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Abstract— This paper revisits the problem of delay-
dependent dynamic output feedback control for a class of uncer-
tain discrete-time switched linear state-delayed systems, where
the state delay is assumed to be time-varying and of an interval-
like type, which means that both the lower and upper bounds
of the time-varying delay are available and the parameter
uncertainties are assumed to have a structured linear fractional
form. The objective is to design a switched dynamic output
feedback controller guaranteeing the asymptotic stability of
the resulting closed-loop system with disturbance attenuation
level γ. Based on a new delay-dependent switched Lyapunov-
Krasovskii functional combined with Finsler’s Lemma, a novel
sufficient condition for robust H∞ performance analysis is
first derived and then the corresponding controller synthesis
is developed. It is shown that the controller parameters can
be obtained by solving a set of linear matrix inequalities,
which are numerically efficient with commercially available
software. Finally, a numerical example is provided to illustrate
the advantages and less conservatism of the proposed approach
in comparison with the existing approaches.

I. INTRODUCTION

Switched systems are an important class of hybrid dy-

namical systems which consist of a family of subsystems

described by differential or difference equations and a logical

rule that orchestrates the switching mechanism between these

subsystems [1], [2], [3], [4], [5]. On one hand, it is known

that switched systems can be used to describe a wide range of

real world processes and systems such as power systems, me-

chanical systems, networked control systems and so on. On

the other hand, switching among different controllers for a

single process can also be viewed as a switched system. It has

been shown this kind of switching control strategy provides

an effective means to deal with highly complex systems or to

improve the transient response of adaptive control systems

[6]. In addition, the study of switched systems provides a

powerful tool for intelligent control design which is based

on the idea of switching among different controllers.

This work is partially supported by a grant from the Research Grants
Council of the Hong Kong Special Administrative Region of China under
Project CityU-1353/04E.

The last decade has witnessed increasing research activi-

ties in study of controllability [5], [7], [8], observability [7],

stability [1], [2], [3], and stabilization [4], [5] of switched

systems. Among these research topics, stability analysis and

stabilization for switched system have attracted most of the

attention. The reader can refer to the survey papers [1], [2],

[4], the recent books [3], [5] and the references therein for the

major advances achieved in these topics. It is well-known that

the Lyapunov stability theory is a powerful and effective tool

for studying the stability of various dynamical systems. It has

been shown in [2] that a common Lyapunov function for all

subsystems facilitates the analysis and design of switched

systems under arbitrary switching rules. However, it has

been well understood that the results obtained within the

common Lyapunov function based framework are generally

conservative in the sense there are many switched systems

that do not admit a common Lyapunov function, whereas

they may still be asymptotically stable. Recently, being a

notable extension of the common Lyapunov function, the

multiple Lyapunov functions methodology, which was first

proposed by Peleties and Decarlo [9], and then developed

by Branicky [10] and Ye, Michel and Hou [11] has been

proven to be a more effective tool for analysis and control

of switched systems, see, for example, [12], [13], [14], [15],

[16], [17] and the references therein.

On the other hand, time-delay is often encountered in

various engineering systems. It has been well recognized that

the presence of time-delay may result in instability, chaotic

mode and/or poor performance of a control system [18],

[19], [20], [21], [22], [23], [24], [25], [26], [27]. It is also

known that switched systems with time delay have strong

engineering background in power systems [28], networked

control systems [29], [30] and so on. Recently, there have

appeared some results on stability analysis and controller

design for switched systems with time delay in the open

literature [31], [32], [33], [34], [35], [36]. The authors in [33]

established some criteria on uniform stability and uniform

asymptotic stability of invariant sets for hybrid dynamical

systems with time delay by utilizing the method of Lyapunov
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functions and the Razumihin techniques. It was shown that

these criteria may also be applied to conduct stability anal-

ysis for impulsive delay differential systems and nonlinear

sampled-data control systems with time delay. The authors

in [34] studied the stability and L2-gain analysis for a class

of switched systems with time-varying delays. In terms of a

set of linear matrix inequalities, some sufficient conditions

for exponential stability and weighted L2-gain performance

are developed for a class of switched signals with average

dwell-time. By using a descriptor model transformation of

the original system, the authors in [35] studied the delay-

dependent stability analysis and state feedback control for

a class of discrete-time switched linear systems with mode-

dependent time delays. In a recent paper [36], by using a

finite sum inequality and a switched Lyapunov functional,

we studied the delay-dependent output feedback control

for discrete-time switched linear systems with time-varying

state delay. It was shown that the controller gains could

be obtained by solving a set of linear matrix inequalities.

