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Abstract: It is proposed a novel and simple design
scheme of output feedback controllers for a class of nonlin-
ear systems with delayed output. The designed controllers
have a very simple structure and do not involve any satu-
rations or recursive computations. Moreover, the nonlinear
systems considered here are more general than feedforward
systems, and they could be viewed as generalized feed-
forward systems. By constructing appropriate Lyapunov-
Krasovskii functional (LKF) and solving linear matrix in-
equalities(LMIs), the delay-dependent controller making the
closed-loop system globally asymptotically stable (GAS)
is explicitly constructed. A simulation example is given
to demonstrate the effectiveness of the proposed design
procedure.

Key words: Feedforward nonlinear systems; time-delay
systems; output feedback; Lyapunov-Krasovskii function-
als; linear matrix inequalities

I. INTRODUCTION

In many engineering applications a process to be con-
trolled, or simply monitored is located far from the com-
puting unit and the measured date are transmitted through
a low-rate communication system(e.g.in aerospace applica-
tion). In the above cases the measured outputs are available
for computations after a non negligible time delay. In some
applications(e.g. in biochemical reactors), the measurement
process intrinsically provides an out-of-date output. In [1],
the disturbance decoupling problem for nonlinear systems
with delayed output is considered. In [2], it is presented
a design approach for the construction of a state observer
for nonlinear systems when the output measurements are
available for computations after a non negligible time delay.

On the other hand, feedforward systems are nonlinear
systems described by equations having a specific triangular
structure. The problem of the asymptotic stabilization by
state feedback of these triangular equations in the ab-
sence of delay has been studied by many researchers (see
[4],[5],[13]) during the last decade mainly for two reasons:
First, the problem of the global asymptotic stabilization of
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these systems is challenging from a theoretical point of
view. Note in particular that they are in general not feedback
linearizable and cant not be stabilized by applying the back-
stepping method. Second, a number of physical devices,
such as the system ball and beam with a friction term (see
[12]), the TORA system (see [12] ), are described, after
a preliminary change of feedback, by equations with the
feedforward structure. In recent paper [11], the problem of
globally uniformly asymptotically and locally exponentially
stabilizing a family of nonlinear feedforward systems when
there is a delay in the input is solved.

Up to now, few paper has considered the problem of out-
put feedback controllers design for nonlinear feedforward
systems with delayed output. Motivated by [6] and [7],
in this paper, by constructing the appropriate Lyapunov-
Krasovskii functionals (LKF), we investigate the output
feedback controllers design for a class of nonlinear sys-
tems with delayed output. Indeed, the nonlinear systems
considered in this paper are more general than feedforward
systems (upper-triangular form). Our method is simpler
because the most work of our design procedure can be
completed by MATLAB toolbox. Our stabilizing controller
is delay-dependent, and hence the proposed controller is
less conservative.

II. PRELIMINARIES

We consider the nonlinear systems of dimension n ≥ 2
described by the equations:

ẋ1(t) = x2(t) + φ1(t, x(t), u(t))
ẋ2(t) = x3(t) + φ2(t, x(t), u(t))

...
ẋn−2(t) = xn−1(t) + φn−2(t, x(t), u(t))
ẋn−1(t) = xn(t) + φn−1(t, x(t), u(t))

ẋn(t) = u(t)
y(t) = x1(t − d)

(1)

where x = [x1, · · · , xn]T ∈ Rn is the state, u ∈ R
is the input, y ∈ R is the output, constant d ≥ 0 is
the delay. The argument of the functions will be omitted
or simplified whenever no confusion can arise from the
context. For example, we may denote xi(t) by xi. The
mappings φi : R × Rn × R −→ R, i = 1, 2, · · · , n − 1 ,
are continuous and satisfy the following growth condition:

Assumption 1. For k = 1, 2, · · · , n − 1, l =
1, 2, · · · , Nk, j = 1, 2, · · · , n + 1, there exist constants
ck,l ≥ 0 and αj,k,l ≥ 0 satisfying

∑n+1
j=1 αj,k,l = 1, such
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that

|φk(t, x, u)|
≤ ∑Nk

l=1 ck,l|x1|α1,k,l · · · |xn|αn,k,l |u|αn+1,k,l
(2)

with ck,l = 0 for
∑n+1

i=1 i · αi,k,l < k + 2, where Nk(k =
1, 2, · · · , n − 1) are positive integers.

