, Ghkg.o)|I* <
i=0

h

> koM~ |lzol® < koM

1
———lxol*.
: (1-7)
7=0

It was then proved that

[zl < Uk(wo) < koM lzoll?,

1
(1=2)
2o €R", k€ Z", k>0.

It is also easy to see that the following property is verified:
Ugy1(x0) > Ur(xo), mo €R™, k€ Z™, k> 0.

It then follows that, for each zo € R™, the limite
limg—, 00 Uk () exists. That lead us to the introduction of
the function W : R® — Rt defined by

W(.To) = kEI—tI-loo Uk(xo)
which satisfies

zol|* < W (xo) < koM |zoll*, 2o € R™,

1
(1—=7)

and furthermore, since

Ur1(zo) = (llzol® + fllélg Uk (2(1;20,9)))

2 .
Us(A

(EN + min U a%0))

20 €R, keZT, k>0,

it then follows that IV is a solution of the following dynamic
programming equation:

W(zo) = ||zol|® + “%13 W(Aqzo), xo € R™.
q
Hence, there exists a mapping  : R" — Q satisfying
K(zo) € argmin W (A,x0), o € R™.
q€EQ
Thus, it is verified that
W (Ax(ag)0) = W(z0) = —|lzo]|*, 2o € R",

which means that W is a Lyapunov function for the exponen-
tial stability of the trivial solution of the associated closed-
loop dynamical system (2). In effect, it is easy to verify that
(with that feedback mapping) the motions of the associated
closed-loop dynamical system (2) satisfy

lzer(k; zo)|| < aB*|aoll, k € Zt, mo €R™,
with

1 5= koM — (1 —7)
(1_7)’ B koM ’

which completes the proof of the Theorem. [ ]
The constructive proof of the previous Theorem provides us
also with the following conclusion.
Proposition 1: For the switched system (1), under consid-
eration, the following assertions are equivalent:
@) There exists kg € Z™T, ko > 0, such that py, < 1.
(i) limp—joo e = 0.
(iii)  There exists a function W : R® — R satisfying
. W()\i[,’o) = )\2W(ZEO) , AeR, 29 € R",
o |lwoll® < W(zo) <@lzol?, zo € R,
for some o > 1,

a = k‘oM
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which solves the following dynamic programming
equation:

W (zo) = IIxo||2+ggIQlW(Aqwo), zo € R™. (6)

Moreover, a function W as in (iii) defines a feedback
mapping x : R — Q by

K(zo) € argmin W (A,x0), o € R™.
q€EQ

Such a feedback exponentially stabilizes the switched system
(1). And the function W, is a Lyapunov function for the
exponential stability of the trivial solution of the associated
closed-loop dynamical system (2).

Remark 1: It follows from the previous result that (in
case the switched system (1) is feedback exponentially
stabilizable) a exponentially stabilizing feedback mapping
k : R™ — Q can always be chosen with the following

property:

k(Axo) = k(x0), A€R, 29 € R".

We observe that our proof of Theorem 1 also proves
that: The switched system (1) is uniformly exponentially
convergent if and only if there exists kg € Z*, kg > 0,
such that pg, < 1. (That particular result has already been
reported in [10].) We have therefore the following conclusion
from Theorem 1.

Corollary 1: The switched system (1) is feedback expo-
nentially stabilizable if and only if it is uniformly exponen-
tially convergent.

IV. DETERMINATION OF THE FEEDBACK EXPONENTIAL
STABILIZABILITY OF A SWITCHED SYSTEM

This section is devoted to the problem of testing the
property, of being feedback exponentially stabilizable, in the
switched system (1) under consideration. With that purpose
in mind, instead of focusing on the solvability of the dy-
namic programming equation (6), in the present work we
concentrate our attention on the convergency property of the
associated sequence {}. Thus, in order to determine the
feedback stabilizability of the switched system, we have to
address the issue of computing pg, k € Z*, k > 0, or that
of computing an upper bound for . Regarding that issue
we first have the following result.

Theorem 2: Consider the switched system (1) and its
associated sequence {ux}. Let k € ZT, k > 0, be given.
Assume that, for this given k, the set Sy, is such that 0 ¢ S.

Then, under that condition, the scalars v, A\ € R*, are
related by

A= max Vi(z)=purv, (7)
s Vil@) =
if and only if
v= min trace(X), (8)
XePr(\)
where
Pe(A) = {XeR™": X=X* X>0,

rank(X) < 1, trace(S*SX) > AVS € S}

Proof: (Necessity.) Consider the optimization problem
in (8):
min trace(X).
XePr(N)
It is clearly equivalent to the following one:
min ll||? .
ze{z€R": ||Sz|2>AVSESL}
Regarding that optimization problem we first make the
following two important remarks.

