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Abstract

This paper presents an adaptive output feedback control
scheme for systems with uncertain actuator failures whose
values are variant. An effective controller structure is de-
veloped for adaptive actuator failure compensation using a
new parametrization scheme. A new failure compensation
property is derived for such a scheme which leads to a lin-
ear parametrization of the bilinear parameters caused by plant
and failure uncertainties. Desired plant-model matching, sta-
ble adaptation and asymptotic output tracking properties are
established for the closed-loop control system in the presence
of variant actuator failures. Simulation results verified the de-
sired adaptive actuator failure compensation performance.

Keywords: Actuator failure, adaptive compensation,
parametrization, stability and tracking, variant failure model.

1 Introduction

System component failures often cause severe feedback con-
trol system performance deterioration. Effective failure com-
pensation is critical for many applications such as flight con-
trol systems. Different failure compensation approaches have
been developed including multiple models, switching and
tuning designs [4], adaptive designs [1], [2], [3], [8], [11],
fault diagnosis, detection and tolerant designs [5], [7], [9],
[10], [12]. Such specifically designed control systems have
not only robust stability but also tracking performance guar-
antees, despite the presence of system failures.

For actuator failure compensation, a desirable controller
should be able to adjust its parameters to accommodate actu-
ator failure uncertainties including failure time, patterns and
values. A basic and reasonable assumption is that there ex-
ists a nominal controller to meet a control objective if the
actuator failures were known. Adaptation can then be em-
ployed to handle the case when the failure are unknown. The
key feature of an adaptive design is that it ensures asymptotic
tracking in the presence of uncertain actuator failures. Re-
cently, we developed direct adaptive state feedback control
schemes for linear time-invariant plants with actuator failures
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characterized by inputs stuck at some values not influenced
by control action.In [8], we derived and studied an adaptive
output feedback compensation scheme for actuator failures
whose values are constant and unknown. The goal of this
paper is to develop an adaptive output feedback compensa-
tion scheme for actuator failures whose values are variant
and unknown. The control problem formulation is given in
Section 2. To handle such actuator failures, a new controller
parametrization is needed to linearly parametrize bilinear pa-
rameters of the dynamic feedforward part of the model refer-
ence controller as well as the uncertain actuator failures. Such
a new parametrization is first illustrated in Section 3 for adap-
tive output rejection of uncertain variant input disturbances,
and then developed in Section 4 for adaptive compensation
of uncertain variant actuator failures using output feedback.
The adaptive law for updating the controller parameters is de-
signed to ensure closed-loop system stability and asymptotic
output tracking. The desired performance of our adaptive ac-
tuator failure compensation scheme is verified in Section 5
by simulation results from adaptive yaw rate control of a lin-
earized Boeing 747 lateral dynamic model with actuator fail-
ures in a multi-segment rudder servomechanism.

2 Problem Formulation
Consider the actuator failure compensation problem for

X(t) = Ax(¢) + Bu(t), y(t) = cx(t), 2.1
where A € R™", B = [by,...,by] € R™™, and ¢ € R'" are
unknown constant parameter matrices, u(t) = [uy,...,u,)" €
R™ is the input vector whose components may fail during sys-
tem operation, and y(¢) € R is the plant output.

The variant actuator failure model is

q —_
iaj(t) =djo+ Y dufu(t), t > 1),
=1

€Lty nipy C{1,2,...,m},

uj(t) =
(2.2)

where ;o and aTﬂ, are unknown constant parameters, and
fji(t) are known bounded signals, I = 1,2,...,q.
The input signals u;(¢) are described by

Ml‘(l‘) = Vi(t)+0i(t)(ﬁi(t) 7V,‘(l>), i=1,2,....m, (2.3)
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where o;(t) = 1 if the ith actuator has failed, i.e., u;(¢) = i;(¢),
since #; < t and o;(t) = 0 otherwise, and v;(¢) are the applied
control input signals. The key feature of the control problem
is that the failure pattern 6;(¢), i = 1,2,...,m, is unknown.

