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Abstract— The problem of output voltage regulation by
means of partial state and parameters information for the DC-
to—DC Cuk converter is addressed and solved. It is shown that
the combination of a full information controller with a stable
state and parameters estimator, designed using the immersion
and invariance technique, yields a globally asymptotically
stable closed—loop system. A few simulations complete the
paper.

Keywords: Power converters, Adaptive stabilization,
Lyapunov Analysis.

I. INTRODUCTION

The DC—to-DC Cuk converter is one of the most studied
power converters. Goal of this converter is to invert the
polarity of the input voltage and to step-up or step-down
its absolute value. Its main application is in regulated DC
power supplies, where an output voltage with negative
polarity with respect to the common terminal of the input
voltage is desired. Moreover, the use of inductors in the
input and output loops induces very little input and output
current ripple. This is a significant advantage over other
inverting topologies such as the buck—boost and fly—back.

The output voltage regulation problem for the DC—to-DC
Cuk converter, operating in continuous conduction mode,
has attracted the attention of many researchers. Besides its
practical relevance, this system is an interesting theoretical
case study because it is a switched device whose averaged
dynamics can be described by a fourth order bilinear
model with saturated input and highly uncertain parameters,
namely the load resistance and the input voltage. Moreover,
with respect to the available measured states, the system
is non-minimum phase, hence standard output feedback
stabilization tools for nonlinear minimum-phase systems are
not applicable.

Nevertheless, the problem of output voltage regulation
for the DC—to-DC Cuk converter has been addressed and
solved using various techniques. In particular, classical
linear design tools have been used in [3], whereas the appli-
cability of advanced nonlinear methods, such as feedback
linearization [9], passivation [5], [11], sliding mode [12]
and H., design [4], has also been investigated. However,
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in spite of this intensive research activity, the problem of
output voltage regulation with partial state and parameters
information has not yet been solved.

Goal of this paper is to address and solve this problem. In
particular, the problem is solved combining a full informa-
tion controller, derived using simple energy considerations,
in the spirit of the results in [5], [6], with a state and
parameters estimator, which relies on the general results
developed in [1].

It is assumed that only the input capacitor voltage and
the output inductor current are measured. These are then
used to construct, under suitable assumptions, asymptotic
estimates for the input inductor current, the output voltage,
the load resistance and the input voltage (assumed constant).
The estimated states and parameters are then used to replace
unmeasured quantities in the full information control law.

The rest of the paper is organized as follows. In Section
Il we present the average model of the DC—to-DC Cuk
converter and we give a precise definition of the control
problem of interest. Section III is devoted to the design
of a full information state feedback controller. We propose
two possible solutions, the former requires only minimal
information on the system, the latter needs the knowledge
of (almost) all states and parameters. Section IV is devoted
to the development of the estimation algorithm, whereas
in Section V we propose and analyze two adaptive partial
information feedback schemes. Finally, in Section VI we
illustrate the theory with a few numerical simulations and
in Section VII we present some concluding remarks.

II. THE MODEL OF THE DC-T0-DC CUK CONVERTER

The averaged model of the DC—to-DC Cuk converter
shown in Fig. 1 is given by the equations

Ly Eil = —(1—u)U2+E
d
Cy—vy = (1—u)i1—|—ui3
dt 1
t (1)
L —ig = —UV2 —UV4g
St
d
C4 £U4 = 2'3 — GU4

where 71 and 73 describe the currents in the inductances L
and Ls, respectively; vo and vy are the voltages across the
capacitors Cs and Cy, respectively. Ly, C3, L3 and Cy are
also used (with a slight abuse of notation) for the values of
the capacitance and of the inductances, respectively. Finally,
G represents the load admittance, E the value of the voltage
source and w a continuous control signal, which represents
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the slew rate of a PWM circuit used to control the switch
position in the converter.

It must be noted that, because of physical considerations,
the state vector = = [iy, ve, i3, v4] ' is constrained in the
set

D=R.o xRy xRep xR, 2

As a result, in what follows we will implicitly assume that
x(t) € D for all t.