It is known that the reasonable construction of Lyaounov

functional is very crucial for deriving less conservative

stability conditions. It is noted that in [36], when treating

the time-varying delay and estimating the upper bound of

the difference of Lyapunov functional, some useful terms

such as
∑k−τ(k)−1

m=k−τ2
ēT (m)(•)ē(m) were neglected, which

may lead to considerable conservatism [24], [25], [26]. In

addition, the Lyapunov functional proposed in [36] did not

essentially take into account the lower bound information

of the time-varying delay, which was the second source of

possible conservatism.

In this paper, we revisit the problem of delay-dependent

output feedback control for a class of uncertain discrete-

time switched linear systems with a time-varying state delay.

The uncertainties are assumed to have a structured linear

fractional form. Based on a new delay-dependent switched

Lyapunov-Krasovskii functional combined with Finsler’s

Lemma, a new sufficient condition for robust performance

analysis is firstly derived and then the corresponding con-

troller design is developed. It is shown that by using a

linearization procedure incorporating a bounding inequality

to handle the bilinear terms, the output feedback controller

parameters can be obtained by solving a set of linear matrix

inequalities, which are numerically efficient with commercial

available software.

The remaining parts of this paper are organized as follows.

Section II is devoted to the system model description and

problem formulation. The main results for delay-dependent

robust H∞ output feedback controller analysis and synthesis

are given in section III. Section IV demonstrates the ef-

fectiveness and less conservatism of the proposed method

in comparison with the existing approaches by means of a

numerical example. Finally, conclusions are given in section

V.

Throughout this paper, we use the following notations. In

and 0m×n are used to denote the n × n identity matrix and

m×n zero matrix, respectively. The subscripts n and m×n
are omitted when the size is not relevant or can be determined

from the context. He{A} is the shorthand notation for A +
AT . diag{· · · } denotes a block-diagonal matrix. The notation

⋆ in a symmetric matrix always denotes the symmetric block

in the matrix.

II. MODEL DESCRIPTION AND PROBLEM FORMULATION

Consider the following state-space representation for a

class of uncertain discrete-time switched linear systems ΣS

with interval-like time-varying state delay































































x(k + 1) =
N
∑

i=1

δi(k) [Ai(k)x(k) + Adi(k)x(k − τ(k))

+ B1i(k)u(k) + D1i(k)w(k)]

y(k) =
N
∑

i=1

δi(k) [Ci(k)x(k) + Cdi(k)x(k − τ(k))

+ B2i(k)u(k) + D2i(k)w(k)]

z(k) =
N
∑

i=1

δi(k) [Li(k)x(k) + Ldi(k)x(k − τ(k))

+ B3i(k)u(k) + D3i(k)w(k)]
x(k) = ϕ(k),−τ2 ≤ k ≤ 0, i ∈ I := {1, 2, · · · , N}

(1)

where x(k) ∈ ℜn is the system state; u(k) ∈ ℜr is the

control input; y(k) ∈ ℜp is the measured output; z(k) ∈ ℜq

is the controlled output; w(k) ∈ ℜm is the disturbance input

which is assumed to belong to l2[0,∞). The vector δ(k) :=
[δ1(k), δ2(k), · · · , δN (k)] is called a switching signal, which

specifies which subsystem will be activated at the discrete-

time k, where δi(k) : Z
+ → {0, 1},

∑N
i=1 δi(k) = 1, ∀k ∈

Z
+. N ≥ 2 is the number of subsystems. As in [12], [13],

[15], it is also assumed here that the switching signal δ(k) is

not known a priori, but its instantaneous value is available in

real-time implementation, in other words, the information of

which subsystem is activated is available. τ(k) is a positive

integer function representing the time-varying delay of the

system ΣS and satisfying the following assumption

τ1 ≤ τ(k) ≤ τ2 (2)

