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On the Dynamic Programming Approach to Multi-Model Robust
Optimal Control Problems

V. Azhmyakov, V.G. Boltyanski and A.S. Poznyak

Abstract— The aim of this paper is to extend the Dynamic
Programming (DP) approach to multi-model optimal control
problems (OCPs). We deal with robust optimization of multi-
model control systems and are particularly interested in the
Hamilton-Jacobi-Bellman (HJB) equation for the above class
of problems. In this paper, we study a variant of the HJB
for multi-model OCPs and examine the natural relationship
between the Bellman DP techniques and the Robust Maximum
Principle (MP) [7], [8], [9], [18]. Moreover, we describe a
concept for practical calculations in the context of multi-model
LQ-problems and derive the associated Riccati-type equation.

[. INTRODUCTION

The theory of OCPs governed by ordinary differential
equations is well established since middle of the 20-th
century, see e.g., [11, [3], [4], [5], [6], [10], [14], [16], [17]
and the references therein. For a classical OCP, the main
tools toward the contstruction of optimal trajectories, and
then optimal synthesis, are the celebrated Pontryagin MP
and the Bellman DP.

Recently robust optimization problems for multi-model
control systems have attracted a lot of attention, thus both
theoretical results and applications were developed, (see [7],
[8], [9], [18], [19]). OCPs for multi-model dynamical sys-
tems arise in the control of mechanical multibody systems,
electrical circuits and heterogeneous systems, where different
models are coupled together. The majority of applied OCPs
are problems with incomplete information on the model
structure or parameters. The multi-model control systems
provide useful theoretical models for some classes of dynam-
ical systems with the above-mentioned type of uncertainties.
In this case one of the most efficient approaches to the
optimal design of such systems is the robust optimization
technique. Optimal robust control strategies based on the
minimax algorithms have found a wide use in design of com-
plex control systems. Robust MP proposed by Boltyanski and
Poznyak (see e.g., [7], [8], [9], [18]) is the basic analytical
result for studying OCPs with multi-model controlled plants.
This result was recently extended to some effective numerical
procedures [19]. On the other hand, the Bellman DP is not
far enough advanced to multi-model OCPs.

The purpose of this paper is to apply the classic DP
techniques to a class of multi-model OCPs. First, we verify
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the Bellman principle of optimality for the class of problems
under consideration. Second, we derive a (robust) version
of the HIB equation. It should be stressed that our main
result deals with a finite parametric set involved into a model
description. We also apply the HJB equation to a multi-
model LQ-problem (see [9], [18]) and derive a parametric
Riccati equation. Moreover, the obtained theoretical facts are
considered in comparison with the corresponding theorem
resulting from the application of the Robust MP to multi-
model LQ-problems [18]. In such a manner we establish the
natural relationship between DP and the Robust MP for the
given class of LQ-problems (see e.g., [11]).

The remainder of our paper is organized as follows. Sec-
tion 2 contains a problem formulation, some basic concepts
and preliminary results. Section 3 is devoted to the main
result of this paper, namely, to a variant of the HIB equation
for multi-model OCPs. Moreover, we also deal with the
corresponding verification techniques. In Section 4 we apply
our theoretical results to the multi-model linear quadratic
problems and deduce a Riccati-formalism similar to the
classic LQ-theory. Section 5 summarizes the paper.

II. PROBLEM FORMULATION AND
PRELIMINARY RESULTS

Consider the following initial-value problem for a multi-
model control system

&(t) = f(t, z(t),u(t)) a.e. on [0,t7], z(0) =z¢ (1)

where u(t) € U is a compact subset of R™, 2y € R" is
a fixed initial state and f® : [0,t7] x R™ x R™ — R™ for
every « from a finite parametric set .A. Note that parameter
« indicates the corresponding “model” (or “realization) of
the multi-model system under consideration (see [7], [8], [9],
[18], [19]). Let us introduce the set of admissible control
functions

U = {u(-) € L7 ([0,2])

