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Abstract— In this paper, we study a nonlinear large-scale
network model with saturation constraints on both the control
input and the state variables. We achieve buffer queue length
regulation against unknown inter-node traffic interferences via
a decentralized saturated control law. Motivated by physical
characteristics of communication networks, two conditions
regarding the inter-node traffic are discussed, namely a
Lipschitz-type condition and a “PE” condition. Under these
conditions, by using sliding-mode type controllers, the regula-
tion error of every node converges asymptotically to zero for
all feasible initial queue lengths. Our main (global) regulation
result is based on an interesting extension of the popular
Young’s inequality to the case with saturation.

Index Terms— Congestion control, capacity constraints,
buffer management, nonlinear control, asymptotic regulation.

I. INTRODUCTION

The increasingly wide use of large-scale telecommuni-
cation networks has attracted great research interest. To
address the network design problem, previous efforts resort
to intuitive approaches since it is in general difficult to
model and analyze large-scale networks rigorously. These
approaches belong to trial-and-error methods and do not
scale well since they usually handle specific settings.

To overcome the above-mentioned shortcomings, model-
based schemes have been proposed to provide theoretic
analysis for networking problems. On one hand, optimiza-
tion theory has found successful applications in network
topology design, optimal routing decision, and bandwidth
management in large-scale networks, cf. [5][4][11]. On
the other hand, linear/nonlinear analysis and control de-
sign tools have recently been applied to control traffic in
ATM networks [15], stability analysis of congestion control
schemes in TCP/IP networks [22][20][13][24], network
performance analysis against delays [2][21][25][7][6][18]
and power control in wireless networks [8].

In this paper, our attention is focused on applying nonlin-
ear control theory to address the queue regulation of large-
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scale networks, especially when physical constraints and
nonlinear disturbances are involved. So far this problem
has not received enough attention. Among the existing
literature, we mention the work most related to our subject.
The authors of [19] studied a nonlinear buffer management
model for a network node. The design objective is queue
length regulation, due to its important impact on the quality
of service for the “premium traffic” such as video, audio
and teleconference transmissions. A nonlinear congestion
control scheme is proposed based on robust adaptive control
ideas, leading to a solution for bounded regulation against
unknown, time-varying traffic interferences. It is interest-
ing to investigate asymptotic queue regulation instead of
bounded regulation, to improve the control performance.
In addition, extending their robust adaptive control scheme
to large-scale networks is far from trivial, in particular in
the presence of saturation nonlinearities.

Based upon the model as used in [19], we have recently
modified their control strategy and achieved asymptotic
queue regulation for the single-node system in [9] and
for cascaded systems in [10]. The performance limitation
caused by capacity constraints is analyzed. Here we con-
tinue our task and take a step forward to the regulation of
an interconnected network by using saturated controllers.
Our ideas are inspired in part by recent advances in
decentralized control for large-scale nonlinear systems [16].

We extend the model of a single network node in [19]
to large-scale networks, where the inter-node traffic is
considered as subsystem interconnection. The proposed
decentralized sliding-mode controller achieves asymptotic
queue regulation of each node. Explicit conditions on large-
scale networks are identified for asymptotic regulation us-
ing decentralized saturated control law. The first condition
is that the traffic satisfies a saturation-based Lipschitz-
type condition. The second condition is that the traffic is
“persistently exciting” (PE), see Assumption 1 for a precise
definition.

The first contribution of this paper is that we achieve
asymptotic regulation for each interconnected node as op-
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posed to the bounded regulation of a single-node system
in [19]. The proposed decentralized control scheme is
constructive and performance-oriented. We take advantage
of the fact that the uncertain disturbance (unknown inter-
node traffic) is separated into structured (vanishing) and un-
structured (non-vanishing) uncertainties to enhance perfor-
mance, as opposed to our previous results in [10] where the
incoming traffic is treated as a non-vanishing disturbance.
The second contribution of the paper is that we address
the practical issue of saturation constraints on the control
input and the state variables. In the current literature, the
stabilization of linear systems under control input saturation
has received considerable attention [14], while less results
are known for general nonlinear systems. Under the afore-
mentioned conditions, we solve the constrained regulation
problem for the nonlinear network model.

