2005 American Control Conference
June 8-10, 2005. Portland, OR, USA

FrC09.4

Distributed Control Design with Robustness to Small Time
Delays

0-7803-9098-9/05/$25.00 ©2005 AACC

R. S. Chandra
Mechanical & Aerospace Engineering
Cornell University.
rsc28@cornell.edu

C. Langbort
Center for the Mathematics of Information
California Institute of Technology
clangbort@ist.caltech.edu

R. D’Andrea
Mechanical & Aerospace Engineering
Cornell University
rd28@cornell.edu

Abstract— Recent results by the authors have shown how to construct
a class of structured controllers for large scale spatially interconnected
systems via linear matrix inequalities. These controllers guarantee
that the closed loop interconnected system is well-posed, stable and
has Ho norm less than unity. Of paramount importance in the
control of interconnected systems is the requirement that the stability
and performance of the controlled system be robust to arbitrarily
small communication delays between subsystems; this amounts to a
continuity property. In this paper, it is shown how to realize the
structured controllers obtained from the linear matrix inequalities in
order to ensure this continuity property for the closed loop system.

I. INTRODUCTION

In recent years, considerable research attention has been focused
on the theory and practice of large scale spatially interconnected
systems. The papers [2] and [5] proposed control design techniques
for a class of interconnected systems known as spatially invariant
systems; the work [10] dealt with analysis of a class of spatially
interconnected systems called the multidimensional (MD) systems.
The main motivation for these results is the fact that it is often
not practicable to design fully centralized controllers for large scale
interconnected systems due to constraints on the computational cost
and allowable interconnection topology.

In recent papers [12], [11], based in turn on the results of [7]
and [16], the authors have extended the results of [5] and have
proposed a method to construct a class of structured controllers
for spatially interconnected systems. Briefly, these results can be
summarized as follows: Consider a linear time-invariant (LTI)
plant consisting of ‘L’ subsystems G, ¢ =1,..., L, which are
interconnected over an arbitrary graph. Every node of the graph
represents an LTI system and every directed edge represents the
signals flowing from one node to the other. Each edge of the graph
connecting subsystems G; and G, ¢ # j is associated with the
pair of numbers m;,m;;, where m; denotes the dimension of
the output of G; flowing towards G; and where m;; denotes the
dimension of the output of GG; flowing towards G;. In addition, each
subsystem is affected by the exogenous disturbance d; and outputs
the signal z;. Notice that m:f =my; foral¢,j=1,...,L.

Suppose we seek a controller consisting of subsystems K; with
the properties that:

1) Each K; is connected to G.
2) Two controller subsystems K;, K; can communicate; that is,
K can output a signal of dimension mfjiJr to K, and receive
an input of dimension m;~ from Kj, so that m{;" = m%;~
foralli,j=1,...,L.
The inequality max(mfﬁ,m;(f) < amax(m;rj,m;j)
holds, where « is an absolute constant.
The closed loop system is stable and Ho, norm of the system
mapping (d1,...,dr) to (z1,...,21) is less than unity.
Notice that the third condition above imposes a restriction on
the possible connectivity of the controller subsystems in terms of
that of the plant; in particular, no two controller subsystems can
communicate unless the corresponding plant subsystems do. It was
shown in [12], [11] that the above problem can be solved with a
bound o = 3, and a linear time-invariant control system explicitly
computed, if a certain linear matrix inequality (LMI) condition is
satisfied.

The very fact that we are trying to control a plant consisting
of spatially distributed subsystems requires that we add a fifth

3)
4)

condition to the four already given above, namely, that the closed
loop system be stable, and the Ho, norm of the system be less
than unity, when arbitrarily small communication delays are present
between any two closed-loop subsystems. It has been recognized
long ago (see [18]) that seemingly innocent examples of LTI
feedback systems have the property that arbitrarily small delays
in the feedback loop can destroy stability. For example, a constant
gain P(s) = g > 1 (s denotes the Laplace transform variable) in
feedback with a unity gain has this property; if P(s) is replaced
by ge™“* (a time delay of € > 0 seconds), the resulting system is
no longer internally stable. In the paper [13], it is shown that for
an LTI feedback system, robustness with respect to small delays
in the feedback loop is equivalent to the stability of the nominal
system and the condition that a certain matrix structured singular
value be less than unity. Thus, it is not a priori obvious that the
closed loop system is robustly stable when small communication
delays are present. The aim of this paper is to show the following:
if a controller K (with subsystems K;) is synthesized using the
LMI conditions of [11], there exists another controller K (with
subsystems K;) which can be explicitly computed in terms of the
state-space matrices of [;, has the same structure as K (this is
of course essential, since the main contribution of [11] was to
construct controllers with this structure), and guarantees robust
stability and H.. performance of the closed loop system against
arbitrarily small communication delays. Note that if we directly
implement the controller obtained via solving the LMls of [11], the
closed loop may not have this desirable property.