where τ1 and τ2 are two constant positive integers repre-

senting the minimum and maximum time-delay respectively,

for this case, τ(k) is called an interval-like or range-

like time-varying delay [23], [24], [25], [26]. It is noted

that this kind of time-delay describes the real situation in

many practical engineering systems. For example, in the

field of networked control systems, the network transmission

induced delay (either from the sensor to the controller or

from the controller to the plant) can be assumed to satisfy

(2) without loss of generality [27]. ϕ(k) is a real-valued

initial condition sequence on [−τ2, 0]. Ai(k), Adi(k), Ci(k),
Cdi(k), Li(k), Ldi(k), Bβi(k), Dβi(k), β ∈ {1, 2, 3}, i ∈ I
are appropriately dimensioned system matrices with time-

varying parameter uncertainties, which are assumed to be of

the following form





Ai(k) Adi(k) B1i(k) D1i(k)
Ci(k) Cdi(k) B2i(k) D2i(k)
Li(k) Ldi(k) B3i(k) D3i(k)




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=





Ai Adi B1i D1i

Ci Cdi B2i D2i

Li Ldi B3i D3i



 +





W1i

W2i

W3i





× ∆(k)
[

E1i E2i E3i E4i

]

(3)

∆(k) = F (k) [I − JF (k)]
−1

(4)

0 < I − JJT (5)

where Ai, Adi, Ci, Cdi, Li, Ldi, Bβi, Dβi, Wβi, Eβi, E4i,

β ∈ {1, 2, 3}, i ∈ I and J are known real constant matrices.

F (k) : Z
+ → ℜs1×s2 is an unknown real-valued time-

varying matrix function with Lesbesgue measurable elements

satisfying

FT (k)F (k) ≤ I (6)

The parameter uncertainties are said to be admissible if (3)-

(6) hold.

Remark 2.1. The parameter uncertainties are assumed

to have a structured linear fractional form. It is noted that

this kind of uncertainties has been fairly investigated in the

robust control theory [37], [38], [39]. It has been shown that

every rational nonlinear system possesses a linear fractional

representation [39]. Notice that when J = 0, the linear

fractional form uncertainties reduce to the norm-bounded

ones [24], [35]. Notice also that the condition (5) guarantees

that I − JF (k) is invertible for all F (k) satisfying (6).

Now, we consider the following homogeneous switched

dynamic output feedback controller ΣC for the switched

system ΣS














x̂(k + 1) =
N
∑

i=1

δi(k)
[

Âix̂(k) + B̂iy(k)
]

u(k) =
N
∑

i=1

δi(k)Ĉix̂(k)

(7)

where x̂(k) ∈ ℜn is the controller state; Âi, B̂i, Ĉi, i ∈ I
are appropriately dimensioned matrices to be determined.

By defining x̄(k) :=
[

xT (k) x̂T (k)
]T

and applying

the switched controller ΣC to the system ΣS result in the

following closed-loop system ΣO






























x̄(k + 1) =
N
∑

i=1

δi(k)
[

Āi(k)x̄(k) + Ādi(k)x̄(k − τ(k))

+ B̄i(k)w(k)
]

z(k) =
N
∑

i=1

δi(k)
[

L̄i(k)x̄(k) + L̄di(k)x̄(k − τ(k))

+ D3i(k)w(k)]
(8)

where


















































Āi(k) :=

[

Ai(k) B1i(k)Ĉi

B̂iCi(k) Âi + B̂iB2i(k)Ĉi

]

,

Ādi(k) :=

[

Adi(k) 0

B̂iCdi(k) 0

]

,

B̄i(k) :=

[

D1i(k)

B̂iD2i(k)

]

,

L̄i(k) :=
[

Li(k) B3i(k)Ĉi

]

,

L̄di(k) :=
[

Ldi(k) 0
]

.

(9)

The robust H∞ control problem to be investigated in this

paper is formulated as follows.

Robust H∞ Control Problem. Given the switched system

ΣS and for a prescribed disturbance attenuation level γ > 0,

design a switched controller ΣC such that the closed-loop

system ΣO is robustly asymptotically stable and the induced

l2-norm of the operator from w to the controlled output z is

less than γ under zero initial conditions,

Hzw
∞

:= sup
‖z‖2

‖w‖2
< γ (10)

for any nonzero w ∈ l2[0,∞) and all admissible uncertain-

ties.