Here L29([0,tf]) is the standard Lebesgue space of
(bounded) measurable functions w : [0,¢¢] — R™ such that
esS SUPyeqo¢,] |[u(t)|[rm < co. In addition, we assume that
for each o € A, u(-) € U the realized initial-value problem
(1) has a unique absolutely continuous solution z*(-).
For some constructive existence and uniqueness conditions
see e.g., [5], [17], [14]. Let u(-) be an admissible control
function. This control gives rise to the complete dynamic
of the given multi-model system (1), and we can define the
(n x |A|)-dimensional “state vector” of (1)

: u(t) €U ae. on [0,tf]}
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In a similar way one can consider a “trajectory” of (1) as an
absolutely continuous (n X |.Al)-dimensional function X *(-).
In the following, we will use the additional notation

F(taXv u) = (fal (t,SE,U), "'afa‘A‘(tvxvu))aeA

For every o € A, u(-) € U we consider the cost functional

ty

()2 0) 1= [ folt,a™ (), utt)at
where fo : R x R® x R™ — R is a continuous func-
tion (the integrand of the cost functional). Clearly, func-
tional A(u(:),z*%(-)) is associated with the corresponding
realized model from (1). If we assume that the realized
value of the parameter « is unknown, then the worst
cost (highest cost) can be easily defined as J(u(:)) :=
maxqae4 h(u(-),z%%(-)). Note that the "common” cost func-
tional J depends only on the given admissible control u(-).
Let us now formulate the robust (minimax) OCP for a multi-
model control system

minimize J(u(-)) subject to (1),a € A,u(-) €U (2)

Roughly speaking, in the context of problem (2) we are
interested in a control strategy which provides a “good”
behavior for a given collection of models from (1) even in
the case of the “worst” cost. A pair (u(-), X“(-)), where
u(-) € U, is called an admissible process for (2). Note that
we consider admissible processes defined on the (finite) time
interval [0,].

Remark 1: Multi-model OCPs of the Bolza-type have
been studied in [18]. Let us examine the Bolza cost func-
tional associated with the multi-model system (1)

R(u(), 2 ()) = pa(ty)) + / " ot (1), u(t))dt

where ¢ : R” — R is a continuously differentiable function
(a smooth terminal term) and f; is a continuous function. It
is evident that for every a € A and u(-) € U we have

- ty

)2 0) = [ g3 (a0 w0
= h*(u(-),z*"("))

where the new integrand f§* of h® is defined as follows

0o(x
[z, u) = q;;)

Here we put ¢(zg) = 0. Since the common cost func-
tional J can also be defined as a maximum over all
h(u(),z®%(-)), a € A, we conclude that the minimax
Bolza OCP (studied in [18]) is in effect, incorporated into
the modeling framework of problem (2).

fo‘(t,x,u)—kf(t,x,u), acA

Next we introduce the concept of a local solution to (2).

Definition 1: An admissible process (u°Pt(-), X°Pt(.)) is
called a (local) optimal solution of (2) if there exists an € > 0
such that J(u°*) < J(u(-)) for all admissible processes
(u(-), X*() with [|X*(:) = X' ()llc, (o, <€

As evident, we understand a local optimal solution of the
multi-model OCP (2) in the context of a strong minimum. We
refer to [1], [10], [17] for the necessary theoretical details.
In the following, we assume that the given OCP (2) has an
optimal solution. Let us denote all auxiliary analytic assump-
tions / hypothesis formulated above as basic assumptions. We
now present the Robust MP which establishes the necessary
conditions for an admissible control to be optimal in the
sense of our Definition 1.