The control objective is to find the control signals v;(r),
i=1,2,...,m, using output feedback, such that the plant out-
put y(¢) asymptotically tracks a reference output y,,(¢) gener-
ated from the reference model system

Y (t) = W (8)[r](2), Win(s) = 2.4

Py(s)’
in addition to closed-loop stability, where P,(s) is a stable
monic polynomial of degree n*, and r(¢) is bounded.

In many applications, the redundant actuators u;(t), i =
1,2,...,m, are desired to generate proportional effects on the
system dynamic behavior (for example, in aircraft flight con-
trol, different rudder segments have proportional effects on
aircraft lateral motion). A proportional actuation scheme

V,'(I)Z(X,'V()(l‘), o; >0,i=2,3,... m, (2.5)

is an appropriate choice, with vy() to be designed.
A nominal controller structure for vy (z) is

vo(t) = (1)
= 077 o1 (1) +65 (1) +03y(t) +03r(r) + 65 (1), (2.6)

where 6] € R 05 € R 03, € R, and 03 € R are parame-
ters for plant-model output matching, 6(¢) is a time-varying
signal for compensating the variant failures, and

(1) = S 510, 0n(r) = i((j))m (1

(2.7)
with a(s) = [1,s,...,5"2]" and A(s) being a monic stable
polynomial of degree n — 1. Based on the chosen controller
structure, 07, 03, 05,, 05 and 0} can be specified, dependent
on the knowledge of the plant and actuator failure parameters,
to meet the control objective. The existence of such 07, 63,
03, 03 and 0] is important for an adaptive design for the case
when the plant and failure parameters are unknown.

Suppose that at a certain time instant ¢, there are p failed
actuators, that is, u;(t) = i;, j = ji,...,jp, 1 < p <m. From
(2.3) and (2.5), we can express the plant (2.1) as

y(t) = G(s)[vo] (1) +3(t) (2.8)

where

Xty %ikpiZi(s) & kpZa(s)

P(s) P(s)

(2.9)

for C(S]—A)flbj = kijj(S)/P(S), j=1,2,...,m, with kpj a
scalar parameter, Z;(s) a monic polynomial, and P(s) a monic
polynomial of degree n, and for some equivalent scalar pa-
rameter k,, and monic polynomial Z,(s), and

S = jkp;Zj(s)
7o j:j%.,jp P(s)

@), @10

For plant-model output matching and closed-loop system
stability, we make the following assumptions:

(A.1) Z,(s) has degree n — n*, ie., the systems (C,A,
Yititip®ibj)s P €40,1,...,m—1}, have the same relative
degree n* and are minimum phase (i.e., Z,(s) is stable).

Determining the parameters 07, 63, 03,, 05 from

61" a(s)P(s) + (65" a(s) + 650 A(s))kpZa(s)
= A(S)(P(5) — kpB5Za(5) Pu(s)) @.11)

with 05 = k;l, we can express the closed-loop system as

03P () [y —yml(t) =

" o7 a(s)\ Zjmji,oip %kpiZi(5)
03(1) + <1 91TA(S)> ! k;Za(s)

Since A(s) and Z,(s) are stable, there exists a parametrized
signal 0(r) (see Section 4.1) such that the second term in the
right side of (2.12) converges to zero exponentially as t — oo,
s0 that lim_...(y(r) — ym(¢)) = 0 exponentially.

Let (T;,T;41),i=0,1,...,mp, with T = 0, be the time in-
tervals on which the actuator failure pattern is fixed, that is,
actuators fail only at time 7;, i = 1,...,mg. Since there are
m actuators and at least one of them does not fail, we have
mg < m and Ty, 1 = . Then, at time T}, j = 1,...,my, the
unknown plant-model matching parameters 07, 03, 05,, 63,
and 6}, change their values so that they are actually piecewise
constant parameters, because the plant has different character-
izations under different failure conditions, leading to different
plant-model matching parameters.

