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Abstract

In this paper is described the application of an on-line
algebraic identification methodology for parameter and
signal estimation in vibrating systems. The algebraic
identification is employed to estimate the frequency and
amplitude of exogenous vibrations affecting the me-
chanical system using only position measurements. The
algebraic identification is combined with an adaptive-
like sliding mode control scheme to asymptotically sta-
bilize the system response and, simultaneously, cancel
the harmonic vibrations. Numerical and experimental
results show the dynamic and robust performance of the
algebraic identification and the active vibration control
scheme.

Keywords: Active vibration control, On-line algebraic
identification, Sliding mode control.

1 Introduction

The identification of dynamical systems, involving ex-
plicitly the parameter identification, is a well-known
process to develop or improve the mathematical de-
scription of a physical system by means of a proper
use of experimental data. System identification meth-
ods provide the analytical tools, algorithms, computa-
tional programs and real-time implementation to get
good approximations to an adequate model for analysis
and control purposes. There exists a vast literature on
the area, although most of the identification and esti-
mation methods are essentially asymptotic, recursive or
complex that lead to unrealistic implementations. See,
e.g., Ljung [5], Soderstrom [6] and Sagara and Zhao
[7, 8].

This paper deals with the application of an on-line al-
gebraic identification approach to estimate the physi-
cal parameters on mass-spring-damper systems as well
as the amplitude and excitation frequency of harmonic
perturbations affecting directly the mechanical sys-
tem. The algebraic identification is combined with an
adaptive-like sliding mode control scheme to asymp-
totically stabilize the system response and, simultane-
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ously, cancel the harmonic vibrations. The main virtue
of the proposed identification and adaptive-like sliding
mode control scheme for vibrating systems is that only
measurements of the transient input/output behavior
are used during the identification process, in contrast
to the well-known persisting excitation condition and
complex algorithms required by most of the traditional
identification methods (Ljung [5] and Soderstrom [6]).
The proposed results are strongly based on a theoretical
framework on algebraic identification methods reported
recently by Fliess and Sira-Ramirez [4].

2 Parameter identification

To illustrate the basic ideas of the algebraic approach
to parameter identification proposed by Fliess and Sira-
Ramirez [4], consider the following mathematical model
in operational calculus terms of a simple one degree-of
freedom mass-spring-damper system

T (8(2£E) (s) — swo — do) + ¢ (sz (s) — xo) + kx (s)
(1)

where x denotes the displacement of the mass and u
is a control input (force). Here zyp = z (ty) and &¢ =
& (to) are unknown constants denoting the system initial
conditions at tg > 0. The parameters to be identified
are the mass m, the linear stiffness £ and the linear
viscous damping c.

In order to eliminate the dependence of the constant ini-
tial conditions, the equation (1) is differentiated twice
with respect to the variable s, and the result is multi-
plied by s72, and next transformed into the time do-
main, resulting

m {2 ( t(02) :C) —4 (ffo (At) :C) + (A1) x}
+e[-2(SZ (atz) + (f, a0 )] 2)
+h ( I (an? z) - ( ) (ar)? u)

where At = ¢t — tg and (ft(on) gp(t)) are iterated in-

f;"il p(on)doy, -+ -doy,
with (fto ) (t)) = ftto ¢ (o) do and n a positive integer.

tegrals of the form ftto NGREE
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The above integral-type equation (2), after some more
integrations, leads to the following linear system of
equations

A8 = b(t) (3)

T
where 6 = [ﬁl,a k} denotes the parameter vector to
be identified and A(t), b(t) are 3 x 3 and 3 x 1 matrices.
From the equation (3) can be concluded that the para-
meter vector 6 is algebraically identifiable if, and only
if, the trajectory of the dynamical system is persistent
in the sense established by Fliess and Sira-Ramirez [4],
that is, the trajectories of the system (1) satisfy the
condition det A(t) # 0. In general, this condition holds
at least in a small time interval (¢o,to + 0], where ¢ is
a positive and sufficiently small value. By solving the
equations (3), we can determine the unknown system

parameters.