Before ending this section, we introduce the following

well-known lemmas, which will be used in the derivation

of our main results.

Lemma 2.1 (S-procedure). [37], [41] Suppose that ∆(k)
is given by (3)-(6) with matrices M = MT , S and N of

appropriate dimensions, the inequality

M + S∆(k)N + NT ∆T (k)ST < 0

holds if and only if for some positive scalar ε > 0,

M +

[

ε−1N
εST

]T [

I −J
−JT I

]

−1 [

ε−1N
εST

]

< 0.

Lemma 2.2 (Schur Complement Lemma). [41] For

matrices A, B and C with compatible dimensions, the

following two inequalities:

A > 0, C − BT A−1B > 0

are equivalent to the inequality
[

A B
BT C

]

> 0.

Lemma 2.3 (Finsler’s Lemma). [40] Let x ∈ ℜn, P =
PT ∈ ℜn×n, and H ∈ ℜm×n such that rank(H) = r < n.

The following two statements are equivalent:

1)xT Px < 0,∀Hx = 0, x 6= 0.
2)∃N ∈ ℜn×m : P + He{NH} < 0.

III. MAIN RESULTS

In this section, based on a new delay-dependent switched

Lyapunov-Krasovskii functional combined with Finsler’s

Lemma, an improved delay-dependent approach will be

developed to solve the robust H∞ control problem formu-

lated in section II. We first present a robust performance

analysis result for the closed-loop system ΣO and then give a

parameterized representation of the controller gains in terms

of the feasible solutions to a set of linear matrix inequalities.

Theorem 3.1. Given the switched system ΣS and con-

troller ΣC , the resulting closed-loop system ΣO is robustly

asymptotically stable with disturbance attenuation level γ if

there exist matrices Pi = PT
i > 0, Xij , Yij , Mij , Nij ,

Rij , G̃i, Qν = QT
ν ≥ 0, ν ∈ {1, 2, 3}, Zµ = ZT

µ > 0,

µ ∈ {1, 2} such that for all (i, j) ∈ I × I the following

matrix inequalities are satisfied

Θij + Ψij + He{Φij + G̃iÃi(k)} < 0 (11)
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[

Xij + Yij Mij

⋆ Z1 + Z2

]

≥ 0 (12)

[

Xij Nij

⋆ Z1

]

≥ 0 (13)

[

Yij Rij

⋆ Z2

]

≥ 0 (14)

where

Θij :=









Pj + Π1 0 −Π1 0

⋆ I 0 0

⋆ ⋆ −Pi + Π1 + Π2 0

⋆ ⋆ ⋆ Π3









,

Π1 := τ2Z1 + (τ2 − τ1)Z2,
Π2 := Q1 + Q2 + (τ2 − τ1 + 1)Q3,
Π3 := diag

{

−Q3,−Q1 − Q3,−Q2 − Q3,−γ2I
}

,
Ψij := τ2Xij + (τ2 − τ1)Yij ,
Φij :=

[

0 Nij Mij − Nij − Rij Rij −Mij 0
]

,

Āi(k) :=

[

−I 0 Āi(k) Ādi(k) 0 0 B̄i(k)
0 −I L̄i(k) L̄di(k) 0 0 D3i(k)

]

.

Proof. The proof is omitted here due to the space limita-

tion.

Now, we are in a position to present the main result in

this section.

Theorem 3.2. Consider the uncertain switched system ΣS ,

a full-order dynamic output feedback controller in the form

of ΣC exists such that the closed-loop system ΣO is robustly

asymptotically stable with disturbance attenuation level γ if

there exist matrices P̄i = P̄T
i > 0, X̄ij , Ȳij , M̄ij , N̄ij ,

R̄ij , ~Ai, ~Bi, ~Ci, S, U1, V1, Q̄ν = Q̄T
ν ≥ 0, ν ∈ {1, 2, 3},

Z̄µ = Z̄T
µ > 0, µ ∈ {1, 2} and a set of positive scalars

εij > 0 such that for all (i, j) ∈ I × I the following linear

matrix inequalities are satisfied












Σij εijĒ
T
i W̄i H1 H2

⋆ −εijIs2
εijJ 0 H3

⋆ ⋆ −εijIs1
0 0

⋆ ⋆ ⋆ −I3n 0

⋆ ⋆ ⋆ ⋆ −I3n













< 0 (15)