Proposition 1: (Robust MP [18]) Assume that all basic as-
sumptions hold. Let (u°P(-), X °P*(.)) be an optimal solution
of (2). Then there exist non-trivial constants )\g > 0, non-
negative real values p,, where a € A, and an absolutely
continuous function W : [0,¢;] — R™*l satisfying the
following adjoint system:

OH (t, XP!(t), u’P (t), W(t), \°)
N dxe 3)

U(1) =
U(ty) =0
and the maximality condition:
H(t, X Pt ufPt(t), U(t), \°)
= ma H (8, X7 (1), 0, W(t), \°) “)
for a.e. t € [0,tf], where
H(t, X, u, U, \) := (U, F(t, X, u)) —
= > A folt, @™ (1), ulh)),

acA
(t,u, X, 0,00 € [0, 5] x R™ x R?¥AD 5 grxIAl s RIA
is the Hamiltonian for (2) and \° := (AQ,,..., A3, )

Moreover, for every a € A the following complementarity
slackness | transversality conditions are satisfied:

pa (B (), () = T@™())) = 0
Ao = o =0 ®

where 2*°P!(.) is the a-components of X °P*(-).

Finally, we give an easy lower estimation of the minimal
value of J in (2).

Theorem 1: Under the above-formulated basic assump-
tions, the following inequality is satisfied
in h .7a,u'<J opt_.
max min, (u(-), z*" () < J(u())
Proof: Clearly,

min h(u(), 2% () < hu(), 24 ()

for every a € A, u(-) € Y. Hence

in h Y, au)) < J .

max min (u(-),z*"() < J(u("))
for every u(-) € U. Since u°P*(-) € U, it follows that the last
inequality is also satisfied for an optimal control u°P*(-). W

The presented result characterizes a relation between min-
imal value of J in (2) and the maximum of costs computed
over all of partial” OCPs formulated for every model from
the given multi-model system (1).
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ITII. THE ROBUST VERSION OF THE
HAMILTON-JACOBI-BELLMAN EQUATION

In this section we present our main results, namely,
a variant of the Bellman principle of optimality and the
corresponding HIB equation for the robust OCP (2).

Using the well-known (DP) techniques of the invariant
embedding (see e.g., [12], [15]), we define a family of multi-
model control systems over [s, ]

z(t) = fE(t, z(t),u(t)) a.e. on [s,tf], (0) =y* (6)

where (s,y*) € [0,t7) x R™ and u(-) belongs to the set
Us = {u(-) € L7 ([s, t5]) -

LetY := (y',...,y*4 ) and z := (s,Y) € [0, ) xRP¥IAL
Similarly to Section II we also introduce the following

notations X ¥(t) := (Jﬂ?l’u(t) s u(t))aeA and
hz(u( / fo t ,:Zjo‘u

Ja(u() : —ma;fh( u(-),z2"(+))

u(t) € U a.e. on [0,tf]}

su(t))dt

where £$°%(+) is a solution of (6) to a control function wu(-)
from Us. Moreover, we define a “trajectory” X“(-) of (6).
In parallel to (2) we also study the family of OCPs

minimize J,(u(-)) subject to (6),a € A,u(-) € Us (7)

In fact, problem (7) represents OCPs parametrized by a pair
z=(s,Y) € [0,t;) x R™IAI Tt is evident that the initial
OCP (2) is "embedded” in this family of problems for values
s =0, y* = xp. Analogously to Section II we assume that
every problem (7) has an optimal solution (uP(-), X2P!(-))
(in the sense of Definition 1). Further, we define the value
function of (7)

V(s,Y):= inf [J.(u()] Vze[0,ty) x R™MI

u(-)EUs
Vit Y)=0 VY € R

First, let us prove the Bellman optimality principle in the
case of a possible "non-additive” cost functional J from (2).