2.1 Simulation and experimental re-
sults

The performance of the algebraic identifier of para-
meters (3) was evaluated by means of numerical sim-
ulations and experiments on an ECPTM rectilinear
plant with m = 2.2685 [kg], ¢ = 4.1241 [Ns/m] and
k = 356.56 [N/m]. Fig. 1 shows the numerical and ex-
perimental results using the algebraic identification for
a step input w = 4 [N]. In the simulations is clear how
the parameter identification is quickly performed and
it is almost exact with respect to the real parameters.
It is also evident the presence of singularities in the al-
gebraic identifier, i.e., when the det A(t) is zero. How-
ever, the first singularity occurs after the identification
has been finished. The experimental response is quite
similar to the numerical simulation, resulting in the fol-
lowing parameters: m = 2.25 [kg], ¢ = 4.87 [Ns/m],
k = 362 [N/m], which represent good approximations
for the real parameters. Nevertheless, the identification
process starts with some irregular behavior, which we
have attributed to several factors like neglected non-
linear effects (stiffness and friction), noise on the out-
put measurements and especially the computational al-
gorithms based upon a sampled-time system with fast
sampling time ¢, = 0.000884 s and numerical integra-
tions based on trapezoidal rules. Some of these prob-
lems in the parameter estimation have been already an-
alyzed by Sagara and Zhao [7].

3 Identification of Harmonic Vi-
brations

Consider again the mechanical system (1), with known
parameters m, k and ¢, undergoes harmonic vibrations

m (s%z (s) — swo — do) + ¢ (sx (s) — z0) + kx (s)
=u(s)+ Fomts
(4)
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Figure 1: Numerical and experimental results of the on-
line algebraic identification of the system parameters.

In this case we proceed to synthesize algebraic identi-
fiers for the excitation frequency w and amplitude Fj.

3.1 Identification of the excitation fre-
quency w

By multiplying (4) by (s* 4+ w?) is obtained

52 (ms2x +csx + kx — u) + w? (mszx + csx + kx — u)
= Fyw + a3s® + azs® + a1s + ao
(5)

where a;, ¢ = 0...3, are unknown constants depending
on the system initial conditions and the excitation fre-
quency w.

In order to eliminate the amplitude F{, and the con-
stants a;, ¢ = 0...3, we differentiate the equation (5)
four times with respect to s and the result is multiplied
by s%, and next transformed into the time domain,
resulting

Ni (t) — Dy (t)w?* =0 (6)

where

= ft(:l) [24mx — 24c(At) z + (12kz — 12u) (At)®
+ [ | —96m (At) & + 36¢ (A) @ + 8 (u — k) (A1)
+ [P [ 72m (A0 & — 12¢ (A8 2 + (ke — w) (At)ﬂ
+ ft [—16m (A)? z 4 c(At)* 9&} +m (At z
= [ [ 12m (At)? z + e (AL)°
(At) (u—ka)] + [P [Sm (A z — c(At) x]
(2)
m (fto
Therefore, when the condition D (¢) # 0 be satisfied

at least for a small time interval (fo,to + dg], where dg
is a sufficiently small quantity, we can find from (6)



a closed-form expression for the estimated excitation
frequency

—_—, Vt € (to,ﬁo + (50] (7)

3.2 Identification of the amplitude Fj

To synthesize an algebraic identifier for the amplitude
Fy, we first express the equation (4) as follows

ms?x (s) + csx (s) + kx (s) (8)
=u(s)+ f(s) + mxos + mio + czo

Taking derivatives, twice, with respect to s and multi-
plying by s~2 makes possible to remove the dependence
on the initial conditions. Next, the resulting equation
is transformed back into the time domain, to get the
following algebraic identifier

Na (t)

Foe = =2, Yt e (to+0o,t0 + 0 9
0 Dg(t) (0 0,40 1} ()

where

No(t) =m [2 ( o ac) 4 ( Joo 5o (AD) x) + (A1) x]
+e|=2(fi2, (A0 ) + (£, 45, (A0 )]
+h (2, a0?z) - (2L, (a0 w)

Dy (t) = ( ) (A1) sin [we(to + 50)15})

In this case the system trajectory is persistent if, and
only if, the condition Do (t) # 0 is satisfied for all ¢ €
(to + 0o, to + (51] with d; > dg > 0.

It is important to note that equation (9) still depends
on the excitation frequency w. Therefore, it is required
to synchronize both algebraic identifiers for w and Fy.
This procedure is sequentially executed, first by running
the identifier for w and, after some small time interval
with the estimation w,(to + dg) is then started the al-
gebraic identifier for Fy.