The paper is organized as follows: In Section II, some back-
ground material on spatially interconnected systems as reported in
the work [11] is given, and the problem of robustness to arbitrarily
small delays is precisely formulated. In Section III, the main results
of the paper are presented; a controller is constructed that achieves
robust stability and performance to small time communication
delays. Section IV presents the conclusions, and the proofs are
given in the Appendix.

Notation: The set of the real numbers is denoted by R, the
complex numbers by C, the real n - vectors by R", the mxn
real (complex) matrices by R™*™ (C™*™), the nxn identity by
I,,, and the real symmetric matrices by Rg. M™ is the conjugate
transpose of M € C™*™. For M € Rg, M > 0 means M
is positive definite; M < 0 means M is negative definite. The
maximum singular value of a matrix M is denoted by & (M) and the
spectral radius is denoted by p(M) if M is square. The Euclidean
norm of a vector is denoted | e |. L5 is the space of vector signals
z(t) such that [~ |2(t)|*dt < oo and La. is the space of signals

z(t) such that fOT |2(t)|*dt < oo for all T > 0 . The L norm
of a signal is denoted by || e || and the Hoo norm of an LTI
system G is denoted by ||G||s; for more details, see [6]. Given
matrices My, = 1,...,n, the notation diagj_, M} denotes
the block-diagonal matrix with M) along the diagonal. This is
usually denoted diag, M; for brevity. Similarly, for signals or
vectors xj, the notation cat)_,xj denotes the signal or vector
(z1,x2,...,2zn) formed by concatenating . This is also usually
denoted catyxy for brevity. The number of scalar components of
a vector or signal z is denoted by dim(z).
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II. PROBLEM FORMULATION
A. Spatially interconnected systems over an arbitrary graph

The plant to be controlled consists an assembly of L possibly
different linear time-invariant continuous time subsystems. Let
V := {1,2,...,L} be the set that indexes the subsystems. To
each distinct pair of subsystems, indexed by ¢ and j, we associate
the following four signals - in the space L2, - flowing between
them: 1) v;;, the input of ¢ coming from j, 2) w;;, the output of ¢
flowing towards j, and similarly, 3) v;; and 4) w;;. As mentioned
in the introduction, dim(w;;) = m:rj = dim(v;;) = mj;. Letting
mz; = m,;; = 0 will denote the fact that the subsystems ¢ and j are
not interconnected - neither system outputs a signal to the other.

Define the interconnection input v; to each subsystem and the
interconnection output w, from each subsystem as the partitioned
vectors v; := cat;(v;;) and w; := cat;(w;;) respectively. Each
subsystem is described by the following state-space equations:

ml(t) ATTi ATSi B’é B’rul Jil(t)

wi(t) | _ | Asr, Ass, Bs;, B i(t) (1)
(0 | = | e | |y |-

yi(t) cy ¢y pyt o | Lui()

The local state is x;; each subsystem outputs the sensor mea-
surements y; and is equipped with the control signal u;. The
local exogenous disturbance is d; and the signals z; represent the
performance output in the standard H.. formulation [20] (that is,
we would like the signal z := cat;z; to have small £2 norm when
d := cat;d; satisfies ||d|| = 1). Once the relationships between the
inputs and outputs at each vertex have been defined, the distributed
system can be described by closing all loops by imposing the
constraints of interconnection. In other words, the condition that

vij(t) = wji(t) @
is imposed at all times ¢, for all 7, j€V. We make the following
assumptions on the plant matrices:

1) The control and measurement matrices of the closed loop
system satisfy

B¢ =Di*=C! =D! =0. 3)
These assumptions can always be satisfied by placing low-
pass filters of sufficiently high bandwidth at the local mea-
surement y; and control input u; as has been done in the
linear parameter varying (LPV) control literature [1].

A subsystem must not have feed-through from neighboring
subsystems:
“

2)

Assi == O

Thus the large-scale system must not have algebraic loops@s (t)" X, @5 (t) + &5 ()" Xr, a5 (t) + E { ch ) } {
i (

This condition can be relaxed somewhat; see Remark 4.