7)), 2.12)

3 Adaptive Disturbance Rejection

To introduce the basic idea of adaptive compensation of vari-
ant actuator failures, we start with the following adaptive out-
put feedback disturbance rejection problem for the plant
x(t) = Ax(t) + bjui(t) + bju;(t), y(t) = cx(t) 3.1
where u;(¢) and u;(t) € R are two actuating inputs. The prob-
lem is to design one (control) input u;(¢) to cancel the effect
of the other (disturbance) input u(¢) on the output y(z).
Consider the input—output form of this plant, that is,

kp;Zj (s)

“Ps) [ (1)

) = 22 g+

where u;(t) is the control input and u;(r) is a disturbance of
the form (2.2). The control objective is to find an output feed-
back control signal u;(¢) such that y(¢) tracks y,(¢), under
the assumptions that Z;(s) is stable, P(s) has degree n, and
kpiZi(s)/P(s) has relative degree n*, despite the presence of
the uncertain, variant and parametrizable disturbance u;(t).

(3.2)
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3.1 Nominal Control Parametrization

For the nominal case when the plant parameters in
kpiZi(s)/P(s) are known, we design the controller (2.6) with
u;(t) = vo(t) = vj(r). The matching equation (2.11) becomes

077 a(s)P(s) + (85" als) +030A(s))kpiZi(s)
= A(5)(P(s) = kpi®3Zi(s)Pu(s)) (3.3)
with 03 = kpll, from which we can derive
03P (s)[y —ym] (1)
— 65(1) + ( —of7 “((i))) ’ZJ?((;)) wj](1).  (3.4)

From (3.3), there is a monic polynomial P;(s) of degree n* — 1,
cFuing AS)Pn(s)
satisfying O

degree n — 1 such that

Pi(s)+ PE ; for some polynomial R(s) of

A(s) —0;Ta(s) = Z;(s)Pi(s) (3.5)
(and 077 a(s) + 05 A(s) = —03R(s)), from which we express
kyiZi(s) kiiZ;(s)Pi(s)
1_9*Ta()> Pi“] wil(r) = 2 u)(t),
(1-01" 567 e i = 25 o
(3.6)
where k;j = ];L Then, the choice of the compensation signal
kiiZi(s)Pi(s)
0;(1) = —— L Dy, 3.7
(0 = = ) (37)
leads (3.4) to the desired tracking error equation 03P, (s)[y —

ym](t) = 0 (with closed-loop stability), under the condition
that the degree of Z;(s) is not greater than that of Z;(s).

3.2 Adaptive Controller Structure

For the case when the plant parameters and actuator failure
parameters are unknown, we use the adaptive controller

u;(t) = 0] w1 (£) + 05 @ (t) + 20y (t) + 03r(t) + 04(t), (3.8)

where 01, 62, 020, 83, and 04(r) are the estimates of 67, 65,
05, 03, and 0} (1), respectively.
For the disturbance u;(f) in (2.2), we express

uj(1) = 03" w(r) (3.9)
where
0; = [@jdj,. ., djg)"
vi(t) = [Lfn(0),.... fig@)]" €RTM (3.10)
For 07 () in (3.7), we express
o) = —AD 0
_ T, A0 +050u;(t) G0

7 A(s)

for some parameters 0;; € R~ l'and 870 € R such that

kiiZ;(s)P;(s)
o7 4) | gr . _KiZiS)Pls) 3.12
TG U T A 12
We then introduce the new parametrization
03(1) = 65" s (1) + 650 (1) (3.13)
where
e; = 67/®¢j7 e;() 1]0¢j
Als)
ws(r) = m[%]()
A(s) = [git,slyrty 8" 2l1]” (3.14)

with 9* ®¢* _[ ;k]l *T, ., l]n lq)*T] ER n—1)(g+1) being

the Kronecker product of 8}, = [67;,,...,6;;, ] € R ! and
q);‘- € RY"!. For the adaptive controller (3.8), we use

04(t) = 0L (1 ws (1) + 0L ()w;(1) (3.15)
where 05(¢) and 850 () are the estimates of 0% and 6%,
Using (3.3), we can parametrize the plant (3.1) as
o7 Ry )+ 857 15 DI() + v (1) = 1)
o e 408) Y\ kpiZi(s)
a0l + (1677 55 ) 2 ). 16
Using (3.8) and (3.16), we obtain the error equation
03P (5)[y — ym] (1) = 6" (r) (1) (3.17)
where 8(r) = 8(t) — 0%,
(1) = [67(1),03(1),020(r),05(1), 05 (1),05(1)]"
0" = [9TT763T’9;07e§7e§T79§g}T
o(t) = [of (1),03 (t),y(),r(t),0f (1), y] (1)]". (3.18)

Based on the error equation (3.17), an estimation error can
be defined for the development of an adaptive law for updat-
ing the parameter estimate 6(¢) so that the desired closed-loop
stability and asymptotic output tracking are ensured.