3.3 Simulation and experimental re-
sults

In Fig. 2 are shown some numerical and experimental
results using the algebraic identifiers for the excitation
frequency w and amplitude Fy with w = 0 and f (¢) =
4sin 5t [N]. First of all it is started the identifier for w,
which takes about ¢ < 0.2 s to get a good estimation.
After the time interval (0,0.7] s, where t; = 0 s and
0o = 0.7 s with an estimated value w.(tg + d9) = 4.9
[rad/s], it is activated the identifier for Fp.

In the experimental results the identification processes
are slower with respect to the numerical simulations.
Again, we assume that such incompatibility is caused by
unmodelled dynamics and nonlinearities into the phys-
ical system, the numerical methods used in the com-
putational algorithms and noise into the input-output

measurements. Such obstacles, however, do not affect
substantially the algebraic identification process, result-
ing in fast and good estimations w. = 4.9 [rad/s] and
Fy = 3.933 [N].

I | we [rad/s] Foe [N]

750 — Experiment 4

— Simulation

t[s]

f(t) [N]

Figure 2: Numerical and experimental results using on-
line identification for w and Fy.

4 An Active Vibration Control
Scheme

Consider the vibrating mechanical system shown in Fig.
3, which consists of an active vibration absorber (sec-
ondary system) coupled to the perturbed mechanical
system (primary system). The generalized coordinates
are the displacements of both masses, x1 and x5, re-
spectively. In addition, u represents the (force) control
input and f a harmonic perturbation. Here mq, k
and c¢; denote mass, linear stiffness and linear viscous
damping on the primary system; similarly, ms, ko and
co denote mass, stiffness and viscous damping of the
vibration absorber.

The mathematical model of the two degree-of-freedom
system is described by two coupled ordinary differential
equations

miiy + ey + ki + ka(x — x2) = f(t)

m25i'2 + k2($2 — {131> = u(t) (10)

where f (t) = Fpsinwt. In order to simplify the analysis
we have assumed that ¢; =~ 0 and ¢y = 0.

Defining the state variables as z; = x1, 20 = @1, 23 =
o and z4 = @9, one obtains the following state space
description

2’1 = Z9

b — _kitks o1 ko a1

Zy = o m122+m12’3+m1f

Z3 = 24 (11)
s o— ko o ko 1

24 =i 23 + propl

y=z
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f(t) = Fy sin ot

Mechanical System

—ler=0

Vibration Absorber

Figure 3: Schematic diagram of the vibrating mechani-
cal system.

It is easy to verify that system (11) is completely con-
trollable and observable, as well as marginally stable
in case of ¢; = 0, f = 0 and v = 0 (asymptotically
stable when ¢; > 0). Note that the disturbance de-
coupling problem of f (t) using state feedback is not
solvable because the output y = z; has relative degree
4 with respect to u and relative degree 2 with respect
to f.

In what follows we will apply the algebraic identification
method to estimate the harmonic force f(¢) and design
an active vibration controller based on state feedback
and feedforward information of f(t).

4.1 Sliding mode control

Consider the perturbed system (11), where only the
output y = z; and the input w are available for use
on a sliding mode control scheme, under the tempo-
rary assumption that the excitation frequency w is per-
fectly known. For simplicity, we also suppose that
c1 = cg = 0. It is easy to verify that the output y satis-
fies the following input-output differential equation (see
Beltran et al [1])

y(6) + dly(4) + doyj + d3y = dy ('LL + w2u) (12)

where

dlzﬁﬂz+ﬁ2_+w2

d3 _ k1Ko WQ
mi ma

T mima

dQZ(kﬁ’fz +ﬁz>w2+_l_2_kk = ka2
my mo mimsz mimsa

By successive integrations of the equation (12), the time
derivatives of the output variable y up to fifth order can
be reconstructed by means of integral reconstruction.

This is, they can be expressed in terms of the output
y, the input » and iterated integrals of the input and
the output variables. For more details on this topic see
Fliess et al [3].