[

X̄ij + Ȳij M̄ij

⋆ Z̄1 + Z̄2

]

≥ 0 (16)

[

X̄ij N̄ij

⋆ Z̄1

]

≥ 0 (17)

[

Ȳij R̄ij

⋆ Z̄2

]

≥ 0 (18)

where

Σij := Θ̄ij + Ψ̄ij + He{Φ̄ij + Ξi},

Θ̄ij :=









P̄j + Π̄1 0 −Π̄1 0

⋆ I 0 0

⋆ ⋆ −P̄i + Π̄1 + Π̄2 0

⋆ ⋆ ⋆ Π̄3









,

Π̄1 := τ2Z̄1 + (τ2 − τ1)Z̄2,
Π̄2 := Q̄1 + Q̄2 + (τ2 − τ1 + 1)Q̄3,
Π̄3 := diag{−Q̄3,−Q̄1 − Q̄3,−Q̄2 − Q̄3,−γ2I},
Ψ̄ij := τ2X̄ij + (τ2 − τ1)Ȳij ,
Φ̄ij :=

[

0 N̄ij M̄ij − N̄ij − R̄ij R̄ij −M̄ij 0
]

,

Ξi :=








−U1 −I 0 AiU1 + B1i
~Ci Ai

−ST −V T
1 0 ~Ai V T

1 Ai + ~BiCi

0 0 −I LiU1 + B3i
~Ci Li

0 0 0 0 0

AdiU1 Adi 0 D1i

0 V T
1 Adi + ~BiCdi 0 V T

1 D1i + ~BiD2i

LdiU1 Ldi 0 D3i

0 0 0 0









,

[

H1 H2

]

:=




















0 0 0 0 0 0

V T
1 Adi + ~BiCdi 0 0 0 0 0

0 0 0 0 0 0

0 εijIn 0 0 0 0

0 0 0 0 0 0

0 0 εijIn UT
1 0 0

0 0 0 0 0 0





















,

H3 :=
[

0 E1iU1 + E3i
~Ci E2iU1

]

,

Ēi :=
[

0s2×(3n+q) E1i 0s2×n E2i 0s2×4n E4i

]

,

W̄i :=
[

WT
1i WT

1iV1 + WT
2i

~BT
i WT

3i 0s1×(8n+m)

]T
.

Moreover, an admissible switched dynamic output feed-

back controller in the form of ΣC can be constructed as














Âi = V −T
2

(

~Ai − V T
1 AiU1 − ~BiCiU1

− V T
1 B1i

~Ci − ~BiB2i
~Ci

)

U−1
2 ,

B̂i = V −T
2

~Bi, Ĉi = ~CiU
−1
2 , i ∈ I.

(19)

with UT
2 V2 = S.V.D

(

S − UT
1 V1

)

.

Proof. The proof is omitted here due to the space limita-

tion.

It is noted that the H∞ performance index γ described in

Theorem 3.2 can also be optimized by the following convex

optimization algorithm [41].

Algorithm 3.1. min γ, subject to LMIs (15)-(18).

IV. AN ILLUSTRATIVE EXAMPLE

In this section, we demonstrate the advantages and less

conservatism of the proposed approach in this paper via a

numerical example.

Consider the following two-mode uncertain discrete-time

switched delay system of the form ΣS with parameters as

follows

A1 =

[

0.4725 0.3675
0.105 1.05

]

, A2 =

[

0.483 −0.42
−0.21 1.05

]

,

Ad1 =

[

−0.0525 0.105
0 0

]

, Ad2 =

[

0.0525 −0.21
0 0

]

,

B11 =

[

1
0.5

]

, B12 =

[

1
−0.5

]

, D11 =

[

−0.5
0

]

,

D12 =
[

0.5 0
]T

,W11 = W12 =
[

0.002 0
]T

,
C1 =

[

0.6 0
]

, C2 =
[

0 −0.6
]

, Cd1 =
[

0.1 0
]

,
Cd2 =

[

0 −0.1
]