Goal of the control is to regulate the voltage V4 across the
load, which is equivalent to regulate the capacitor voltage
v4 to the constant value V.

Note now that the steady-state relationship between the
output voltage V; and the duty cycle u is given by

U

V:
d 1—u

Moreover, setting the duty cycle u to a constant value, the
equilibria (i1, 2,3, 74) of system (1) verify the following
relations
512%’02, 172:—(174—E), {3:G17)4. 3)
As a result, setting v4 = —V/, yields
GV? Va
e = —==, Vou = Vg + E, iz, = —GVy, u, = .
(51 R d+ £, 3 d, U Vit E
“)
In what follows we show that the considered control goal
is achievable with a bounded control signal and with partial

state and parameters information, i.e. under the following
standing assumptions.

C1 vy and i3 are the only measured states. Moreover, all
parameters are constant and £ and G are unknown.
C2 The control w is such that u(t) € (0, 1), for all ¢.

Lt G2 L3
E u (1 _u) 04 T |:| G
Fig. 1. DC-to-DC Cuk converter circuit.

III. FULL INFORMATION CONTROLLERS

In this section we present a full information controller
yielding global asymptotic stability of the desired equilib-
rium.

Proposition 1: Consider the DC—to—-DC Cuk converter
model (1) in closed—loop with the full information controller

GVdv2+E(z'3—z'1)
14 [GVyvy + E (i3 —i1))°

Upr = + Uy (5)

where A\ = A(z) is any non-negative function of = and such
that
0 <A< 2min(uy, 1 — uy).

Then for any Vz > 0 the equilibrium
Ta = [115, V2 s 135, —Vd]T
is globally asymptotically stable. Moreover, the function
Hy(%) = 1L113+4 3Co03 + 2L3i% + 1403, (6)
where T = x — x,, is a Lyapunov function for the closed—

loop system. Finally, upy is such that upr(t) € (0,1) for
all ¢.

Proof: To begin with note that in terms of the error
variable & the DC—to-DC Cuk converter dynamics (1) is
described by the equations

d -
LlEil = —(1-uw)ve+ (Va+E)u
d - -
Lo = (1—wih +uis—GVa(l+2)a
4 ET )
LBE% = —uly—10s— (Vag+E)a
d . ~ .
C4£v4 = i3— Gy

where & = u — u,.

Note now that the function H, is positive definite,
radially unbounded and has a unique minimum for z = 0.
Moreover, one has

_<Vd+E

Hy = =

> [GVyvs + E (i3 —i1)] @ — G o3
Thus, replacing the control law (5) in Hd, i.e. setting u =
upry and hence & = upr — uy, yields
Hy=—-Gv?
i\ (Vd + E) (G Vaws + B (is —i)]*  _ 0
E ) 1+4[GVivy+E(is—i1)]> ~ .
This implies that the closed—loop system is globally stable

and that all its trajectories converge to the largest invariant
set contained in

R {xemA[GVdUQ+E(¢3—¢1)]2+G@§:o},

This implies that, on the set S, u = u,, and that
=0=>v=-V;=0,=0=1i3=—-GVjy,
yielding
i3=0=vy=FE+V;=0=0.
Finally,
' ilngd2:>i'1:O,
E

which shows that the largest invariant set of the closed—loop
system compatible with the conditions v4 = 0 and u = u,
is the equilibrium point z,.
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To complete the proof note that the control signal is the
sum of two signals, u, and
GVyvy +E(i3 —il)
1+ [GVyvy + E (i3 — i1)]?
which is bounded in modulo by \/2. ]
As a simple consequence of Proposition 1 we give the
following result.

Corollary 1: Consider the DC-to-DC Cuk converter
model (1) in closed—loop with the full information controller
Vi
E+Vy

Then, for any V; > 0 the equilibrium

Y

&)

U= Uy =

Ty = [Z.l*7 V2x, i3*) _Vd]T
is globally asymptotically stable.