Theorem 2: Let all basic assumptions from Section II
hold. Then for any z € [0,%;) x R*¥I4I,

V(s,Y)= inf max/ fo(t,x " (t), u(t))dt

u(-)eUs ~a€A
+V(8,X2(3)] VO<s<3§<ts

®)

Proof: Using the definition of the value function, we
deduce that

Vs Y) < mag[ [ ottt 0, u(t)a

* / 7 ot a0,
/htm w())dt] + V(3 X2(3))

for every control w.(t) := 1 s (t)u(t) + Lz, (t)uP'(:)
from Us. Here x%%(-) is the a-component of X2P!(-) and
1,(-) is a characteristic function of a time-interval 7. From
(9) we obtain

w2 (t))dt] ©)

Vs Y) < it gg/ﬁ) u(t))dt+
+ V(3 X2 (3))]

On the other hand there exists a control function us(-) € Us
with the following property (see e.g., [12])

(10)

V@Jv+az$%[13um@%wwxmﬁ

V(5 X26)] = ik [V(5,X2(5)

+r(§1éﬁ</s‘ Jo(t, z2(t), u(t))dt]

(1)

where x29() is the a-component of X9(-) (the set of
solutions to (6) corresponding to the control us). Combining
(10) and (11) we obtain (8). |

We now turn back to the initial minimax OCP (2). Let
(0V(t,X)/0x%) 4 be the gradient of V with respect to the
vector x := (221, ..., 2!, Using the above result, we are
able to establish the robust version of the HIB equation for
the multi-model OCP (2).

Theorem 3: Let in addition to the basic assumptions from
Section II all functions f¢, o € A and fy be uniformly
continuous. Moreover, assume that f¢, o € A are Lipschitz
with respect to « uniformly in (¢ x u) € [0,t¢] x U. Suppose
that V is a continuous differentiable function. Then there
exists a vector A := (\q,,...,Aq, , ) € Sa such that V' is
a solution of the following boundary value problem for the
(HJB) partial differential equation

OVt X)
ot

e (6.0, - (55550) ) =

V(t, X) € [0,tg) x R™MI V(t,, X) =0
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where H is the Hamiltonian from Proposition 1 and

Sa={ eRM : X\, >0 Vacd Y r=

acA

is a barycentric system.

Proof: Let u(t) = u € U and X}(-) be the correspond-
ing trajectory of (6). From (8) we deduce

1

—[- (VG X23) -

— max
acA / fO
Using (13) and a representation of a finite maximization

problem by an equivalent linear programm over a system
of barycentric coordinates, we obtain

V(s,Y))
(13)
), u)dt] <

[ (V.X28) - V(s Y))

— g?é{sA Z )\ 5 s / fo t x® u )dt]

= [ (V. XEE) - Vis V) 9
— )\(Srg?é(sA Z )\ S S / fo )dt}

<0

where A(s,8) € Sy for every 0 < s < § < t;. We
now take the limit as § — s in (14). Since {A(s,-)} is
a bounded sequence, there exists at least one accumulation
point M\ (s) € S4 of this sequence (see e.g.,[20]). Using the
continuity/differentiability properties of fo and V', we obtain
the inequality

oV (s,Y) oV (s,Y)
T <( Do )A’F(S’Y’“)> as)
- Z AL(s) fo(s, ™ u) <0

acA

for all u € U. Here A (s) € S.4 is a solution of the following
linear programm maxy(s)es, Y aca AalS)fo(s,y%,u) for
every s € [0,t7]. Note that this linear programm is a
consequence of the limiting process (as § — s) applying
to the maximization-procedure in (14). Since we deal with
a linear programm over the barycentric set S 4, the value
AL(s) for all 5 € [0, ] belongs to the set of vertexes of S 4.
Recall that the existence of an optimal solution to every (7)
is assumed. Since (15) is satisfied for all uw € U, we deduce

the next inequality

_OV(s,Y)
g vV (s,Y) (16)
) 31
+ quleal}(H(S,Y,u, _(GT)A’)\ (s)) <0

Alternatively, for any § > 0 and for a small (§ — s), there
exists a control function us(-) € U, such that (see e.g., [12])
>

s / folt

Vi(s,Y)+0(5— us(t))dt

+V(5,X5(3)

where 2299(-) is the a-component of X?(-) (the set of
solutions to (6) corresponding to the control us). Applying
the above-mentioned representation of a finite maximization
problem by an equivalent linear programm over a system of
barycentric coordinates, we get