, B21 = B22 = D21 = D22 = 0.1,
L1 = −L2 =

[

0.6 0
]

, Ld1 = Ld2 =
[

0.02 0
]

,
B31 = B32 = D31 = D32 = 0,W21 = W22 = 0.001,

W31 = W32 = 0, E11 = E12 =
[

0.0015 0
]

,
E21 = E22 =

[

0 0.001
]

, E31 = E32 = 0.002,
E41 = E42 = 0, J = 0.2, F (k) = sin(k).
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Fig. 2. State response of the open-loop system

The time-varying delay τ(k) is assumed to satisfy (2) with

τ1 = 2, τ2 = 6 and the initial condition sequence is given

by ϕ(k) =
[

−0.3e(k+5)/3 0.5
]

. −τ2 ≤ τ(k) ≤ 0. The

exogenous disturbance input w(k) ∈ l2[0,∞) is given by

w(k) = 0.001e−0.003ksin(0.002πk).

The objective is to design a switched dynamic output

feedback controller such that the resulting closed-loop

system is robustly asymptotically stable with a minimized

disturbance attenuation level γmin . It is found that there is

no feasible solution based on either the delay-independent

method or the delay-dependent method in [22], [36].

However, by applying Algorithm 3.1, one indeed obtains a

feasible solution with the optimal H∞ performance index

γmin = 5.5378 and controller parameters as follows

Â1 =

[

0.3617 0.6429
0.4779 0.0236

]

, Â2 =

[

0.0785 −0.6596
0.0351 0.0329

]

,

B̂1 =
[

3.3008 9.6869
]T

, Ĉ1 =
[

0.0175 −0.076
]

,

B̂2 =
[

23.0965 7.1425
]T

, Ĉ2 =
[

0.0297 0.0233
]

.
With the above initial condition and randomly generated

switching signal and time-varying delay between τ1 = 2 and

τ2 = 6 shown in Fig. 1, state responses of the open-loop

system and the closed-loop system are shown in Fig. 2 and

Fig. 3 respectively, while Fig. 4 represents time response of

the control input. It can be observed that the performance of

the resulting closed-loop system is satisfactory.

A more detailed comparison between the minimum H∞
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Fig. 3. State response of the closed-loop system
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Fig. 4. Time response of the control input u(k)

performance indexes γmin obtained based on different meth-

ods for different cases is summarized in Table I. It is shown

from this table that γmin increases as τ2 increases when

the delay lower bound τ1 is fixed and γmin decreases as

τ1 increases when the delay upper bound τ2 is fixed. The

results clearly demonstrate that the delay-dependent switched

Lyapunov-Krasovskii functional proposed in this paper is

a much richer class of Lyapunov function candidates and

the corresponding controller design approach produces much

less conservative results.

V. CONCLUSIONS

In this paper, based on a new delay-dependent switched

Lyapunov-Krasovskii functional combined with Finsler’s

TABLE I

COMPARISON OF MINIMUM H∞ PERFORMANCES FOR DIFFERENT CASES

Case I: for different τ2 with given τ1 = 2

method τ2 = 3 τ2 = 4 τ2 = 5 τ2 = 6
algorithm 3.1 1.0846 1.7125 2.6283 5.5378

[36] 1.4639 2.1777 3.5770 ∞

delay-independent method 4.9679 ∞ ∞ ∞

Case II: for different τ1 with given τ2 = 6

method τ1 = 3 τ1 = 4 τ1 = 5 τ1 = 6
algorithm 3.1 3.0194 1.9966 1.2575 0.7287

[36] 4.7483 2.7692 1.8337 1.1472
delay-independent method ∞ ∞ 4.9679 1.4837
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Lemma, an improved approach has been developed to study

the delay-dependent robust H∞ output feedback control for

a class of uncertain discrete-time switched linear systems

with interval-like time-varying state delay. It is shown that

the controller parameters can be obtained by solving a set of

linear matrix inequalities. A numerical example is presented

to demonstrate the effectiveness and less conservatism of

the proposed approach in comparison with the existing

approaches. It is also noted that the proposed method can

be easily extended to solve some other issues on discrete-

time switched delay systems such as H∞ filtering or mixed

H2/H∞ filtering problems.
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