3) The identity
5(F) <1 5)
is assumed to hold, where
L. 0 BS'L
R=[Q B ©

Equation (5) is not required for stability robustness; see Re-
marks 2 and 3. Therefore, if this assumption is not satisfied,
we can still guarantee that the closed loop system is robustly
stable to arbitrarily small delays.

A controller for this system has subsystems K; given by

B AN AN BT [0
wi(t) | = As‘(gz AsKsz Bs]2 oS () | . 0)
ui(t) Cr, Cs Dy yi(t)

It is important to note that no assumptions are made on the state-
space matrices of the controller subsystems since there seems
to be no way to impose sparsity of these matrices as a convex
optimization problem. N0t1ce that controller subsystems can com-
municate via the signals v; and wf. Each 1nterconnect10n edge
of the controller s graph is assoc1ated with the signals w ; and
vy; such that vf = catjv and wl = catjww As explamed in

ij
the introduction, dim(wj and dim(vj;) = m” The

ij
) =mgt

relation v = wﬂ, and consequently, m) =S always holds

by deﬁnrtron The closed loop subsystems are grven by

a5 (t) Afy, Al Bn i (t)
wg(t) = Agﬂ Ag57 Bs Uic(t) , ®)
zi(t) s g D | Ldie)
where
xf = (xi7 :Cli()ﬂjf = (’Ui7 vf)wf = (wi7 wf) (9)

The description of the closed loop system is completed by the
equations

vl (t) = wji(t) (10)
for each ¢,j € V, where of course,
vgj = (Uij7vl'<j)7 wzcj = (wiwwl(j) (1
and
A By DKCy By CY
Ag’ri = |: T E¥ Cy ATT,TI] ) (12)
c . ATSi B%‘,.Cé(i c . As‘ri 0
Arsi = |: 0 A?s,- 7Asri = B;Cﬁ Agri ) (13)
c |10 0 c . B%_ c Béii
ASSi . |:0 ASKS,L :| 7BT1‘ = |: 0 7BSi = 0o |’ (14)
Cr, == [Cf, 0],C5 = [C§ 0],D5 := D%, 15)

Notice that in the above equations for the closed loop state
space matrices, we have made the assumptlons 1) and 2). Let the
dimensions of zf(¢), wi;(t) and vg;(t) be denoted respectrvely by

ng, ms andm . Define the matrices X, € ]RS , Xij € ]R g ,
m(i:"i mST xm&~ C e ..
Zij € Rg"” and Y;; € R™is s satisfying the conditions

XTi =0, Xij =

(The identity mS;"
in (16) can hold).
The following simple analysis result for spatially interconnected
systems is essentially from [11].
Theorem 1: [11] With the matrices Xr,, X;;, Yi; and Z;; as
above, the closed loop system (8), (10) is well-posed [8], stable
and satisfies the H~ performance bound

(1-r)

for some x > 0 if the quadratic form

—Zji, Yij = —Yji. (16)

= mS;” ensures that the latter two conditions

sup |z]* <

a7

<l |+ 0a0 - a - waoan

is negative definite for each ¢ € V. Here «§(t), vi;(t) and d;i(t)
are free to take values in their respective linear spaces while z§(t),
wi;(t) and z;(t) are computed from the subsystem equations (8).
kemark 1: A special case of the results in this paper appeared
in [4]. The results of [4] assumed that Y;; = 0 (which can be
restrictive), and also only addressed the problem of stabilization
(as opposed to the Ho control problem addressed herein).
Theorem 2: [11] Given a plant (1), (2), a controller which
renders the quadratic form (18) negative definite (for each ¢ € V')
for some choice of suitable matrices Xr,, X;j, Yi; and Z;; can
be computed as the solution of an LMI. Moreover, the dimen-
sions of the controller interconnection signals can be bounded by

max(m J+7m 7) < 3max(m,m; i)

7 177

B. Feedback loops with small delays: an abstract analysis problem

The interconnections described by equation (10) may be termed
ideal, that is, they allow an instantaneous flow of information
between any two subsystems. Since this assumption is rarely
justified in practice, we would like to guarantee the stability and
performance robustness of the closed loop system in the face of
arbitrarily small delays between subsystems.
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2(s) *—d(s
Fig. 1.

Feedback loop with output

Definition 1: Consider a closed loop system with subsystems
given by (8) and with the interconnections between subsystems
described by

bi5(s) = Aij (s)ji(s) (19)
instead of (10), where
~ m&t .
Aij(s) == diag,’] e “ik”, (20)

(~ denotes taking the Laplace transform). The system is said to
exhibit robust stability and performance to small communication
delays if there exists an € > O such that the system is internally
stable [8] and satisfies (17) for some x > 0 and for all €;;, < e.