« Since by assumption 0 ¢ Sy, then,
{z eR": ||Sz||> > AVS € Si} #0, VA€ RT.

« It is clear that, in the above optimization problem, the
minimization is indeed achieved. That explains the use
of min instead of inf.

Next, in this part of the proof, we will consider two cases.
Case A = 0. When A = 0 then
0€{zcR": ||Sz|> > \VS € S},

which means that

min lz||> =0.
ze{zER™: [|Sz|2>AVSES,}

Hence, in this case, the relationship A = uy v is verified.
Case A > 0. Since v is defined by

[l ©)

V= min
ze{z€R™: ||Sz||2>AVSESL}

then it follows that v > 0. Thus, by definition of v, we have
that:

If v € {x € R": ||Sz||®* > A\VS € Si} = ||z|* > v.
Therefore,

If 2] <v =35 €S : |Sz]> < A = Vi(z) < M.
Hence, it follows that

max_ Vi(z) <.
|zl <vVv

From the optimization problem (9) we have that
Jzo € R™ : v = ||lz0]|?,and ||Szo||* > AVS € Sk .
Moreover, it is easy to see that
35 € Sk ¢ ||Sxo* = .

Then, it is concluded that Vi(xzo) = A. It was therefore
proved that
max Vi(z) = A.
llzll<vv
(Sufficiency.) In this part of the proof, we will again
consider two cases.
Case v = 0. In this case it is obvious that
= max - = VU.
A= e Vilo) = V(0) =0
Then, it is clear that in this case, the following relationship
holds:

v= min ]2
ze{z€R™: ||Sz||2>AVSES,}
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Case v > 0. Since A is defined via

A= max Vi(x) (10)

lzll<vv

then it follows that A > 0. (Otherwise, if it were A = 0, then
Vi(z) = 0Vz : ||z||> < v, implying that Vi(x) = 0Vz €
R™. But, that would be a contradiction since by assumption
0 ¢ Si.) By definition of A we have that

If |z]? <v = 35S € Sk : ||Sz)* < \.
Hence,
Ifre{zecR": |Sz|> >AVS €S} = ||z > v.
Therefore,

min ||:c||2 > .
ze{z€R™: ||Sz|2>AVSESL}

Now, from the optimization problem (10), we conclude that
J2o €R™ : ||zo|® < v, and Vi(zo) = A,
implying that
zol|? < v and zo € {x € R™: ||Sz||? > AVS € Sk} .
Hence, it is concluded that

min lel? = v,

ze{z€R": |Sz|2>AVSESL}

which completes the proof of the Theorem. [ ]
Thus, suggested by Theorem 2, we associate to the switched
system (1), the sequence v, € (RO, k € Z+, k > 0,
defined by

{ +00
Ve = .
k miny 5, ;) trace(X)

We include, in the next two corollaries, some straightforward
conclusions that follow from Theorem 2 and Theorem 1.

Corollary 2: Consider the switched system (1) and their
associated sequences {yy} and {vy}. These sequences are
related by

,0€ S,

ogs (D

1
Vk:—,k€Z+7 k>0.

Corollary 3: The sﬁvi/l;tched system (1) is feedback expo-
nentially stabilizable if and only if, the associated sequence
{vi} is such that, any (and then all) of the following
equivalent conditions are satisfied:

@) There exists ko € ZT, ko > 0, such that vy, > 1.

(i)  limg—qeo Yk = +00.

Next, we consider some convex optimization problems
which provide with lower bounds for the elements of the
sequence {vy} and therefore convey to sufficient conditions
for the feedback exponential stabilization of the switched
system (1). Let us introduce the sequences wj, € (R(e’“))ﬂ
wy € (RE)F k€ ZF, k > 0, associated to the switched
system (1), via the following convex optimization problems:

,0€ S,
UCR

+00

Wk = { miny ¢p, (1) trace(X) (12)

where

Pe(A) = {XeRY: X =X* X >0,
trace(S*SX) > AVS € Sk}, A e RT
W, = +00 ,0€ 8
=k maxyery, qugk Vq ’ 0 ¢ Sk

where

; 13)

Ri={ve ®Y)T: (D u,858,) <1},
qEQk
and where, in the last optimization problem, we have used
g € Qi to index the corresponding members of Sy and also
the components of the vector v € (RY k)*.
Proposition 2: Consider the switched system (1) and their
associated sequences {vy}, {wr}, and {w, }. The elements
of these sequences obey the following relationship:

k> wr=wy, kEZT, k>0.