The control law in Corollary 1 is indeed very simple, as
it requires knowledge of F only. However, because of its
simplicity the resulting performance may be unacceptable
in practice.

IV. ADAPTIVE OBSERVER

In this Section we present one of the main contributions
of this paper, namely an estimation algorithm yielding,
under suitable assumptions, asymptotic estimates for the
unmeasured states and the unknown parameters.

Proposition 2: Consider the DC—to—-DC Cuk converter
described by equations (1). Assume that the physical pa-
rameters Lq, Co, L3, C4 are known.

Consider now the system

E = —LiTy [(1-@) (i + CaTawy) +is| (10)
4 1 " ;
W= —[-0-du+E+L G an
1
T, [(1 — @) (b + CaTa ) + faig}
é = (ﬂ—rgig) |:ﬂv2+(@4—L3r3i3):| (12)
Ls
—i3 4
C A s LaTa 2\ (a
5 s Gty — BB (s — Lo Tyis) |

Cy
+T3 { —Gvg — (g — L3T3 13)}

where @ is any known signal such that @(t) € (0, 1 —¢),
for some € € (0,1).

Then there exist positive constants 'y, I's such
that for any I's > O and any initial condition
[E(0), 71(0), G(0), 02(0)] the following hold:

lim; oo(E+ L1 CoTiva—E) = 0 (14)
hmt—»oo(il + CoT'5v9 — il) = 0,
exponentially, and
(é+0423_%L3F3Z§_G) € Eoo (15)
(’04 — L3T313 —1}4) € L.

Moreover, if vy € Lo and vy < —o, for some o > 0, then

limg oo (G + ads — SL3T3i3 —G) = 0, (16)
hmt—>oo(04 — L3 Fg i3 — 1]4) = O7
exponentially.
Proof: To begin with define the estimation errors
z1 = E+L102F12)2—E
29 = i1+ CeTovy —iy
A 1 5 a7
z3 = G+0413— §L3F323 -G
Z4 = ’04 —L3F3i3 — V4.

Straightforward computations show that the estimation er-
rors satisfy the equations

7;‘1 = —L1 Pl (1 — ﬁ) z9
Llel —Fg(l—ﬂ)ZQ
L% (174 —L3I's i3) 24

Z4 = —%4(@4—1131—‘3@'3)23—<%+F3)Z4.

Zo =
: (18)
z3 =

Equations (18) can be regarded as two decoupled subsys-
tems, one with state (21, 22) and one with state (z3,24).
Therefore, to establish the claims, we consider these two
subsystem separately.

For, rewrite the (z1, z2) subsystem as the feedback inter-
connection of the system

21 _ 0 _Ll F17d 21 + L1 Fld

| T & Tad ||z Tod | ™
_ <1
i [0 1] { . }

with the static nonlinearity

19)

W= ——=19,

d

where d = 1 (1+€), 6d =d—d, and d = 1 — 4. We
now study this interconnected system using the small gain
theorem. To this end note that, since I'y > 0 and I'; > 0,
system (19) is (globally) asymptotically stable. Moreover,
its Ho, norm is given by

1
Y(p) = :
\/1+2u2«/1+%—2u2—2u
where
M= r2a
Note now that
od 1—¢
d 14¢€’

therefore the closed—loop system will be (exponentially)
stable provided
1—e¢

1+e

(1) <1. (20)
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Hence, to complete the proof of the claim we need to show
that for any e € (0, 1) it is possible to select I’y > 0 and
I's > 0 such that (20) holds. For, note that y(u) > 1 for
any p > 0, and that (20) is equivalent to

Y(p) —1
Y(p) +1
Observe now that the range of the function

() =1
() +1

is the open set (0, 1). Therefore, for any ¢ € (0,1) there
isa g > 0, and hence I'y > 0 and I's > 0, such that
condition(20) holds.

Consider now the (23, z4) subsystem and the Lyapunov
function

1 1
‘/;342—1132?%4—50422.