In this subsection, we describe the analysis results which will
enable us to tackle the problem of synthesizing controllers that
guarantee stability and performance of an interconnected system in
the face of small communication delays between any two subsys-
tems. The idea is to consider a linear fractional representation [15]
consisting of an LTI system P(s) in feedback with a diagonal delay
A(s) := diagl_ e “** (see Figure 1), and to develop analysis
conditions which will guarantee robust stability and performance of
this feedback system in the presence of any delay satisfying e, < €
(for some € > 0). Since one can readily express an interconnected
system with delays between subsystems as a linear fractional
representation (by “pulling out the delays” as is done in robust
control theory), such a result would be useful for synthesizing a
controller which ensures this robustness property for the closed
loop interconnected system given by (8), (19).

The analysis result presented in this subsection for feedback
systems with small delays in the loop is essentially from [13].

Consider the feedback loop shown in Figure 1. Suppose the
nominal feedback loop (i.e., with A(s) = I) is stable and
satisfies (17) for some x > 0. We would like to guarantee the
existence of ¢ > 0 such that the system shown in Figure 1 is
internally stable (i.e., has uniformly bounded gain as an operator
from (d1 , d2) to (e1, e2)) and, with (d1 , d2) set to zero, continues
to satisfy (17) for all time delays A(s) =: diagj_,e”** such
that €, < e. The solution to this problem involves the computation
of a structured singular value. Assume that A € C(NFX(N+m)
Define, for v > 0, the set

Dw;:{[diagk‘sk g] 6, €C,0¢€ CMX?max(|5k|,a(e))g7}

2D
and the structured singular value
1

A):= .
HA) sup{y > 0:det( + AA’) #0,YVA’ € D,}
The following theorem will suffice for our purposes.
Theorem 3: Assume that the feedback loop of Figure 1 is
internally stable in the nominal case (A(s) = I) and satisfies (17).
Then there exists an € > 0 such that

1) the induced norm from (di, d2) to the internal signal
(e1, e2) is uniformly bounded for all €, < ¢

2) upon setting (d1, d2) is to zero, equation (17) continues to
be satisfied by the feedback loop

if ju(P(00)) < 1.

(22)

Proof: The proof is a simple modification of the “if” part of
Theorem 2.2 in the paper [13]; one uses the main loop theorem [15]
to cast the robustness problem as a structured singular value test.
The details are omitted for brevity. |

Note that the condition that the induced norm from (di, d2) to
(e1, e2) is uniformly bounded amounts to internal stability of the
delay system [8].

C. Linear fractional representation for interconnected systems

As mentioned in the previous subsection, we need to express the
interconnected system as a feedback loop (Figure 1) by “pulling out
the delays”. For each i € V/, let GS : Loe — Lo be the subsystem
represented by the state-space equations (8). Thus,

w§ | _ e | 0§
][]

(recall that v§ and w§ are interconnection signals concatenated as
in (9)). We need the following Lemma, the proof of which is simple
and is omitted.

Lemma 4: Suppose the interconnected system containing susb-
systems G, coupled as in Equations (19), (20), is represented as
the feedback loop in Figure 1, where

A= diag,L-L:lcliagjL:1 Aij(s).

(23)

(24)
Then R
P(s) = Q1 (diag,G;(5))Q2,

where 1 and Q2 are permutation matrices.

(25)

D. The control problem

It is now possible to precisely formulate our control problem as
follows: Given a plant whose subsystems are represented in state
space by (1), find a controller represented by the equations (7)
such that the closed loop is stable and satisfies (17) when the ideal
(nominal) interconnection relation (11) is satisfied. In addition,
ensure that the structured singular value condition p(P(c0)) < 1
is satisfied. The following lemma allows us to reduce the problem

to one involving the maximum singular value of the matrix G‘f(oo)

rather than p(P(oc0)) (this is convenient since the structured
singular value is hard to compute [17D).

Lemma 5: The condition u(P(co)) < 1 is satisfied provided
5(G5(00)) < 1 for each i € V.