Our work distinguishes from most previous robust con-
trol applications for large-scale networks. For example,
the robust network flow control scheme in [3] is toward
a linear network model. The robust control result for
TCP/AQM network in [21] is local since it is based on
linearization ideas and linear H∞ control theory. The sat-
uration constraint is not considered in [3][21]. We instead
study a nonlinear large-scale network model, and achieve
“global” constrained queue regulation, in the sense that the
regulation error converges for all feasible initial conditions.

The rest of the paper is arranged as follows: in Section 2,
we introduce a differential equation model for large-scale
network, and formulate our design objectives with practical
limitations in mind. In Section 3, some preliminary results,
i.e., the boundedness of queues and useful inequalities
are presented. Our main result on the global asymptotic
regulation of large-scale networks is presented in Section
4. Our conclusion is summarized in Section 5.

II. PROBLEM FORMULATION

In this section, we introduce our model for a large-scale
network composed of n interconnected nodes. By “node”,
we refer to a router/switch in the network for the rest of
the paper. For each node i = 1, ..., n, we use the following
model to describe its dynamics, which is first introduced
in [1]. Pitsillides et al. continue to consider this model for
the purpose of network performance evaluation and control
under non-stationary conditions [19][23][12]. The model
uses the conservation law to establish the buffer queue
length dynamic equation of a network node:

ẋi = −
xi

1 + xi

· Ci + λi(t, x1, ..., xn), (1)

xi ∈ [0, x
[i]
buffer], (2)

Ci ∈
[
0, C[i]

server

]
, (3)

where xi denotes the queue length of the ith node for each
1 ≤ i ≤ n. It is taken as the state variable. Ci represents the

to-be-assigned capacity. It is chosen as the control input.
These variables are subject to physical constraints (2)-(3).
For node i, x

[i]
buffer represents the buffer size and C

[i]
server

represents the maximum service capacity. In a large-scale
network where the nodes are interconnected, the interfering
traffic is affected by the activities of the interfering nodes,
reflected in part by their queue lengths. We use a nonlinear
function λi : [0,∞) × �n

+ → �+ to denote the average
incoming traffic rate (to node i) from other connected
nodes. By conservation law, the first term µ(xi) = xi

1+xi

in equation (1) represents the average traffic departure rate.
µ(xi) is chosen based on general principles for modelling
traffic in communication networks [1]. It is verified through
simulations [23] that µ(xi) is indeed a valid choice to
represent the average departure rate for a wide range of
networks.

Let x
ref
i denote a desired reference queue length for

node i. It should be chosen such that the switch/router is
sufficiently utilized while preserving certain capability to
handle instantaneous traffic bursts. In practice, an empty
or extremely small steady-state queue usually leads to re-
source under-utilization and is thus undesired. It is assumed
that each reference value x

ref
i , ∀i ∈ [1, n], satisfies:

ε ≤ x
ref
i < x

[i]
buffer ,

with lower bound ε > 0 being an arbitrary positive value.
Our control law does not bear singularity when x

ref
i → 0.

The assumption x
ref
i ≥ ε is due to physical considerations.

The objective is to design decentralized regulators for each
local node when x

ref
i is given and when the system is

subject to uncertain traffic interferences from other nodes,
control input (capacity) saturation and state constraints.

Denote x̄i := xi − x
ref
i the regulation error between

the queue state and the reference value. In the rest of this
paper, we consider a node as being under-utilized when
the queue length of this node is below its reference value
(xi < x

ref
i ). Otherwise, we consider the network node as

sufficiently utilized (xi ≥ x
ref
i or x̄i ≥ 0).

Before presenting the main result on asymptotic regu-
lation, we will first address the boundedness of queues
(or equivalently, how to guard against buffer overflow),
then introduce useful inequalities for proving asymptotic
regulation.

III. PRELIMINARY RESULTS

The following control law is applied through out the
rest of this paper, which we will justify later. Since it is
unnecessary to assign additional capacity when the node is
under-utilized, we take Ci = 0 when xi < x

ref
i . We focus

mainly on the controller design when xi ≥ x
ref
i . For all

i = 1, ..., n,

Ci(xi) = max
{
0, C[i]

server · sat [αx̄i + βisgn (x̄i)]
}

,

(4)
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where αi, βi are design parameters to be determined.
“sat” is the commonly used saturation function defined as
sat(y) = min{|y|, 1}sgn(y), where “sgn” is the standard
signum function.