L[ (v xIE) -
_gleaj‘( / Jolt, 29 (1), us(t))dt]
= —[-(V(3,XI(3) -

s§— S

V(s,Y))

a7

V(s,Y))

- max

Aa(s, 8 t,x
Ms,g)esAanA (5.3 [ o

This implies the following

1 / [_ oV (t, X3(t))

us(t))dt]

_5<
6_§fs ot

= 30 X, 8) o122 (1), us (1)) | at
acA
_ 1 [ ove X))
-5 / [ B ot
s

+ H (4 X200, us (), f(W)A,AZ(S,é)ﬂdt
where A2 (s, 8) is the a-component of the vector function
A?(s,8) € S4 which is a solution of the linear programm
in (17). Since we deal with a linear programm over the
barycentric set S 4, the value A?(s, 3) belongs to the set of
vertexes of S 4. Consequently,

—0= 5 i s /: [_ %)t(g(t))
cpsg(xzon o (KO )l
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Using the uniform continuity of the functions f¢, o € A, fo
and the boundness of the function A\?(s, §) we can define the
accumulation points in the right hand side of the previous
inequality as § — s. Thus, we deduce the inequality

We now consider the procedure mingeo s, MiNyer(s,)
for the left hand side of (16) and the procedure
maxye(o,t,] MaXyer(s,) for the right hand side of the last
inequality, where ver(S,) is the set of all vertexes of
the system S 4. Note that the Hamiltonian is a continuous
function of time and the above procedures are consistent in
the sense of the minimization with respect to the time value.
Let now A%, \%2 € verS 4 are solutions of the corresponding
minimization and maximization procedures. This implies that

- sy () ) <o
02 PG sy (TR )

for some A%, \92 ¢ ver(S4) and all s € [0,¢s]. The
Hamiltonian H is a continuous (linear) function with respect
to the last variable. Therefore, from the last two inequalities
and from the generalization of the Bolzano Theorem we
deduce the existence of a constant vector \° € S4 such
that the HJB in (12) is satisfied. |

Using some techniques of the classic Bellman DP, one
can establish the relationship between Robust MP and the
HIB from Theorem 3. This relationship is analogous to the
standard result from the classic optimal control theory (see
e.g., [3], [4], [15])).

Theorem 4: Let in addition to the assumptions of The-
orem 3 all functions f* « € A and fy be continuously
differentiable with respect to = and the derivatives are
Lipschitz with respect to z uniformly in (¢ x u) from
[0,tf] x U. Suppose that V' is a continuous differentiable
function and that its derivative OV (¢, -) /Ot is continuous dif-
ferentiable. Let ¥(-) be the adjoint variable from Proposition
1 and (u®P!(-), X°Pt()) be an optimal solution of (2). Then
—(0V (t, XPH(t))/0x*) 4 = W(t) for all t € [0,¢y].

The main motivation of the introducing DP is that one
might be able to compute an optimal control strategy via
the value function. Recall that the classic result which gives
a way to construct an optimal control is called verification
theorem. Let us now formulate the corresponding result for
the multi-model OCP (2).

Theorem 5: Let all assumptions of Theorem 3 hold. Sup-
pose that there exists a vector A’ € S 4 such that v (a veri-
fication function) is a continuously differentiable solution of
(12). An admissible process (u°P*(-), X°P*(-)) is an optimal
solution of (2) if and only if

vy (t, XoPt(t))

ot
o (PO
= H(t,Xopt(t)vuopt(t), _(%W)A’/\(U

for a.e. t € [0,1y].

Finally, note that Theorem 5 is an immediate consequence
of Theorem 3 and some standard techniques from the classic
Bellman DP (see e.g., [3], [4], [15]).