Proof: Merely observe that permutation matrices are orthogo-
nal, so that & (diag, G5 (00)) = 7(P(c0)). Since u(A) < a(A) for
any matrix A [15], and since (diag;G5(00)) = max; 6(G5(00)),
the lemma follows immediately. |
The observations of this section yield

Theorem 6: Suppose we can find a distributed controller that
renders the closed loop system (8), (10) stable, with H~ norm less
than unity. Suppose also that the closed loop subsystems GS satisfy
(G5 (00)) < 1. From equations (14), (15), this last condition is
equivalent to

7(5:) < 1, (26)
where
X 0 0 B¢
Eii=Gi(c0)=| 0 A, 0 |, 27)
c: 0 Di*

for each ¢ € V. Then the closed loop exhibits robust stability and
performance to small delays.

The following corollary for robust stability follows as a special
case of the above result, noting that the closed loop feed-through
matrix is diag; A, , modulo some permutation matrices, when the
exogenous inputs and outputs (d; and z; respectively) are absent.

Corollary 7: Given that the closed loop system exhibits nominal
stability and performance, a sufficient condition for robust stability
to small delays is the requirement & (AS;,) < 1.

Remark 2: The matrix =; is similar, via a permutation matrix,

to «
Z .= | As 0
Zo= | 4 R 28)
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(see equation (6)). Equation (26) can therefore be satisfied only if
the assumption of equation (5) is satisfied. The precise condition
on the matrix F; which is necessary for robust performance in the
presence of small delays involves the computation of a structured
singular value; this point is not pursued further. However, Corol-
lary 7 shows that robust stability to small delays can be obtained
even if (5) is not satisfied.

We already know that a controller that stabilizes the nominal
system can be found using the LMI analysis conditions of [11]; in
addition, (26) must be satisfied. In the next section, we shall show
how to obtain such a controller from the controller synthesized
using the LMIs of [11].

III. STABILITY AND PERFORMANCE ROBUSTNESS AGAINST
SMALL COMMUNICATION DELAYS

The main results of this paper are presented in this section. The
proofs are collected in the Appendix.

A. Rewriting a controller for robustness against small delays

Theorem 3 provides the insight that if algebraic loops of gain
> 1 (in the sense of the structured singular value) are absent in the
closed loop system, then it is robust to arbitrarily small time delays.
This confirms and generalizes the intuition based on the simple
example (a unity feedback around a gain of ¢ > 1) described in
the Introduction.

Now, we have assumed that the feed-through matrices Assi
between the plant subsystems are zero; see (4). This is justified
in practice as a well-posedness assumption on the plant model
and can sometimes be relaxed; see Remark 4. Algebraic loops in
the closed loop are therefore caused by the controller feed- through
matrices ASS However, one cannot simply assume that ASS are
zero, since the controller matrices are obtained from the LMI
conditions of [11], and imposing sparsity on controller matrices
seems to be an intractable problem in general (the failure to cast
decentralized control problems as convex optimization problems in
general cases [3] seems to confirm this intuition). With the insight
that algebraic loops of gain > 1 destroy stability or performance in
the presence of small delays however, one could try to rewrite the
controller obtained from the convex synthesis conditions of [11] so
that the hypothesis of Theorem 6 are satisfied by the new controller
feed-through matrices. This is the procedure adopted in the sequel.
Needless to say, the plant should not be modified in any way and
the rewritten controller must also be distributed.

B. Controller construction

Suppose, therefore, that the controller (7) has been computed
such that the quadratic form (18) is negative definite for eachi € V.
Partition X;; and Z;; as

(X))
so that the blocks conform to wi; = (wiy,ws;) and v

(vij , vi;) respectively. Correspondingly, partition Yi; as

(e R } 29)
ij

’LJ

}/iG YGK
Yi; = |:)/215G ng ] (30)

(note that Y;; is not necessarily symmetric or even square).

The first step in the construction is to compute certain trans-
formation matrices. Assume without loss of generality that the
symmetric matrices

XK YK
Uij == ; 31
(%] (YK) ZZJ ( )
are invertible and still result in (18) being negative definite (by
a small perturbation if necessary). Compute matrices 7;; via a
factorization

Us; =: Ti5Ri; Ty, (32

where

Ry; = diag(I,—1I). 33)

Note that if R;; has n, positive entries and n,, negative entries,
the inertia (the ordered triple consisting of the number of positive,

=[1 —A, | Pfdiangi;1 <catj [15,(

zero and negative eigenvalues respectively) of UJ; is
Make the co-ordinate transformation

K ~K
Wy L=l | Wy

| =Ty { |
7

(nP7 07 Tln)

(34)

Vi Vs

where the partition (wj;, ¥j;) is conformable with the principal
submatrices (I and —1I respectively) of R;;. From the closed loop
equations (8) and matrices (13), (14), we have

wi = B; Ctaxi+ A?Tim;-( + A?Sivf
]) BS CY —|—AST x5,

(35)