Therefore, if there is a kg € ZT, kg > 0, with the property
that w; > 1, then the switched system (1) is feedback
exponentially stabilizable.
Proof: Letk € Z™, k > 0, be given such that 0 ¢ Sk.
Since R
Pr(1) C Pr(1),

then, v, > wy. Next, let Xy and vy be optimal solutions
for the corresponding optimization problems (12) and (13)
respectively. Then,

wy, = trace(Xy) > trace(( Z 00,45, 5¢) Xo0) =

qEQk
Z v ,q trace (5.9, Xo) > Z Vo,g = Wy -
qEQk q€Qk

In order to prove that the strict equality, wy = w; holds,

we use the fact that the optimization problem in (13) is the

Lagrange dual of the optimization problem in (12). In effect,

the Lagrangian [1] associated to the optimization problem in

(12) is the function

LOX,AN) =trace((T—A— > ASiS)X) + > Ag,

qEQk qEQy

XeRV": X =X" |
AeR™ ™ A=A* A>0, Ae (RV)F,

and the Lagrange dual function is

AN = inf
9(A, ) Xe{XeREgn:X:X*}

{ 2geaira s (L=A=3 0, 25;5) =0
oL (T A= T AS;S,) £0
AER™™ A=A A>0, Ae RV,

LX,AN) =

Therefore, the Lagrange dual optimization problem is

sup g(A,N) =

(AN E{(AN) : AERMXn  A=A* A>0, Ae(RNF)+}

PIRYE

qEQk

max
Ae{Ae(RNF)+: (I_quQk AgS;Sq) >0}
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which is the optimization problem in (13). (From this, it
immediately follows that wj > w;, which was already proved
using different arguments.) Now, since 0 ¢ S, we claim that

3X >0 : trace(S*SX) > 1VS € Sk. (14)

The above claim follows from the fact that the underlying
assumption ensures the existence of

xo €ER"™ ¢ ||Sxo|| > 1VS € Sy,

Notice that, if the last assertion were not true then it would
imply that Uges, N (S) = R™. (We use N(S) to denote the
null-space of S.) But, this can not be since, by assumption,
dim(N(S)) < nVS € Sy. Since the condition (14), namely
the Slater condition for the (primal) optimization problem in
(12), holds; and moreover the (primal) optimization problem
in (12) is convex, it then follows [1] that strong duality is
achieved. That is, we have established that w = wy,. |

Remark 2: It is important to remark that the convex
optimization problem in (13) is also the Lagrange dual of
the (non-convex) optimization problem

)1, (15)

min
ze{z€R™: ||Sz|2>1VSeSL}

which is equivalent to the optimization problem in (11). In
effect, the Lagrangian associated to the optimization problem
in (15) is the function

L) = 2°(I= D ASiSoz+ Y Ay,

qE€Qk qE€Qk
zeR", xe RV)T,
and the Lagrange dual function is
g(A\) = :zleann Lz, \) =
{ qugk Ags (= quQk A¢SgSq) 20

—00 (I = > qe0, M54 5) 0 7
Ae RV
Therefore, the Lagrange dual optimization problem is
sup  g(A) =
AE(RNFY+
max Ag
Ae{Ae(RNk)+:(I—Zq€Qk Aqs;sq)zo}qgk !

which is the optimization problem in (13). Thus, the differ-
ence, (v — wy,), is the Lagrange duality gap associated to
the (non-convex) optimization problem (15).

The next two results are aimed at shredding light on
the degree of conservativeness of the test for exponential
feedback stabilizability of the switched system (1) by means
of the sequence {wy }.

Proposition 3: Consider the switched system (1) and their
associated sequence {wy}. If there is k € Z*, k > 0, such
that

min p(8) <1,
then, there exists kg € Z™, ko > 0, with the property that
wg, > 1.

Proof: 1If there is k € Z%*, k > 0, such that
minges, p(S) < 1, then, there exists kg € Z*, ko > 0,
such that minges, |S||* < 1. Since, for every h € Z¥,
h > 0, it is verified that

. 1
. min 12 vaSisall = -
ve{veRNM)T: 3 co, va=1} q€2n h
then,
1 .
— = . in l Z gSqSqll <
W, ve{ve(RN 0)+:qugk0 vg=1} q€Qx

min ||S|? < 1.
SESk,

|
Proposition 4: Consider the switched system (1) and their
associated sequence {w, }. If there exists ko € ZT, ko > 0,
with the property that w, > 1, then, there exists gy € Q
satisfying |det(A,,)| < 1, implying that
min min

Ai(A <1.
quiE{l,‘..,n}| ( q)|

Proof: If there exists kg € ZT, kg > 0, with the
property that w,, > 1, then, there exists v € (RV™)T :
qugko vy = 1 and such that qugko Vg Sy Sy < I.