Remark 1: When some αi,k,l = 0, it
can be viewed that there is no xi in the term
ck,l|x1|α1,k,l · · · |xn|αn,k,l |u|αn+1,k,l . When k = n − 1, we
will get α1,n−1,l = · · · = αn,n−1,l = 0, αn+1,n−1,l = 1 ,
and consequently we have

|φn−1(t, x, u)| ≤
⎛
⎝Nn−1∑

l=1

cn−1,l

⎞
⎠ |u|.

Comparing the condition (2) with the following linear
growth condition:

|φi(t, x(t), u(t))| ≤ c(|xi+2| + · · · + |xn| + |u(t)|)
i = 1, 2, · · · , n − 2,

|φn−1(t, x(t), u(t))| ≤ c|u(t)|,
(2∗)

where c ≥ 0 is a constant. It is easy to see that the system
(1) satisfying condition (2∗) which is indeed a feedforward
nonlinear system obviously satisfies the condition (2).

Now we give an example to illustrate that the nonlinear
systems satisfying condition (2) are more general than
feedforward (upper-triangular form) systems, and hence we
can view the systems satisfying condition (2) as generalized
feedforward systems. See system

ẋ1 = x2 − x3 sin x1

ẋ2 = x3 − ln(1 + ln(1 + |x1u
3|))

ẋ3 = x4 + 1
4+4e−t u

ẋ4 = x5 + ln(1 + u2)
ẋ5 = u

y(t) = x1(t − 1).

(3)

Since there is a x1 in the right side of the second equation of
the system (3), the system (3) is not a feedforward systems.
Using the inequality ln(1 + s2) ≤ s for s ≥ 0, it is easy
to see that the system (3) satisfies the condition (2). Up to
now, to my best knowledge, there is no efficient method to
design the output feedback controller for this system.

In this paper, for the vector ξ = (ξ1, ξ2, · · · , ξn)(or ma-
trix M = [mij ]m×n), we denote vector (|ξ1|, |ξ2|, · · · , |ξn|)
( or matrix[|mij |]m×n) by |ξ| (or |M |). The matrix M =
[mij ]m×n is said to be a nonnegative matrix if mij ≥ 0, for
1 ≤ i ≤ m, 1 ≤ j ≤ n. The property about the nonnegative
matrix can be found in [9]. we let ‖·‖ denote the Euclidean
norm for vector, or the induced Euclidean norm for matrix.
For any real matrix A, AT denotes the transpose, I is used
to represent an identity matrix of appropriate dimension.

The following lemma is useful in the proof of our main
result.

Lemma 1 (see [14]) For any yi ≥ 0 (i = 1, 2, · · · , k)
and ri > 0 (i = 1, 2, · · · , k) satisfying

∑k
i=1 ri = 1, the

following inequality holds:

yr1
1 yr2

2 · · · yrk

k ≤ r1y1 + r2y2 + · · · + rkyk .

III. OUTPUT FEEDBACK CONTROLLER

In practice, when some state variables are unavailable,
the output variables are needed to control the system. Under
the Assumption 1, we will design the linear output dynamic
compensator

ż(t) = Mz(t) + M̃z(t − d) + Ny(t) ,

M ∈ Rn×n, M̃ ∈ Rn×n, N ∈ Rn×1,
u(t) = Fz(t), F ∈ R1×n,

(4)
such that the closed-loop system (1) and (4) is GAS at the
equilibrium (x, z) = (0, 0).

Theorem 1. Under the Assumption 1, for any given
delay d ≥ 0, there exists a linear output feedback controller
of the form (4), which is dependent on the delay d, such that
the closed-loop system (1) and (4) is globally asymptotically
stable (GAS).

Proof :
We begin with by designing the following linear observer

of the system (1)

ż1 = z2 + a1
L (y(t) − z1(t − d))

ż2 = z3 + a2
L2 (y(t) − z1(t − d))

...
żn−1 = zn + an−1

Ln−1 (y(t) − z1(t − d))
żn = u(t) + an

Ln (y(t) − z1(t − d)),

(5)

where L > 1 is a gain parameter to be determined later,
and aj > 0 (j = 1, 2, · · · , n) are coefficients of the Hurwitz
polynomial

p(s) = sn + a1s
n−1 + · · · + an−1s + an.

Now we define

εi = Li−1(xi − zi), x̄i = Li−1xi, z̄i = Li−1zi,

i = 1, 2, · · · , n .