2
A simple calculation shows that

Viy, = —Cy (g + F3) 23 <0
Ca
and this proves that condition (15) holds. Finally, if v4 €
L~ and vy < —o for some o > 0, we conclude (invoking
standard results on stability of skew-symmetric systems
and the notion of persistence of excitation, see e.g. [10],
[7]) that the origin of the (z3,24) subsystem is (globally)
exponentially stable. [ ]
Remark 1: The condition v4 € L and vy < —o for
some ¢ > 0, which guarantees exponential convergence of
the (23, z4) subsystem can be relaxed as detailed in [8].

V. PARTIAL STATE FEEDBACK CONTROLLERS

In this section we present two asymptotically stabilizing
partial information dynamic control laws for the DC-to—
DC Cuk converter. These are obtained combining the full
information controllers (9) and (5) with the estimation
algorithm presented in Proposition 2.

Proposition 3: Let € € (0, 1). For any V; such that

-1
0<Vi< “—F Q1)
€
the DC to DC Cuk converter described by equations (1) in
closed—loop with the dynamic controller

Va
u = sat[(), 1—¢] m

with E = E4+L,CyTiv, and E computed from
equations (10)—(11), has a globally asymptotically stable
equilibrium at (4).

(22)

Proof: To begin with note that the closed—loop dy-
namics can be written, in the z and z coordinates, as

z=Au)c+bE+p(z1)Dx (23)

!To take into account that £ > 0 we could define £ = max(0, E+
L1CoI UQ). The forthcoming discussion will simply require minor
modifications.

where A(u,), b and D are constant matrices and

Va )

E+z14+Vy o
Note now that system (23) with p(z1) = 0 is globally
exponentially stable. Moreover, as ¢(0) = 0, |p(z1)] <
ko for some 0 < ko < 1, and z; is exponentially converging
to zero, then (see e.g. [2]) system (23) is asymptotically
stable. Hence the claim. ]

Remark 2: The control law in Proposition 3 requires only
partial knowledge on the systems parameters, as it does not
use explicitly the parameters L3 and Cy.

Proposition 4: Let € € (0,1). Consider the DC~to-DC
Cuk converter model described by equations (1) in closed—
loop with the dynamic controller

p(21) = satp,1-¢ (

GVdUQ-FE(ig—El) Vy
u = satjp, 1—¢| = — -2 tE
1+[GVdv2+E(23—zl)] E+Va
(24)

where _ R

E = E+LiCyT v

G = é+04i3—%L3F3i§

i1 o= 11 +CyTou

and E, G, i, are computed from equations (10)-(11) and
(12)—(13).
Assume that v4 € L and vy < —o for some o > 0.
Then, for any Vj; such that condition (21) holds, all
trajectories of the closed—loop system are bounded and are
such that
lim x(t) = 2.
t—oo
Proof: To begin with note that, under the stated
assumptions, the state and parameters estimation errors
converge exponentially to zero. Note now that the closed—
loop system can be described by the equations (7) perturbed
by an additive term which is bounded by

gllz|lu — uprl,
for some positive constant «, and it is such that
lim |u — uF1| = 07
t—o0

exponentially. Consider now the Lyapunov function H 4(Z)
in (6) and note that

: 0Hy
Ha < w5 2wl = ur,

hence

Hy < &l|lE||@ll|u — upr| < &(Ha + p)lu—upr]  (25)

for some positive constants <, & and p. Equation (25)
implies that, along the trajectories of the system in closed—
loop with the partial information controller, H 4 is bounded.
As a result ||z|| is bounded and, by standard properties of
cascaded systems, x converges to x,, and this completes
the proof. [ ]
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VI. SIMULATION RESULTS

Numerical simulations were carried out to assess the
performance of the proposed controllers. The values of the
parameters have been taken from [4], i.e. L1 = 10mH,
Cy =22.0uF, Ly = 10mH and Cy = 22.9 uF. Moreover,
it is assumed that the nominal values for the load admittance
and the input voltage are Gy = 0.0447 S and Ey = 12V,
respectively. The initial conditions for all simulations are
set to z(0) = [ 05 10 -1 -12 }T. In all simulations
we assume that the initial set point for the output voltage
is —5V, and then this is changed at ¢ = 0.075 to —35 V.