<K

ij

5 (36)
where PY is a permutation matrix. Define P} by
sx . [ catjwy Y
2 {catjf}fj — cat; o | 37
and define the matrix .A; and the vector (; by
Ai = [I —A§, | Pr dlag]T 'pr (38)
G o= BS,CYai+ Ag, o} (39)
to get
| catjay; |
Ai { cat;U}; } =G (40)
= Afcat;jwy; = Ajcat;vj; + G, 41)

where A; = [A"’ —A7 has been partitioned conformably with
the vector (cat w”7 cat;vf

Thus if the matrix Aw has a left inverse (1t is in general
rectangular), we can solve uniquely for cat; w The following
theorem shows that this is indeed the case. For convenience, define

Wk = catzw”, vy = catw”
Theorem 8: The relatron
= (AP AT + (AT (42)

holds, where for a rectangular matrix © with full column rank, the
pseudoinverse O is defined as (©*0)~'0*.

Theorem 8 is a key result in the whole theory. This theorem has
allowed us to define a new set of interconnection variables for the
controller subsystems. We can now construct a new controller with
these interconnection signals. From (42) and (39), we get

= (AP)TATDY + (AP)' B O s + (AP) T AG 2. 43)
Equation (43), together with the equation for the plant intercon-

nection output w; (obtained from (8)) now begins to resemble the
closed-loop interconnection equation (with a new controller):

wi | | Asr;, O T 0 0 V4 B2
i) = [t a8, () [0 & [+ [ )
(44)
where
Agri = (Azw)TAIs(Ti: Als(st = (Azw)TA;Jv B; = ('A;U)TB;' 435)

(Compare with (13), (14)).
Now the state equations of the closed loop subsystems are, for
eachi €V,
i = A%y, xi + Afs, 0§ + By, di. (46)

(See (8), (12), (13) and (14)). Since v§ = (v; , v ), we must express
v} in terms of ¥f. Partition the matrices Tf1

T =5y = [Sﬁ SZZ] 1)
according to (34). Some algebra later,”we ohtarn
= (diag; S} ) B, CY,z: + (diag; S;} ) AS;, w5+
[(dlagJ S” )AgS (diangsz)} o5, (48)

The closed loop state equation can now be written in terms of
the states and the new interconnection input:

[x] {ATTﬁB;;D;‘cTyi Bﬁ@ﬁ} [a:]
| = 3 | T

BY,CY A¥
u K
[Arsl B Cst} [ } + Bf.di,  (49)

0 A%
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where the controller matrices Af,, C%., Br,, Af,, Cs., and
Afs,can be computed from the foregoing signal relations. Compar-
ing the closed loop matrices in (49) and (44) with (8), (12), (13)
and (14), we see that the matrices A¥Ti, etc, define a valid controller.
The first theorem about this controller is that it achieves nominal
stability and performance:

Theorem 9: Assume that the plant satisfies the (3) and (4).
Suppose the controller subsystems (7) have been computed such
that the quadratic form (18) is negative definite for each ¢ € V. Let
the controller subsystems be as in Equation 7, with Af replaced
by A?Ti, etc. Let the closed loop subsystems be interconnected
according to

i (t) = wjs(t) and vy (t) = wi;(t).
The resulting closed loop system is stable and satisfies (17).

The new closed loop system exhibits robust stability and perfor-
mance to small delays (see Definition 1):

Theorem 10: Assume that the plant satisfies (3), (4) and (5).
When the new controller is connected to the plant, the closed loop
matrix Z;, which is just Z; (see (27)) with Ag,replaced by Ag,,
satisfies (=;) < 1. Consequently, by Theorems 9 and 6, the closed
loop exhibits robust stability and performance to small delays.

Remark 3: From the proof of the above theorem (Section V-C),
it is seen that (AS;,) < 1 whether or not (5) holds. It follows
that the closed loop system satisfies the condition &(AS,) < 1,
where the closed loop feed-through matrix Ag,, is now given by
equation (14) with Agg, replaced by Ag,. Thus from Corollary 7,
the closed loop is robustly stable to small delays even if (5) is not
satisfied.

Remark 4: The assumption Ass; = 0 made in this paper can
be considerably relaxed if we are only concerned with stability
robustness; the method given in this paper goes through without
modifications if 5(Ass;) < 1 for each ¢ € V. This can be seen
from the proof of Theorem 10 and the fact that, when Ass;, # 0,
the closed loop feed-through matrix Agsi (see (14)), with the new
controller in place, becomes

[¢ Assi 0
Assi = |: 0 Als(sl:| .
From the previous remark, o (AS;, ) < 1 holds; therefore, 5(AS;,) <
1. Robust stability now follows trom Corollary 7.