The integral input-output parameterization of the time
derivatives of the output is given, modulo initial condi-
tions, by

g= —d fto y+ ft(j) (dgu—day) + ft(f) (daw?u—dsy)
i= —diy+ ft(f) (dyu — dyy) + ft(4) (dyw?u—dsy)
§0=—dig+ [, (dau—day) + ftog) (dsw?u—dzy)
Yy
Yy

/\(
s —dljlj—de—‘rAJ;(f) (d4w2u - dgy) +d4u
§P = —di g —day+ [, (dawu—dsy) +dati

(13)
For non-zero initial conditions, these expressions differ
from the actual values by at most a fourth order time
polynomial of the form: pst* + pst3 + pat? + pit + po,
where p;, © = 0...4, are all real constants depending on
the unknown initial conditions.
A sliding surface can now be proposed as

G =y® — (y*)(5) T ag {y(4) _ (y*)(‘l)}
Tog {y(3) _ (y*)(?’)} ¥ o (@ _ y*)
+ag (ny* +ase+oz4ftoe+oz3ﬁ(02)e

s ft(o3)e+oé1 ft(o4)e+o‘0 t(os)e

(14)

where y*(t) is a desired output reference trajectory and
e =y — y*(¢). Then, the ideal sliding condition ¢ = 0
results in a tenth order dynamics

6(10) + age(g) + ase(g) + a7e(7) + OZGG(G) + a5e(5)
+a4e(4) + a36(3) + agé + a1€+ apge =0
(15)

which is completely independent of any initial condi-
tions. Therefore, selecting the design parameters oy,
1=0,...,9, such that the associated characteristic poly-
nomial for (15) be Hurwitz, one guarantees that the er-
ror dynamics on the sliding surface ¢ = 0 be globally
asymptotically stable. In addition, by forcing the slid-
ing surface & to satisfy the discontinuous closed loop
dynamics:

W>0 (16)

where “sign” stands for the signum function, one then
gets the sliding mode control as a solution of the differ-
ential equation

& = —Wsign (5),

i+ w?u = djtv + d! (d1§(4) +dof + d3y>
v=1y*O® — [3(5) —y*®
—ag [§W =y W] — a7 [§¥) —y* 3] (17)
— Qg b—y*} — Qs a—y*] —asly =y
—azéy — azfy — a1 — apéy — Wsign(o)
where as = ag (d2 — d%) + a7dy. This controller em-

ploys only measurements of y = z; and the excitation
frequency w.
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4.1.1 Simulation and experimental results

Fig. 4 shows the numerical and experimental dynamic
behavior of the sliding mode control scheme. In this
case, the harmonic perturbation f(¢) = 0.515sin (17.7t)
was applied to the mechanical system, which is close to
the system’s resonance. In the implementation of this
controller, an error in the measurement of the excitation
frequency was introduced intentionally, this is w = 19
[rad/s]. In spite of that, we can see how the active vi-
bration absorber dissipates the vibrating energy from
the primary system H; and allows the asymptotic out-
put regulation about § = z; = 5 [mm)]. The parameters
for the ECPTM rectilinear plant are m; = 3.4316 [kg],
¢ = 1.11 [Ns/m], k1 = 356.56 [N/m], my = 2.745 [kg],
co = 3.8122 [Ns/m)], ko = 356.56 [N/m].

— — Simulation

0.01 —— Experiment

H1 ]
°
uN]
o

tls] tls]

Figure 4: Numerical and experimental responses of the
close-loop system.

4.2 Algebraic identification of harmonic
vibrations

The main goal is the algebraic identification of the har-
monic force f(t), which will be obtained through similar
procedures stated in previous sections using only mea-
surements of the output y = z; and considering that
the system parameters are perfectly known. It is easy
to verify that the output y also satisfies the following
input-output differential equation (see Beltran et al [1])
writen in operational calculus terms

m154y (s) + (kjl + ko + ﬂn]fz) 52

= kQu(s)Jr(T’ff —w )Fosersz
+a55 +a25 +ai1s+ ap

y(s) + 52y (s)

(18)
where a;, ¢+ = 0...3, denote unknown constants depend-
ing on the unknown system initial conditions. Now,

equation (18) is multiplied by (s? + w?), leading to

(2 +?) [ (sy () + £2%y () mr+
(52y (s)+ :L—QQy (s)) k1 + kos?y (5)}
= % (s* +w?) u(s) + <2:1—22 - wz) Fow

+ (82 +w2) (a353 + a8 +a1s + ao)

(19)

This equation is differentiated six times with respect to
s in order to cancel the constants a; and the unknown
amplitude Fy. The resulting equation is then multiplied
by s7°, and next transformed into the time domain, to
get

[an (t) + w2a12 (t)} mi + [alg (t) + w2b12 (t)] kl
= C(C1 (t) =+ w2d1 (t)