It is easy to find that

ε1(t − d)
= ε1(t) −

∫ t

t−d
ε̇1(s)ds

= ε1(t) −
∫ t

t−d

(
1
Lε2(s) + φ1(s) − a1

L ε1(s − d)
)
ds.

From (1) and (5), a simple calculation gives

ε̇ = 1
LAε + Φ
+ 1

LA1

∫ t

t−d

(
1
Lε2(s) + φ1(s) − a1

L ε1(s − d)
)
ds,
(6)

˙̄z = 1
LJ0z̄ + Ln−1Gu(t) + 1

LA1ε1(t − d) , (7)

where

ε = [ε1, ε2, · · · , εn]T, z̄ = [z̄1, z̄2, · · · , z̄n]T,

G = [0, 0, · · · , 0, 1]T,
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A =

⎛
⎜⎜⎜⎜⎜⎝

−a1 1 0 · · · 0
−a2 0 1 · · · 0

...
...

...
. . .

...
−an−1 0 0 · · · 1
−an 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎠ , A1 =

⎛
⎜⎜⎜⎜⎜⎝

a1

a2

...
an−1

an

⎞
⎟⎟⎟⎟⎟⎠ ,

J0 =

⎛
⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
0 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎠ , Φ =

⎛
⎜⎜⎜⎜⎜⎝

φ1

Lφ2

...
Ln−2φn−1

0

⎞
⎟⎟⎟⎟⎟⎠ .

Let bj > 0 (j = 1, 2, · · · , n) are coefficients of the
Hurwitz polynomial

q(s) = sn + bnsn−1 + · · · + b2s + b1.

Next we will choose an appreciate L > 1, such that the
trivial solution of the closed-loop system (6),(7) and

u = − 1
Ln (b1z̄1 + b2z̄2 + · · · + bnz̄n) (8)

is asymptotically stable.
From the definitions of z̄i (i = 1, 2, · · · , n) and (8), we

can get

u = − 1
Ln

(
b1z1 + b2Lz2 + · · · + bnLn−1zn

)
. (9)

From (7) and (8), we have

˙̄z = 1
LBz̄ + 1

LA1ε1(t − d) (10)

where

B =

⎛
⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
−b1 −b2 −b3 · · · −bn

⎞
⎟⎟⎟⎟⎟⎠ .

Since A is a stable matrix, there exists a positive definite
matrix P such that

PA + ATP = −I.

Choosing V1 = εTPε, we have

V̇1|(6)
= [ 1

LAε + Φ
+A1

L

∫ t

t−d

(
1
Lε2(s) + φ1(s) − a1

L ε1(s − d)
)
ds]TPε

+εTP [ 1
LAε + Φ

+ 1
LA1

∫ t

t−d

(
1
Lε2(s) + φ1(s) − a1

L ε1(s − d)
)
ds]

= − 1
L‖ε‖2 + 2εTPΦ + 2

LεTPA1

· ∫ t

t−d

(
1
Lε2(s) + φ1(s) − a1

L ε1(s − d)
)
ds.

(11)
Noticing Assumption 1 (i.e. ck,l = 0 for

∑n+1
i=1 i·αi,k,l <

k + 2 ), the definitions of εi and z̄i, L > 1 and Lemma 1,

we can get∣∣Lk−1φk

∣∣
≤ Lk−1

∑Nk

l=1(ck,l|x1|α1,k,l |x2|α2,k,l · · · |xn|αn,k,l

·|u(t)|αn+1,k,l)
= Lk−1

∑Nk

l=1(ck,l|x̄1|α1,k,l | x̄2
L |α2,k,l · · · | x̄n

Ln−1 |αn,k,l

·|u(t)|αn+1,k,l)
≤ ∑Nk

l=1(L
−2ck,l|x̄1|α1,k,l · · · |x̄n|αn,k,l

·|(b1, b2, · · · , bn)z̄(t)|αn+1,k,l)
≤ 1

L2 (tk,1|x̄1| + tk,2|x̄2| + · · · + tk,n|x̄n|
+tk,n+1|(b1, b2, · · · , bn)z̄(t)|)

k = 1, 2, · · · , n − 2,

∣∣Ln−2(φn−1)
∣∣ ≤ Ln−2

(∑Nn−1
l=1 cn−1,l|u(t)|

)
≤ 1

L2 tn−1,n+1(b1, b2, · · · , bn)|z̄(t)|,
where tk,j (k = 1, 2, · · · , n − 1, j = 1, 2, · · · , n + 1) are
nonnegative real numbers dependent on ck,l, αj,k,l and Nk.