4 Adaptive Failure Compensation

Now an adaptive compensation control scheme is developed
for the plant (2.1) with unknown plant parameters and un-
known variant actuator failures (2.2).

4.1 Nominal Control Parametrization

To parametrize the nominal controller (2.6), we consider the
system (2.12). Similar to (3.5), there exists a monic polyno-
mial P,(s) of degree n* — 1 such that

A(s) — 67" a(s) = Za(s)Pu(s). (4.1)
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Then, we can choose the nominal compensation signal
ej(l‘) _ 2 (xjkPij(s)Pa(s)

EAG) 4.2)

[a](1)

to ensure the desired error equation 03P, (s)[y — ym](t) =0,
under Assumption (A.1) that Z,(s) has the same degree n —n*
as Zj(s), j = ji,j2,---,Jp, Which is needed (and necessary)
for solving the failure compensation problem.

For the failure signals i;(t), j = ji,Jj2,-..,Jp, in (4.2),
with ¢% and y;(7) defined in (3.9), we parametrize 0(7) as

6w = - 3 k”’f’(jzg““) )

A(S) )+ gemou] (1) (4.3)

for some parameters O;j e R" and 6; 0 € R, where 9;]- =0,
6;;].0 =0, for j # ji,j2,.--,jp. Using the Kronecker product
® (see (3.14)), we define

0, = 05,07, j=12,...,m (4.4)
and introduce the new parametrization
03(r) = 05" w6 (1) + 050 weo (1) 4.5)
where
0; = [0;],....0:7)T e Rmin=Dla+D)
00 = [0 p1o¢1 G;moq)ﬁf]T c Rmla+))
@n(t) = (IO e (R b))
AG) = lgersslystseess 2]
weo(t) = (W (1), Wi (t),...,um(®)]" € R™TD " (4.6)

4.2 Adaptive Control Design

Based on (2.6) and (4.5), the desired adaptive controller is

vo(t) = 91T(D1 (1) + eng(t) + 020y(7) + 631 ()

107 g (1) + 0%y we0(7), 4.7)
where 01, 02, 620, 03, 86, 8¢p are estimates of 07, 63, 05,, 03,
¢, 07, respectively, and

a(s) a(s)

o (t) = W[Vo}(f)y (1) = (4.8)

Using (2.11), we can derive

w(t) = GTTZ((?)[vo](t)+9§TZ((SS))Ly] (1) +850y] (1)
$)—0Ta(s s
e v O

From (4.7) and (4.9), we have the tracking error equation as

03P (5)[y — ym] (1) = 8" (r) (1) (4.10)
where 0(¢) = 6(¢) — 0",
0(r) = [6] (1),05(¢),020(1),03(1), 06 (1), 060 (1))
0" = [97T79§Ta9307 ;792T7925]T
o(t) = [of (1),0] (t),y(1),r(t),06 (1), 05 (0)]". 4.11)
Based on the error equation (4.10), we introduce
(1) = Wils)[w](1) (4.12)
&) = 6" (L(1) —Wu(s)[6" 0] (1) (4.13)
e(t) = e(t)+p(1)E(r) (4.14)
where p(t) is the estimate of p* = 1/63, and choose
oy sign[O3]TC(r)e(r)
0(r) = —W, r=r’">o0 .15
oo (e
pt) = 1+CTC+§2’Y>O (4.16)

as the adaptive laws for 6(¢) and p(7).
This leads to a stable adaptive control system for which
the following properties can be proved.