(20)
where
a1 (t) = mag11 (t) + kagi2 ()
aiz (t) = magia (t) + kagi3 (75)
bi2 (t) = magis (t) + ko ( ©) 46, )
c1 (t) = k2014 (t) k2m2912( )
dy (t) = k2 6 tbu) — kamagis (t
with
g1 (1) =720 ( J19y) 4320 ([ (at)y
+5400 ([ (a0 y) —2400 (7 (A1) y)
+450 ( I a0t y) 36 ( J,, (At y) (At)"’y
5)

g12 () = 360 ft(‘” (At y) —480 ( f

+180 (7 (At ( )'y) 24 () P () >y) ")
+ ( t(02) (At)6y)

g5 (1) =30 () (an'y) =12 () (a0 y
+ ( t(f) (At)ﬁy)

g ()=30 ([ (At)4u> ~12 ( ) (At)5u>
+ (0 a0’ w)

Finally, solving for the excitation frequency w in (20)
leads to the following on-line identifier

W2 — Ni(t) e (t) —an (t)my —aia (t) ks
e D1 (t) o a2 (t) mi + b12 (t) kl — d1 (t)

This estimation is valid if, and only if, the condition
D;1(t) # 0 holds in a sufficiently small time interval
(to, to + 50] with dg > 0.

By using the same procedure to estimate the amplitude
Fp in the section 2, we obtain the following on-line iden-
tifier for the amplitude

(21)

(22)
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where

Ny (t) = ma Py (t) + (k1 + k2 + 222 ) Py (1)

+o ( ts, (A1) y) = 2 (LEJ4J)r50 (A’ “)

Dy (t) = (j;— - wg) ( ) (A8 sin [we(to + 50)75])
Py (t) =24 ( S y) — 96 ( (At y)

+72 ([ (a0 y) = 16 (f,, (A0°y) + (A’ y

Py (t) =12 ( S (an? y) ~8 ( 9 (an? y)

+ (ft(f) (At)* y)

At this point we assume that the excitation frequency
has been previously estimated, during a small time in-
terval (to,to+ dol, using (21). After the time ¢ = to+ d
it is started the on-line identifier for the amplitude.
Such an estimation is valid as far as the system tra-
jectory be persistent, that is, if the condition Dy(t) # 0
holds for a sufficiently small time interval [to+do, to+31]
with §; > dg > 0.

4.3 Simulation results

Fig. 5 shows the identification process of the resonant
harmonic vibrations f(t) = 2sin (8.0109¢) [N] and the
dynamic behavior of the adaptive-like control scheme
(17), which starts using the nominal value w = 10
[rad/s]. We can see that the resonant vibrations are
asymptotically and actively cancelled from the displace-
ment of the primary system z;. A desired reference
trajectory was considered for regulating the evolution
of the output variable toward the desired equilibrium
g = z1 = 0.01 [m], which is given by a Bezier type
polynomial in time. The parameters for the ECPTM
rectilinear plant are m; = 10 [kg], k1 = 1000 [N/m],
mg = 2 [kg] and ko = 200 [N/m)].

g
x10
D)

10 2.
we [rad/s] Foe

8 2

6 15

4 1

2 05

0
0 005 01 015 02 0 0.25 05 0.75 0 0.25 05 0.75
t(s] tls) tis]

0015 0 15
y=21[m] 23 [m] ulN
001 0.06
0.005 0.04
0 002
0.005 0
001 0.02 o
0015 0.04

0025 5 10 15 0% 5 10 15 0 5 10 15

Figure 5: Controlled system responses and identifica-
tion of frequency and amplitude of f(t) = Fpsinwt.

5 CONCLUSIONS

In this paper we have described the application of a
novel algebraic identification approach for parameter
and signal estimation in vibrating systems. This ap-
proach is quite promising, in the sense that only input-
output information is needed to get precise and fast pa-
rameter and signal estimations. This fact was exploited
in the formulation of an active vibration control scheme
based on sliding modes. Since this active controller re-
quires measurements of the excitation frequency of the
harmonic vibrations, the algebraic identification is com-
bined to get an adaptive-like controller. The adaptive-
like control scheme results quite precise, fast and robust
against parameter uncertainty and variations on the ex-
citation frequency and amplitude of the exogenous per-
turbations. Further work is being conducted to extend
the application to nonlinear vibrating systems.
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