A. Global boundedness of queues.

Lemma 1: Consider the closed-loop system composed of
(1) and (4). Select

αi ≥
1 − βi

x
[i]
buffer − x

ref
i

, βi ≥ 0

and suppose for all xi ∈ [0, x
[i]
buffer], i = 1, ..., n,

λi(t, x1, ..., xn) ≤ µi <
x

[i]
buffer

1 + x
[i]
buffer

C [i]
server ,

where µi > 0 is a constant. Then, for all xi(0) ∈

[0, x
[i]
buffer], xi(t) ∈ [0, x

[i]
buffer ], ∀t ≥ 0.

Proof: The lemma can be proved by considering the
direction of the flow ẋi on [0, x

[i]
buffer ]. For all xi ∈

[0, x
ref
i ], it holds that Ci(xi) = 0 and

ẋi = λi ≥ 0;

For all xi ∈ [x
[i]
buffer − ε, x

[i]
buffer ] where ε > 0,

Ci ≥ C [i]
serversat

{
(1 − βi)

x
[i]
buffer − x

ref
i − ε

x
[i]
buffer − x

ref
i

+ βi

}
.

When ε is small enough, it holds,

ẋi ≤ −
x

[i]
buffer − ε

1 + x
[i]
buffer − ε

Ci + λi < 0.

It follows that xi(t) is constrained to [0, x
[i]
buffer ], ∀t ≥ 0

if xi(0) ∈ [0, x
[i]
buffer ].

B. Useful inequalities.

The technical lemma presented here is crucial for achiev-
ing decentralized asymptotic regulation using saturated con-
troller. It should also be mentioned that the inequalities can
be seen as extensions of the well-known Young’s inequality
and thus are of independent interest.

Lemma 2: For any integer n ≥ 2 and any aij ≥ 0, i, j =
1, ..., n, the following inequality holds:

n∑
i=1

n∑
j=1,j �=i

aij |zisat(zj)| ≤

n∑
i=1

bn,izisat(zi) (5)

where bn,i is defined as

bn,i =

n∑
j=1,j �=i

max
{
aij , aji

}
, i = 1, ..., n. (6)

The proof of Lemma 2 is given in the Appendix. As a
simple application of the lemma, consider the special case

with two variables z1, z2 and when a12 = a21 = 1, we
arrive at the following corollary.

Corollary 1: For any real z1 and z2,

|z1sat(z2)| + |z2sat(z1)| ≤ z1sat(z1) + z2sat(z2).
We can consider the above corollary as an extension of the
well-known Young’s inequality

2|z1z2| ≤ z2
1 + z2

2 .

IV. MAIN RESULT

The following hypothesis is motivated by physical char-
acteristics of networks, and is proposed for asymptotic
regulation of large-scale networks.

Assumption 1: ∀i = 1, ..., n, λi(t, x1, ..., xn) satisfies
the following Lipschitz-type condition1:∣∣∣λi(t, x1, ..., xn) − λi(t, x

ref
1 , ..., xref

n )
∣∣∣

≤
n∑

j=1,j �=i

γijsat

{
|x̄j |

∆j

}
, (7)

λi(t, x
ref
1 , ..., xref

n ) ≤ υi, ∀t ≥ 0 (8)

where x̄j = xj−x
ref
j . υi, ∆j and γij are positive constants.

For all i = 1, ..., n,

ci
.
=

n∑
j=1,j �=i

max {γij , γji} ≤ (1 − εi)C
[i]
server

x
ref
i

1 + x
ref
i

, (9)

υi≤εi

C
[i]
serverx

ref
i

1 + x
ref
i

, εi ∈ (0, 1). (10)

Furthermore, for each i and for every fixed t0 ≥ 0, the fol-
lowing inequality holds where X(t) = [x1(t), ..., xn(t)]T :

x
ref
i <

∫ ∞

t0

λi(t, X(t))dt ≤ ∞. (11)

Remark 1: The function “sat” in (7) is adopted here to
highlight the impact of capacity constraint (of each local
node) on the interfering traffic.

Except for limited service capacity, other physical factors
also affect the interference intensity among nodes, such as
the distance between nodes i, j, the power constraint (in
wireless network) and the connectivity condition. We use
constant coefficient γij ≥ 0 to denote the impact of these
physical factors on the disturbance traffic from node j to
node i.