We will assume, in what follows, that all the matrices A,
q € Q, are nonsingular. Otherwise, the proof is complete.
Under that assumption, it follows from the above matrix
inequality that

logdet( Y v,8;55,) <0.
q€Qk,

Since the function logdet(-) is concave (see e.g. [1]) on the
positive definite convex cone, we get that

Z vqlogdet(S;‘Sq) < log det( Z 0455 S,) <0,

q€Qk, q€Qk,

implying that there exits S € S, : det(S*S) < 1. Hence,
there exists go € Q satisfying |det(A4,, )| < 1. [ |

V. NUMERICAL EXAMPLES

Two numerical examples are presented in this section in
order to illustrate some of the results reported in the paper.
Example 1: Consider the switched system (1) defined by

1 2 1.25 0.45
N=2and A= {4 1), A={_g45 0895)"

For these matrices, we have that, [\ (A1) = [A2(A1)| =1
and |A\1(As)| = |A2(A2)| =~ 1.1107. Therefore it follows
from Proposition 4 that the associate sequence {w,, } satisfies
w;, < 1, Vk. Hence, we cannot conclude on the feedback
exponential stabilizability of this switched system by means
of {w;}. Due to the low dimensionality of this system, it
is possible to perform without difficulty direct numerical
computations in order to evaluate some of the elements of the
sequence {p}. Thus, as a result of these computations, we
got that g ~ 0.4952. Then, using Theorem 1, we arrive to
the conclusion that the switched system is feedback exponen-
tially stabilizable. The low dimensionality of this system also
allows us to easily compute a solution W for the dynamic
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Fig. 1. Graphical representation of W for the system in Example 1.

Fig. 2. Graphical representation of W for the system in Example 2.

programming equation (6). The graphical representation of
cos(-)\, 4o g
sin(-) ) : [0,7) — R is in Figure 1.

Example 2: Assume the switched system (1) is defined by
N=2and A, = (1 2 Ay 0.825 0.6

the computed W((

0 095)° T \-0.6 0825)°
Here we have that, |A1(A41)] = 1, |A2(A1)] = 0.95
(and |A1(A2)| = [X2(A2)| ~ 1.02). We attempted, in this
case, to test the feedback exponential stabilizability of this
switched system by computing some of the elements of
the associated sequence {w;}. We got that wg =~ 1.0031,
therefore, invoking Proposition 2, it is concluded that the
switched system is feedback exponentially stabilizable. (By
direct numerical computation of pug we got ug ~ 0.2309.)
As in the previous example, a solution W for the dynamic
programming equation (6) was also computed here. The
graphical representation of this computed Lyapunov function
W (<cos(-))

_ 4 -
sin(-) ) :[0,7) — R is shown in Figure 2.

VI. SUMMARY AND CONCLUDING REMARKS

We have proved that a discrete-time switched linear system
is state-feedback exponentially stabilizable if and only if its
associate sequence {} converges to zero; or equivalently,
if and only if there is ko € Z™*, kg > 0, with the property
that i, < 1. It was also shown that a switched linear
system is state-feedback exponentially stabilizable if and
only if a dynamic programming equation has a solution
W of a particular class. Such a solution, W, defines (that
is, provides us with) a stabilizing state-feedback mapping
k @ R" — Q via k(x) € argmingeg W(Agyz). That
function W, is a Lyapunov function for the exponential
stability of the trivial solution of the associated closed-loop
switched system. It was also proved that a switched system
is state-feedback exponentially stabilizable if and only if it
is uniformly exponentially convergent (in the sense of our
Definition 2). Instead of focusing on the solvability of the
aforementioned dynamic programming equation, we have
chosen, in this work, to focus on using the convergency
property of the associate sequence { i } in order to determine
(or to test) the stabilizability of the switched system. We have
therefore studied, and proposed the use of, another associated
sequence {w,} having the following two properties: (1)
The computation of each element of that sequence can be
performed by solving a convex programming problem. (2) It
is verified that py < wik, k € Z+. We have also shown, as
explained in Remark 2, that the elements of both sequences,
{pr} and {w,}, are further related via Lagrange duality.
Results were presented, in Propositions 3 and 4, which
provide with information on the degree of conservativeness
of the test for stabilizability of the switched system by means
of the sequence {w, }. Further work is still needed in order to
fully understand how conservative is that test (based on the
sequence {w; }). Two numerical examples were presented to
illustrate the results reported in this work.
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