Theorem 4.1 The adaptive controller (4.7) with adaptive
laws (4.15) and (4.16), applied to the plant (2.1) with variant
actuator failures (2.2), ensures closed-loop signal bounded-
ness and output tracking: lim;_..(y(t) — yu(t)) = 0.

Remark 4.1 To handle actuator failures with variant and
parametrizable failure values described by (2.2), the adaptive
version of the term 0}(¢) in the control law (2.6) is designed
from a dynamic compensator, based on a linear parametriza-
tion of the unknown parameters appearing bilinearly: one
set of parameters from the nominal feedforward compensator
9’{7% and the other set from the failure signals i;(r). It
follows from stable plant-model matching that the effect of
parameter jumping at the actuator failure time instants decays
to zero exponentially and can ignored in the analysis.

Remark 4.2 In the parametrization (4.5), the dimensions of
the parameter vectors 07 and 6g, can be reduced.

For 6/, since the first components of y;(¢),i=1,2,...,m
are all equal to 1, the corresponding components in 65, can be
combined as one single parameter, with the first components
of y;(r), i =2,...,m, being deleted from wep(t).

For ©f and ws(?), the first components of E ; [wi](2),
i=1,2,...,m, are all the same (wh1ch converges to the con-
stant A<l 0) and can be replaced by A ) and the correspond-
ing components in 65 can be combmed as one single parame-

ter, with the first components of % A % [wil(#), i=2,...,m, be-

ing deleted from wg(¢). The (k(g+ 1) + 1)th components of
A .
A, i=12,...,
k=1,...,n—2, which can be deleted from mg(¢), with the
corresponding components in 0 being also deleted from 6.

m, are all the same (equal to 0), for
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Remark 4.3 If in the expression (2.2), a more compact form
is used with g = g; for each j, it can be similarly handled with
a modification to the parametrization (4.5).

The signals fj;(¢) in (2.2), 1 =1,2,...,q, are also allowed
to be system dependent, for example, fj; () = fj(z,y) as func-
tions of the output y. This includes a class of nonlinear sys-
tems which can be handled by the developed approach.

4.3 Alternative Parametrizations

The adaptive compensation scheme has been derived based
on the actuator failure model (2.2) in which the “basis” func-
tions fj(r) are assumed to be known so that the term 0}(7) =

kpiZi(s)Pa(s)
Xty RpAG)

T e (1) + 058 weo(2) as given in (4.5).

If the basis functions fj;(t) are sinusoidal functions, the
term 63(r) can be approximately parametrized as 0}(r) =
057 w7 (1) for some parameter vector 0% and regressor vector
@7(r) which contains all needed sin and cos functions with
different frequencies and whose dimension does not depend
on the plant order n. In this case, the approximation error
converges to zero exponentially.

Another case is with if; being piecewise constant whose
values are unknown but the time instants when i; changes
values are known. If the number of unknown constant val-
ues (which may repeat themselves) is finite, then an exact
parametrization of ©(r) can be obtained, similar to that in
(4.5). If there is a time delay in the knowledge of the time
instants when i; changes values, then there is an error in
parametrizing () and this error decays exponentially un-
til the next time instant when a different failure constant oc-
curs which causes a new transient error if a new time delay
exists. The magnitude of such errors is proportional to the
magnitude of those time delays. If the number of unknown
constant values is infinite, we can only parametrize a finite of
them, leading to an parametrization error. If we choose 0} as
a scalar piecewise constant for parametrization, then there is
a transient error at each time the failure value changes. For
either a finite or infinite number of failure values, this case
can be considered as the case with consecutive failures. If the
failure value becomes constant after a certain time, then the
parametrization error decays to zero exponentially.

When the failure basis functions fj;() in (2.2) are un-
known, we have to use some known functions to approxi-
mate the failure signal i;(f). Such known functions should
have certain desirable approximation properties. If 7;(z) is
periodic, we can use a linear combination of sinusoidal sig-
nals to approximate it (as from the Fourier series theory) so
that an approximate parametrization of 6}() can still be ob-
tained. If i;(¢) is an arbitrary unknown signal, then a suitable
parametrization of 6}(f) may not be possible. We should note
that a suitable parametrization of 0(z) is the key to effective
adaptive failure compensation which, in addition to closed-
loop stability, improves system tracking performance in the
presence of actuator failure and plant parameter uncertainties.