Remark 2: (11) is a “PE” (persistent excitation) require-
ment. Under this condition, any network node that is under-
utilized (xi < x

ref
i ) will, in the long run, achieve sufficient

utilization. Namely, its queue size will accumulate due to

1Technically, the R.H.S. can be relaxed as
∑n

j=1
γijsat(·). From the

physical meaning of this problem, we only consider the case for j �= i,
which means the upper bound of the interfering traffics from other nodes
to node i is not dependent on the state of node i.
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incoming traffic from other nodes, until xi reaches the
reference value (xi ≥ x

ref
i ). Thus a network with part of

its nodes under-utilized can be considered as in a transient
process. From the previous analysis, under the control law
(4), it is guaranteed that the queue length of every node
meets the requirement (2), or in other words, no buffer
overflows will occur. Thus we can ignore such transient
process and consider only the situation when the network is
sufficiently utilized, i.e., every i-th node satisfies xi(t0) ≥
x

ref
i for some t0 ≥ 0. Next, we show that asymptotic queue

regulation is achieved for all xi(t0) ∈ [xref
i , x

[i]
buffer].

Theorem 1: Consider the interconnected system defined
by (1)-(3). Suppose that the conditions stated in Lemma 1
hold. In addition, if

αi ≥ max

{
1 − βi

x
[i]
buffer − x

ref
i

,
1 − εi

∆i

}
, βi ≥

υi(1 + x
ref
i )

x
ref
i C

[i]
server

.

and if the interfering traffic rate λi satisfies Assumption 1,
then the queue length xi of every ith node converges to x

ref
i

asymptotically, under the control law (4), for all xi(0) ∈

[0, x
[i]
buffer].
Proof: The global bounded-ness of queues have

been established by Lemma 1. Namely, for any xi(0) ∈

[0, x
[i]
buffer], xi(t) ∈ [0, x

[i]
buffer], ∀t ≥ 0. We now proceed

to prove that our control law (4) achieves asymptotic
regulation for the large-scale network.

By the PE condition (11), there exists some t0 ≥ 0 such
that xi(t0) ≥ x

ref
i , ∀i = 1, ..., n. It follows that xi(t) ≥

x
ref
i , i = 1, ..., n,∀t ≥ t0, by observing (1) and (3).

Consider the function V = 1
2

∑n

i=1
x̄2

i

∆i

. In the sequel,
we introduce zi = x̄i

∆i

for notational convenience. We now
calculate the time derivative of V along the trajectories
of the closed-loop system on [t0,∞). Note that V̇ =∑n

i=1 zi ˙̄xi, ˙̄xi = ẋi since x̄i = xi − x
ref
i and x

ref
i is

a constant.
For all xi ∈ [xref

i , x
[i]
buffer ],

Ci = C
[i]
serversat [αix̄i + βisgn(x̄i)]

≥ (1 − εi)C
[i]
serversat

(
x̄i

∆i

)
+ εiC

[i]
serversat

(
βisgn(x̄i)

εi

)
.

Indeed, it suffices to apply the algebraic inequality

sat{(1 − ε)y1 + εy2} ≥ (1 − ε)sat{y1} + εsat{y2},

with constants y1, y2 ≥ 0 and ε ∈ (0, 1).
For all xi ∈ [xref

i , x
[i]
buffer ], applying (7), (8), it follows

that

λi(t, x1, ..., xn)≤
n∑

j=1,j �=i

γijsat
{ x̄j

∆j

}
+ υi. (12)

With such observation, it holds

V̇ =

n∑
i=1

zi

(
−

xi

1 + xi

Ci + λi

)

≤

n∑
i=1

zi

{
−

x
ref
i

1 + x
ref
i

[
(1 − εi)C

[i]
serversat

(
x̄i

∆i

)

+εiC
[i]
serversat

(βisgn(x̄i)

εi

)]}

+

n∑
i=1

zi

( n∑
j=1,j �=i

γijsat
{ x̄j

∆j

}
+ υi

)

≤
n∑

i=1

−(1 − εi)
x

ref
i

1 + x
ref
i

C [i]
serverzisat(zi)

+

n∑
i=1

zi

n∑
j=1,j �=i

γijsat(zj)

−
n∑

i=1

(
C

[i]
serverx

ref
i

1 + x
ref
i

εisat

(
βi

εi

)
− υi

)
|zi|.

By application of Lemma 2, we obtain:

V̇ ≤

n∑
i=1

−

(
(1 − εi)

x
ref
i

1 + x
ref
i

C [i]
server − ci

)
zisat(zi)

−
n∑

i=1

(
C

[i]
serverx

ref
i

1 + x
ref
i

εisat

(
βi

εi

)
− υi

)
|zi|.