IV. DYNAMIC PROGRAMMING APPROACH TO
MULTI-MODEL LQ-TYPE PROBLEMS

In this section we apply the obtained theoretic results,
namely, Theorem 3 and Theorem 5 to a multi-model LQ-
problem. Let us consider the following special case of (2)
(see [18], [19] for details)

minimize J(u(-)) subject to
() = A%(t)xz(t) + B (t)u(t) + d*(¢t), x(0) = g

where d(t) € R", A*(t) € R"*™, B*(t) € R™™ for all
a € A, tel0,ty]. The control region U in (18) coincides
with the full space R™ and the admissible control functions
are assumed to be square-integrable. We also assume that
functions A%(-) and B“(-) are continuous and introduce the
quadratic cost functional

1

A(u(),2™4()) = /O " 2T Q2" (t) + u(®)T Ru(t)dt

where () is a symmetric positively semidefinite matrix and
R is symmetric positively definite matrix. Note that the
general LQ-problem of the Bolza type for a linear multi-
model system can be reduced to the OCP (18) in the sense
of the above Remark 1.

For (18) we can rewrite the HIB equation as follows

- PG o [ (F) P X))

+ % DA (2 ()T Q1)) + u(t)TRu(t)]
acA

where v(t;, X)) = 0 and v is a (smooth) verification function.
We now define the robust optimal control

uopt(t) _ _R—l Z )\gBa(t)T a’U(t,X)
acA

(18)

ozx®
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where Ov(t, X)/0x® is the n-dimensional a-component of
the full n x |.A|-dimensional vector (Ov(t, X)/0x) 4. Let
A(t) := diag{A*(t)}a, B(t) := diag{B"(t)}.4,
Q := diag{Q}.4, R := diag{R}.4, A := diag{\3} 4
be blocked diagonal matrices for all ¢ € [0, ¢ y] and moreover,

d := diag({d*(t)}4). Replacing u by u°P! in the above
equation, we obtain

_ Ou(t, X) _ (6v(t,X

))ZA(t)x + %AXTQX

ot dz™
() i (M)
(0 g

where x := (21, ...,z®“Al), . This is the HIB equation for
the LQ-type multi-model OCP (18). Following Dreyfus [13],
we conclude that for a given vector A\° the solution to (19)
as a quadratic function v(t,z) = 1xTPo(t)x + pro(t)Tx,
where P(t) is a symmetric positively definite matrix and
p(t) is a “shifting” vector for all ¢ € [0,ty]. Applying this
verification function v to (19) we obtain the main theorem
for the LQ-type multi-model OCP (18).

Theorem 6: The robust optimal feedback control for the
multi-model LQ-problem (18) has the following linear form
u(z) = —R7'BY (Pyox+pyo), where the (Riccati) matrix
P o satisfies the parametric boundary value problem

Py +PyowA+ AP0 —PuwBR 'BTP,o+
+ AQ =0, P)\o(tf) =0
Moreover, the shifting vector pyo is also a solution of the
boundary value problem
pro +ATpro —PLBRBTP,,
+Py,d=0, prlty) =0
Clearly, Theorem 6 is a variant of the verification Theorem
5 and coincides with the corresponding result from [18]. The
parametric equations from (20) and (21) provide a basis for

an effective numerical treatment of the LQ-type multi-model
OCPs (18) (see [19] for details).

(20)

21

V. CONCLUSIONS

This paper deals with DP techniques and with a robust
variant of the HJB equation for multi-model OCPs. We
establish the relationship between the Robust MP and the
obtained variant of the HIB equation for multi-model OCPs.
In particular, for the LQ-type OCPs we deduce the Riccati-
formalism and show that the results obtained using the robust

HIJB equation coincide with consequences of the applications
of the Robust MP to the multi-model LQ-problems.

Finally, note that the main results presented in this paper
are based on the assumption that the value function and the
verification function are smooth. It is well known that this
assumption does not necessarily hold and that the viscosity
solution theory provides an excellent framework to deal with
the above problem [2]. Evidently, a generalization of the
viscosity concepts to the multi-model OCPs is a challenging
problem which provides a new perspective in the optimal
control of multi-model systems.
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