Thus we see that the assumption of equation (5) is not necessary
to guarantee stability robustness, which is encouraging, since one
cannot really impose this constraint on the plant. Now suppose (5)
does not hold, but that (3) and (4) do, and that a controller has been
synthesized (as above) such that 5(Ag,,) < 1. Thus, by Corollary 7,
the system is robustly stable to small delays and exhibits nominal
performance. Now the following question arises: is it possible to
estimate an upper bound for the H° norm of the closed loop
system from d to z in the presence of small delays? In other words,
is it possible to find numbers I', e > 0 such that

sup 2] <T
lld]|=1

(50)

(51

(52)

whenever the interconnections between subsystems are described
by the relations (19) and (20), with €;;, < €? Theorem 11 below
answers this question in the affirmative.

Theorem 11: Suppose F; € R™i*™i (see (6) for the definition
of F;). Let 6(F;) > 1 for at least one ¢ € V, so that robust

performance to small delays is not ensured by Theorem 10. Define
I := max{n,5°(Fi)} +n, (53)

where 7 > 0 is any (small) constant. Then there exists € > 0
such that the closed loop system obtained by interconnecting the
plant with the new controller is internally stable and satisfies (52)
whenever the interconnections between subsystems are described
by the relations (19) and (20), with €5 < e.

Therefore, if the assumption (5) is not satisfied, it is still possible
to bound the worst-case Hoo gain of the closed loop system in the
presence of small delays, in terms of the plant matrices.

By chasing through the sizes of the signals, the following

interconnection signals. The proof is simple and is omitted.

bound can be established on the dimensions of the controller’sy, . _ { Y YRS + X%‘S}f}
ij 0

Theorem 12: Suppose the original controller (7) for the plant (1)
satisfied the relation

max(dim(wy;), dim(vj;)) < a max(dim(w;;),dim(vy;)),
for some constant «. Then the new controller satisfies the relation
max(dim(wy; ), dim(vj;)) < 2amax(dim(w;;), dim(v;;)).
Since we can guarantee a bound « = 3 by the LMIs of [11], the

new controller’s interconnection dimension does not exceed that of
the plant (in every channel) by more than a factor of 6.

IV. CONCLUSIONS

In this paper, a technique was given to construct a class of
structured controllers to stabilize a spatially interconnected system
and to render the closed loop H oo norm less than unity in the face
of small communication delays. The importance of this problem
is self-evident given the spatially distributed nature of the problem
considered in this and related work [11], [5]. The results build
on those of [11] on distributed control synthesis for large-scale
systems and on those of [13] on the stability of feedback loops
affected by small delays. The controller construction algorithm has
been demonstrated with the help of an example.

V. APPENDIX
A. Proof of Theorem 8

In view of the discussion before Theorem 8, it is sufficient to
prove that A}’ has a left inverse.

Proof: Define ®; = (x5)*Xr, 25 + (25)* X1, x5. Note that
while the state z§ is really a signal in Lo, we are treating it as
a vector (in R"g) here. We shall continue to do so for all other
signals without further comment. Also, if 3(f) is a quadratic form
in a vector f, we use the notation 3(f) < 0 to convey the fact
that 3 is negative definite (though the strict inequality holds only
if f#0).

Recall the meanin(g of the negative definiteness of the quadratic
form (18): vectors x;, v§ and d; are independent variables and 5,
w; and 2z; must be computed from the closed loop equations (8)
and (12) - (15). Now, if we set z; = =5 = v;; = d; = 0, we see
from (8) and (12) - (15) that w;; = z; = 0; so (18) becomes

L *

K K

Z Wi | K | Wis

K 1, K
UL] UL]

=1

where Ufj was defined in (31). From (34), (32) and (33), we have

] <0, (54)

L L
SOa? =Y D lo5P <0 = |[wf* - [0f]* <0. (55
j=1 j=1

From equation (41), noting that ¢; = O (this is because we have
set x; = x; = 0), we have
Yy = (56)
From (55) and (56), we have that, for all w and v satisfying A’ w—
AYv = 0, the inequality |w|* — |v|* < 0 holds provided |w|* +
|v|> # 0. Now suppose A¥w = 0 for some w # 0. Then by
choosing v = 0, we can satisfy A;’w — A7 v = 0, but on the other
hand, |w|? — |v|> = |w|®> > 0, a contradiction. Hence A¥w = 0
implies that w = 0. Thus 43" has full column rank; in other words
it has a left inverse. |