By applying (9) and (10), it can be shown that V̇ is neg-
ative definite with reference to [z1, ..., zn]T . By Barbălat’s
Lemma [17], we conclude that

lim
t→∞

n∑
i=1

|x̄i(t)| = 0.

Thus for all feasible initial states, the system trajectories
converge to

{
X ∈ �n | xi = x

ref
i , ∀i = 1, ..., n

}
asymptotically, while obeying (2) at the same time.

Simulations in Figure 1 shows the response of system
composed of three interconnected nodes. The parameters of
the three nodes and their respective controller parameters
are shown in Table I. The interfering traffics λis are
modelled by sine waves. γ12 = 0.54, γ13 = 0.6, γ21 =
0.45, γ23 = 0.85, γ31 = 0.55, γ32 = 0.76. The three nodes
achieve asymptotic regulation as shown in the Figure 1.

Remark 3: For all xi(0) ∈ [0, x
[i]
buffer], i = 1, ..., n, it is

shown that no buffer overflow can happen and in addition,
xi(t) → x

ref
i as t → ∞. In this sense, global asymptotic

regulation is achieved for large-scale networks.
Remark 4: It is of interest to note that our control design

is scalable, since by tuning the control law parameters,
we can accommodate new nodes appended to the existing
network.
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node 1 node 2 node 3
xi(t0) 30 30 40
x

ref
i

6 4 10

C
[i]
server 5 10 8

∆i 5 5 8
βi 1.2 2.8 1.85
εi 0.28 0.35 0.25

TABLE I

SIMULATION PARAMETERS FOR A THREE-NODE NETWORK.

0 5 10 15 20 25 30
0

10

20

30

0 5 10 15 20 25 30
0

5

10

0 5 10 15 20 25 30

x
1
−xref

1
x

2
−xref

2
x

3
−xref

3

C
1

C
2

C
3

λ
1

λ
2

λ
3

2.5

Fig. 1. Asymptotic regulation of three interconnected nodes

V. CONCLUSIONS

Through rigorous theoretic analysis, we show that our
decentralized sliding mode control law achieves “global”
(for all feasible initial queue lengths) asymptotic regulation
of every node for large-scale networks subject to un-
known time-varying inter-node traffic. Physical constraints
on the control input and state variable are addressed. Our
controller uses “high-gain” ideas and thus improves the
performance of the closed-loop system as compared with
our previous work [9] where “low-gain” feedback is used.
It should be stressed that by decomposing the uncertain in-
terconnections into structured (vanishing) and unstructured
(non-vanishing) disturbances, we achieve performance im-
provement as compared with our previous work [10],
where the unknown traffic is taken only as a unstructured
disturbance. The inequalities proposed in Section III-B are
themselves interesting and can be seen as extensions of the
widely used Young’s inequality. Simulations are presented
which confirm the validity of our control law.
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APPENDIX–PROOF OF LEMMA 2

First notice that, for any real z1 and z2,

(f(z1) − f(z2)) (g(z1) − g(z2)) ≥ 0,

where f(·) and g(·) are odd and non-decreasing functions.
Thus

f(z1)g(z1) + f(z2)g(z2) ≥ f(z1)g(z2) + f(z2)g(z1).

Notice that

|f(z1)g(z2) + f(z2)g(z1)| = |f(z1)g(z2)| + |f(z2)g(z1)|.

It follows

|f(z1)g(z2)| + |f(z2)g(z1)| ≤ f(z1)g(z1) + f(z2)g(z2).

The above facts can be applied to show
n∑

i=1

n∑
j �=i

aijzisat(zj)

=
n∑

j=2

[a1jz1sat(zj) + aj1zjsat(z1)]

+

n∑
j=3

[a2jz2sat(zj) + aj2zjsat(z2)]

...

+an−1,nzn−1sat(zn) + an,n−1znsat(zn−1)

≤
n∑

j=2

max{a1j , aj1} [z1sat(z1) + zjsat(zj)]

+

n∑
j=3

max{a2j, aj2} [z2sat(z2) + zjsat(zj)]

...

+ max{an−1,n, an,n−1}[zn−1sat(zn−1) + znsat(zn)]

=
n∑

j �=1

max{a1j , aj1}z1sat(z1)

+

n∑
j �=2

max{a2j, aj2}z2sat(z2)

...

+

n∑
j �=n

max{anj, ajn}znsat(zn)

=

n∑
i=1

bn,izisat(zi).
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