So we have

2εTPΦ ≤ 2
L2 |ε|T|P |(T0|x̄| + T1|z̄(t)|)

≤ 2
L2 |ε|T|P |T0|x̄| + 2

L2 |ε|T|P |T1|z̄(t)|,
(12)

2
LεTPA1

· ∫ t

t−d

(
1
Lε2(s) + φ1(s) − a1

L ε1(s − d)
)
ds

≤ d
L2κ1

εTPA1A
T
1 Pε

+ κ1
dL2

∫ t

t−d
ε2(s)ds

∫ t

t−d
ε2(s)ds

+ d
L2κ2

εTPA1A
T
1 Pε

+κ2
d

∫ t

t−d
φ1(s)ds

∫ t

t−d
φ1(s)ds

+ da1
L2κ3

εTPA1A
T
1 Pε

+a1κ3
L2d

∫ t

t−d
ε1(s − d)ds

∫ t

t−d
ε1(s − d)ds

≤ d
L2κ1

εTPA1A
T
1 Pε + κ1

L2

∫ t

t−d
ε2
2(s)ds

+ d
L2κ2

εTPA1A
T
1 Pε + κ2

∫ t

t−d
φ2

1(s)ds

+ da1
L2κ3

εTPA1A
T
1 Pε + κ3a1

L2

∫ t

t−d
ε2
1(s − d)ds

(13)
where

T0 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

t1,1 t1,2 · · · t1,n

t2,1 t2,2 · · · t2,n

...
...

. . .
...

tn−2,1 tn−2,2 · · · tn−2,n

0 0 · · · 0
0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

,

T1 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

t1,n+1

t2,n+1

...
tn−2,n+1

tn−1,n+1

0

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(b1, · · · , bn) ,

κ1, κ2 and κ3 are positive numbers to be determined later.
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From (11), (12) and (13), we can get

V̇1|(6) ≤ − 1
L‖ε‖2 + 2

L2 |ε|T|P |T0|x̄|
+ 2

L2 |ε|T|P |T1|z̄(t)| + d
κ1L2 εTPA1A

T
1 Pε

+ κ1
L2

∫ t

t−d
ε2
2(s)ds + d

κ2L2 εTPA1A
T
1 Pε

+κ2

∫ t

t−d
φ2

1(s)ds + d a1
κ3L2 εTPA1A

T
1 Pε

+κ3a1
L2

∫ t

t−d
ε2
1(s − d)ds.

Choosing LKF

Ṽ1 = εTPε + κ1
L2

∫ 0

−d

∫ t

θ+t
ε2
2(s)dsdθ

+κ2

∫ 0

−d

∫ t

θ+t
φ2

1(s)dsdθ

+κ3 a1
L2

∫ 0

−d

∫ t

θ+t−d
ε2
1(s)dsdθ,

and noticing that L > 1, we have

˙̃
V1|(6) ≤ − 1

L‖ε‖2 + 2
L2 |ε|T|P |T0|x̄|

+ 2
L2 |ε|T|P |T1|z̄(t)| + d

κ1L2 εTPA1A
T
1 Pε

+κ1 d
L2 ε2

2(t) + d
κ2L2 εTPA1A

T
1 Pε + κ2 d φ2

1(t)
+ d a1

κ3L2 εTPA1A
T
1 Pε + d κ3 a1

L2 ε2
1(t)

≤ − 1
L‖ε‖2 + 2

L2 |ε|T|P |T0|x̄|
+ 2

L2 |ε|T|P |T1|z̄(t)|
+

(
d

κ1L2 + d
κ2L2 + d a1

κ3L2

)
εTPA1A

T
1 Pε

+κ1 d
L2 ε2

2(t) + d κ3 a1
L2 L2ε2

1(t)
+κ2 d

L2

(|x̄|T TT
2 T2|x̄| + |z̄|T TT

3 T3|z̄|
+2|x̄|T TT

2 T3|z̄|
)
,

where

T2 = (t1,1, t1,2, · · · , t1,n),

T3 = t1,n+1(b1, b2, · · · , bn).