[i2;](1) in (4.3) can be parametrized as

Such an actuator failure compensation design is also ap-
plicable to the case when a failed actuator can recover and
other actuators become failed, as long as at any given time
there is at least one actuator which is not failed.

Finally, we note that redundancy is always needed for fail-
ure compensation and the capacity of unfailed actuators for
failure compensation is necessary for a desired control per-
formance. The key issue is how to make use of them in the
presence of system and failure uncertainties, to which adap-
tive compensation as developed is a desirable solution.

5 Simulation Study

As an illustrative example, we use the lateral dynamics model
of a Boeing 747 airplane [6] as the controlled plant to which
the adaptive actuator failure compensation control scheme is
applied. Unlike that in [8] where only a constant value fail-
ure model was considered, in this study, we study adaptive
compensation of variant value actuator failures.

Plant model. The linearized lateral dynamics of Boeing
747 with two augmented actuation vectors is described as

x(t) =
x(t) =

Ax(t) + Bu(t), y(t) = xa(t) = y,(t)

By, p,0]", B= [b1,b2,b3] (5.1)

where [ is the side-slip angle, y, is the yaw rate, p is the roll
rate, ¢ is the roll angle, y is the system output, which is the
yaw rate in this case, and « is the control input vector, which
contains three control signals: u = [u1,us,u3]” to represent
three rudder servos: 9,1, 8,2, 8,3, from a three-piece rudder
for compensation of actuator (rudder piece) failures.

From the data in [6], in horizontal flight at 40,000 ft and
nominal forward speed 774 ft/sec (Mach 0.8), the Boeing 747
lateral-perturbation dynamics matrices are

[ —0.0558 —0.9968 0.0802 0.0415
A 0.598  —0.115 —0.0318 0
- ~3.05 0388  —0.465 0
0 0.0805 1 0
[ 0.00729 0.01 0.005
—0.475 0.5 —0.3
b = 0153 |'22=| 02 |'B3=] o1
0 0 0

where b, and b3 are the augmented actuation vectors for ac-
tuator failure compensation. For this plant, it can be verified
that Assumption (A.1) is satisfied and that sign[03] = —1.

Simulation results. We considered the case where u
failed at r = 30sec: ua(t) = u2(30) + 0.01sinz rad, for r >
30sec, while u; = uz = v did not fail.

We used: T'=5I, =5, Wu(s) = 1s+3, A(s)= (s +
1)3, ¥(0) = 0.02, y,(0) = 0, [67(0),61(0),02(0),05(0)] =
0.8734,2.7249,2.4537, —1.8387,—5.128, —3.9069,4.1652,
—0.7765], and p(0) = —1.2878 (and zero initial values for
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Figure 5.1: Adaptive system response for r(r) = 0.03.
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Figure 5.2: Adaptive system response for r(¢) = 0.03sin0.1¢.

06 and 6¢p). The simulation results are shown in Figure 5.1
for r(t) = 0.03 and in Figure 5.2 for r(t) = 0.03sin(0.1¢).

These typical results verify the desired system perfor-
mance: the closed-loop system is stable, and the output track-
ing error e(t) = y(¢) — ym(t), experiencing a transient at the ac-
tuator failure time instant, converges to very small value. The
adaptive control signals from the unfailed actuators #; and u3
are able to compensate the uncertain failure of u, (whose fail-
ure information: j =2, u»(30), t, = 30sec and dp; = 0.01, is
unknown to the adaptive compensation controller) (the com-
pensation action can be seen from the plots).

6 Concluding Remarks

To handle actuator failures with variant and parametrizable
failure values, a linear parametrization of the bilinear param-
eters (one set from the nominal feedforward compensator and

the other set from the failure signals) is needed for adap-
tive failure compensation with desired stability and tracking
performance. A relative degree condition is also crucial for
output rejection of mismatched input uncertainties caused by
such time-varying actuator failures. This result applies to sys-
tems with inherent nonlinearities and can also be developed
for MIMO and nonlinear system cases.
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