Figures 2 and 3 show the performance of the full infor-
mation controllers (9) and (5) (with A = 1), respectively.
As can be observed, the output voltage converges to the
desired value.

0.05 0.1 0.15

time [s]

o 0.05 0.1 0.15

time [s]

Fig. 2. Output voltage v4 (top) and control input (9) (bottom).

To test the controllers of Propositions 3 and 4 we study
the same control goal as above, i.e. output voltage regulation
at —5V for t < 0.075, and at —35V, for ¢ > 0.075. More-
over, we consider two step changes of the load admittance
and the input voltage: at t = 0.05 the load admittance G is
decreased to 0.022 .S and the input voltage F is decreased
to 10 V; at ¢ = 0.10 the load admittance G is increased to
0.066 S and the input voltage E is increased to 14 V.

The performance of the partial information controller (22)
are shown in Figures 4 and 5. These display time histories
of the output voltage and the control signal and of the
estimation errors for the input voltage and the input current,
respectively.

Finally, numerical simulations for the partial information
controller (24), with A = 1, are shown in Figures 6 to 8.
These display time histories of the output voltage and the
control signal, of the estimation errors for the input voltage

0.05 0.1 0.15

time [s]

: 0.4 .
0.3 -

0.2 |

0.1 |

L L
o 0.05 0.1 0.15

time [s]

Fig. 3. Output voltage v4 (top) and control input (5) with A = 1 (bottom).

0.05 0.1 0.15

time [s]

0.9

.2
©° o 0.05

0.1 0.15

time [s]

Fig. 4. Output voltage v4 (top) and control input (22) (bottom).

and the input current, and of the estimation errors for the
load and the output capacitor voltage, respectively.

Comparing the proposed simulations it is interesting to
observe that the inclusion of a nonzero value of A in the
full information controller (5), and in its partial information
counterpart, improves the transient behaviour, i.e. reduces
oscillations and speed up convergence.

VII. CONCLUSIONS

The problem of output voltage regulation for the DC-
to-DC Cuk converter has been addressed and solved by
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o 0.05 0.1 0.15

time [s]

Fig. 5. Input voltage estimation error (continuous line) and input current
estimation error (dashed line) for I'y = 280270, I'2 = 2000, ¢ = 0.05
and p = 0.045.

0.05 0.1 0.15

time [s]

o 0.05 0.1 0.15

time [s]

Fig. 6.
(bottom).

Output voltage v4 (top) and control input (24) with A = 1

o 0.05

0.1 0.15

time [s]

Fig. 7. Input voltage estimation error (continuous line) and input inductor
current estimation error (dashed line) for Iy = 280270, I's = 2000,
€ = 0.05 and p = 0.045.

z3 and Z4

o 0.001 0.05

!
0.055, . 0.07! 0.076 0.1 0.101
time |s]

Fig. 8. Details of the load admittance estimation error (continuous line)
and output capacitor voltage estimation error (dashed line) for I3 =
84588. Note the different y-scales of the figures.

means of full information and partial information (dynamic)
control laws, which are based on a certainty equivalence
point of view. An adaptive observer for parameters and state
estimation has been proposed. The design of the observer
is independent from the desing of the stabilizing controller,
hence the observer can be used in conjunction with any full
information control law. Simulations have been proposed to
illustrate the properties of the closed—loop system.

A few issues are left open in the present paper. First,
the proposed controllers do not leave the set D defined
in (2) invariant. Second, the exponential convergence of
the estimation errors of the adaptive observers requires
boundedness and persistency of excitation of v4, hence
further work is needed to relax (or avoid) these assumptions.
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