Because B is a stable matrix, there exists a Q > 0 such
that

QB + BTQ = −I.

Choosing V2 = z̄TQz̄, we have

V̇2|(10) =
(

1
LBz̄ + 1

LA1ε1(t − d)
)T

Qz̄
+z̄TQ

(
1
LBz̄ + 1

LA1ε1(t − d)
)

≤ − 1
L ‖z̄‖2 + 2

L z̄TQA1ε1(t − d)
≤ − 1

L ‖z̄‖2 + λ
Lκ4

z̄TQA1A
T
1 Qz̄

+ κ4
λLε2

1(t − d) ,

where κ4 and λ are positive numbers to be determined later.
Choosing

V = Ṽ1 +
λ

L

(
V2 +

κ4

λL

∫ t

t−d

ε2
1(s)ds

)

and letting

δ1 + δ2 < L, δ3 + δ4 < λ,

where δi (i = 1, 2, 3, 4) are positive numbers to be deter-
mined later, we can get

V̇ |(6)(10)
≤ − 1

L‖ε‖2 + 2
L2 |ε|T|P |T0(|ε| + |z̄|)

+ 2
L2 |ε|T|P |T1|z̄(t)|

+
(

d
κ1L2 + d

κ2L2 + d a1
κ3L2

)
εTPA1A

T
1 Pε

+κ1 d
L2 ε2

2(t) + κ3 d a1
L2 ε2

1(t)
+κ2 d

L2

(
(|ε| + |z̄|)T TT

2 T2(|ε| + |z̄|)
+|z̄|T TT

3 T3|z̄| + 2(|ε| + |z̄|)T TT
2 T3|z̄|

)
− λ

L2 ‖z̄‖2 + λ2

L2κ4
z̄TQA1A

T
1 Qz̄ + κ4

L2 ε2
1

≤ 1
L2 (εT, z̄T, |ε|T, |z̄|T)Ω(εT, z̄T, |ε|T, |z̄|T)T

where

Ω =

⎛
⎜⎜⎝

W11 0 0 0
0 W22 0 0
0 0 W33 W34

0 0 WT
34 W44

⎞
⎟⎟⎠ ,

W11 = −δ1I + d
(

1
κ1

+ 1
κ2

+ a1
κ3

)
PA1A

T
1 P

+dκ1J1 + dκ3a1J2 + κ4J2 ,

W22 = −δ3I +
λ2

κ4
QA1A

T
1 Q,

W33 = −δ2I + dκ2T
T
2 T2 + |P |T0 + TT

0 |P | ,

W34 = |P |T1 + |P |T0 + dκ2T
T
2 (T2 + T3) ,

W44 = −δ4I + dκ2(T2 + T3)T (T2 + T3) ,

J1 = (0, 1, 0, · · · , 0)T (0, 1, 0, · · · , 0),

J2 = (1, 0, 0, · · · , 0)T (1, 0, 0, · · · , 0).

If we choose L > 1 satisfying Ω < 0, we shall get
V̇ |(6)(10) < 0 which indicate that (6)(10) is asymptotically
stable at ε = 0 and z̄ = 0 (see[10]). The trivial solution of
the closed-loop system (6), (7) and (8) is also asymptoti-
cally stable. Consequently, the closed-loop system (1), (5)
and (9) is also asymptotically stable at x = 0 and z = 0.
Therefore, we can conclude that (5)(9) is the linear output
dynamic compensator of the system (1).

Since the inequality Ω < 0 could not be solved by
MATLAB, we give the following consideration. From Schur
complements, we know that finding L > 1 (as small as pos-
sible) satisfying Ω < 0 is equivalent to solving the following
optimization problem with linear matrix inequalities (LMIs)
constraints:

min
κ1,κ2,κ3,κ4,δ1,δ2,δ3,δ4,λ

L

s.t. L > 1, δ1 + δ2 < L, δ3 + δ4 < λ,

and

⎛
⎝ Ψ11 0 Ψ13

0 Ψ22 0
ΨT

13 0 Ψ33

⎞
⎠ < 0, (14)

where

Ψ11 =
( −δ1I + dκ1J1 + dκ3a1J2 + κ4J2 0

0 −δ3I

)
,
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Ψ22 =
(

W33 W34

WT
34 W44

)
,

Ψ13 =
( √

dPA1

√
dPA1

√
da1PA1 0

0 0 0 λQA1

)
,

Ψ33 = diag[−κ1, −κ2, −κ3, −κ4 ].