B. Proof of Theorem 9
From (18), (34), (32) and (47), we have

L .C * >, ~
Bit Y [‘;’éf] [Y»? z
=1 ©J 2] ©J

v v K
i Ui -

e

. C
vij

]—&—z;‘zi—(l—m)d;‘di <0,

where W5; == (wij , W), U5 = (vij, U5:) and oD
ij = ij 5 Wij)s Uiy = \Vij , Usy
- X6 *
Xi' = * * I * * ) 58
J {(s}}) (X" £ (52)° (V) 1] e
G . . , (59
(S Y + (ST (Z5)
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S { Z;; * ]
RGN RN CH R G B
where * denotes terms induced by symmetry. Recall that
dim(w};) = m{:" and dim(v;) = m}; " ; let dim(w};) :
and dim(¢f;) := ;. From (16), we have XJ; = —Z; and

(60)

ij J
ij

(Yi5)" = —Yj;. These can be written as

581 [28 % CLa )
(Yi;)" Z3; Imj‘?ﬁ 0 (Yi)™ Z5;

0 I’mK?Jr
X I’mK?7 dl
i

} =171 i 0 _[(Yﬂ)* ZE‘]

Ji
% 0 Imjl?fr
0

I k.-
'mji

} (61)

K K
— ! * b
[(y;;) z

:| . (62)

Thus (US)~"' and —(U;-‘i)*1 have the same inertia (see (31)).
From (32) and (47), the 1dentity

(U5) " = SijRi; S (63)
holds. Since the inertia of (US;)~" is captured by R;;, we can in
fact compute S;; via (32), (47) for ¢ < j and get S;; for i > j

from
S g2 0 Lk ]1git g2 0 Ix+
{Srﬁ Siz] = [ § oL g Lk 0
(64)

ij Imj‘?f
Assume that this has been done prior to controller construction.
Thus
Sl g2 522 g2l
|34 8] =[50
Substituting equations (16), (65) into (58), (59) and (60) gives
Xij = —Zs,Yi; = — Y. (66)

The theorem now follows from (57), (66) the stability criterion
given in Theorem 1.

C. Proof of Theorem 10
From (45), the controller matrix ASKSi is nothing but (A’;”)TAE.

We claim that 5 (ASs,) < 1. We know that for all w, v such that
A¥w = Alv, the inequality |w|*> < |v|* holds provided w and v
are not both zero (see the groof of Theorem 8). Thus for all v # 0,
it holds that |(AY)TAYv|? < 1%, or that 5(AY,) < 1. From (5)
and the structure of the matrix =; (see Remark 2 and (28) for
example), the theorem follows.

D. Proof of Theorem 11

Note that, since a(F;) > 1 for at least one ¢ € V, the identity
I' > 1 holds. Define a new closed loop system by scaling the
outputs z; and the inputs d; in (8) as follows:

.
i ::\/—%,dg = d;VT,
where 2z, and d; are the new output and input respectively of

subsystem 4.
In terms of the new output and input, the matrix F; in (6) is

1,

(65)

(67)

transformed to
Bd
0 —=
Flo=| e T (68)
JT T

We claim that 5(F;) < 1. Assume that Fj # 0. Recall that the
Frobenius norm of any matrix A, denoted by || A||r, is given by the
Euclidean norm of the vector of all elements of A. Since I" > 1,

Fillr
Fli|p < MlE 69
IFillF < T (69)

/ I Eill=
= ||F/||r < =21, 70
1Ellr < 05 7 70)
Since || @ |7 and & (e) are equivalent norms satisfying
7(A) < [|[Allr < a(A)Vn (1)

for any A € R™*"(see for example [9], page 56), one obtains
IFillr <1 (72)
= &(F}) <1, (73)

which proves the claim. Now the nominal system mapping d’ :=
cat;d; to 2’ := cat;z] (is stable and) has Hoo norm less than
unity, since
1] JIEd} 1—kx
fafl Tl = T

whenever d # 0; the last inequality is because the nominal
system satisfies the performance equation (17) for some x > O.
Since o(Ag,) < 1 by hypothesis, Theorem 10 and the form of
equation (28) imply that the system mapping d’ to 2z’ exhibits robust
performance to small time delays; thus

L [|z]]

(74)

sup |2 <1 (75)

[la"l|=1

in the presence of small delays. From the first equality of (74), the
theorem follows.
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