LMI (14) can be easily solved by LMI toolbox in MAT-
LAB. Our LMI (14) always has a solution, and our design
method is always efficient for the system (1) satisfying the
condition (2), and hence our design method proposed here
is indeed a constructive method. However, the LMIs in [3]
[8] maybe have no solution, and when the LMIs have no
solution, the design method proposed there will not work.
Hence our design method is better.

The proof of the Theorem is completed .
Remark 2: For any given delay d > 0, we can always

find a constant L satisfying (14). The purpose of finding
a small L > 1 satisfying (14) is that we would like get a
bigger control gain. There may be many sets aj , bj (j =
1, 2, · · · , n) satisfying our design requirements, but we
always choose those such that L > 1 is as small as possible.
Consequently the gain of the controller is as big as possible
and the time of stabilizing system will be as short as
possible.

Remark 3: The control gain we get is dependent on
the delay d. From a theoretical point of view, for any delay
d > 0, we can always find a stabilizing controller. But when
the delay d > 0 is bigger, the control gain of system will
be much less. The time of stabilizing system will be very
long, and hence this will lower efficacy of the controller in
practical. So, when we design a stabilizing controller, we
should decrease the delay as far as possible.

Remark 4: Our controller has good robust perfor-
mance, that is, a stabilizing controller designed for the
system (1) with delay d > 0, will be also efficient for the
system (1) with delay d̃ satisfying d̃ < d.

IV. EXAMPLE

Example Consider the following nonlinear system:

ẋ1 = x2 + 1
8 ln(1 + |x2u|)

ẋ2 = x3 − 1
10+10e−t u

ẋ3 = u
y(t) = x1(t − d).

(15)

For the system (15) satisfying Assumption 1, it is easy to
see that t1,2 = 1

16 , t1,4 = 1
16 , t1,1 = t1,3 = t2,1 = t2,2 =

t2,3 = 0, t2,4 = 1
10 . We can construct the output feedback

controller for the system (15) with d = 1 by the following
procedures.

Choose

a1 = 1.0, a2 = 0.8, a3 = 0.10 ;

b1 = 0.28, b2 = 1.2, b3 = 0.65 .

Solving the Lyapunov equations

PA + ATP = −I and QB + BTQ = −I,

we can get

P =

⎛
⎝ 1.1071 −0.5000 −2.0714

−0.5000 2.0714 −0.5000
−2.0714 −0.5000 19.7143

⎞
⎠ > 0,

Q =

⎛
⎝ 2.8258 2.4267 1.7857

2.4267 5.2253 2.4389
1.7857 2.4389 4.5214

⎞
⎠ > 0.

By solving (14), we can get L = 26.8799 . So the output
feedback controller of the system (15) is

u(t) = − 1
L3

(
b1z1 + b2Lz2 + b3L

2z3

)
, (16)

where z1, z2 and z3 are the states of the following system

ż1 = z2 + a1
L (y(t) − z1(t − d))

ż2 = z3 + a2
L2 (y(t) − z1(t − d))

ż3 = − 1
L3

(
b1z1 + b2Lz2 + b3L

2z3

)
+ a3

L3 (y(t) − z1(t − d)) .

(17)

Fig.1, Fig.2 and Fig.3 show the state response of the
closed-loop system (15), (16) and (17) with the initial
condition

[x1(t), x2(t), x3(t)] = [1300, 15, 1],

[z1(t), z2(t), z3(t)] = [0, 0, 0],

for t ∈ [−1, 0].
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Fig.1: Trajectories of x1 andz1.
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Fig.2: Trajectories of x2 and z2.
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Fig.3: Trajectories of x3 and z3.

Remark 5: From this example, it is easy to find that
the time of stabilizing the system (15) is much longer, this
is mainly because the system (15) has higher order and
nonlinear terms. Indeed, the gains of stabilizing controller
for the strict feedforward system are, in general, lower
(see [5] [11] [13]), and the time of stabilizing such system
will be longer. On the other hand, the gains of stabilizing
controller for the strict feedback (lower-triangular form)
system are, in general, very high (see[6] [7] [15]).

V. CONCLUSION

In this paper, we have studied the problem of global
stabilization by output feedback for a class of nonlinear
system with delayed output. The method used here is maybe
feasible for the more general nonlinear delay systems.
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