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Adaptive Neural Network Control of Nonlinear MIMO
Time-delay Systems with Unknown Bounds on Delay Functionals

Shuzhi Sam Ge and Keng-Peng Tee

Abstract— This paper proposes an adaptive neural network
(NN) tracking controller for a class of multi-input multi-output
(MIMO) nonlinear systems with unknown delays. Using a
separation technique, the requirement for special assumptions
on the bounds of the delay functionals is removed, thereby
extending the applicability of the results to a larger class of
systems. To deal with uncertain or unknown functions in the
system dynamics, including the unknown bounds of the delay
functionals, NNs are utilized to estimate and compensate for
them. Using Lyapunov-Krasovskii functionals and adaptive
NN backstepping, it is shown that the proposed controller
guarantees all signals to be semi-globally uniformly ultimately
bounded (SGUUB) while the outputs track specified desired
trajectories.

I. INTRODUCTION

Time delay systems constitute an active topic of research,
since the systems that they represent have a ubiquitous
presence in the real world. Of great concern is the effect of
time delay on stability and asymptotic performance [1].

Some of the tools useful in establishing robust stability
for time-delay systems are based on Lyapunov’s second
method and include the Lyapunov-Krasovskii theorem and
the Lyapunov-Razumikhin theorem. These have been ap-
plied to time-delay systems that are linear (see e.g. [2], [3],
[4]), as well those that are nonlinear (see e.g. [5], [6]).

Following its success in stability analysis, the utility of
Lyapunov-Krasovskii functionals in control design for time-
delay systems is subsequently explored. In [7], linear sys-
tems with nonlinear functions of state-delays are considered,
and it was assumed that the delay functionals are bounded
by linear functions of delayed states. In [8], Lyapunov-
Krasovskii functionals are used with backstepping to derive
a robust controller for single-input single-output (SISO)
nonlinear time-delay systems with known bounds, but it was
later commented that the results could not be constructively
obtained [9]. In [10], an adaptive NN controller is used to
ensure practically stable tracking for unknown nonlinear
systems with uncertain time delays but known bounds
on the delay functionals and known sign of the control
coefficients. A subsequent work extended the problem to the
case of completely unknown control coefficients, by using
Nussbaum-type functions [11].

As the above-mentioned works are essentially robust
approaches, restrictions have been imposed on the structure
of the delay functionals in terms of their dynamic bounds.
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The necessity of such restrictions is apparent in Lyapunov
synthesis, where Lyapunov-Krasovskii functionals are used
to cancel the delay terms. These restrictive conditions may
limit the applicability of the approach to practical systems,
where the bounds are not modelled, or where the systems
concerned do not fall into the category designed for. In
this paper, we show that by using the separation technique
in [12], we are able to decompose the norm of a general
delay functional into positive bounding functionals of each
delayed state. This is obtained free of any assumptions
on the structure of the delay functional. Moreover, with
the use of NN approximation, the actual functionals are
not required to be known. By Lyapunov synthesis, with
Lyapunov-Krasovskii functionals and adaptive NN, a stable
controller can be obtained. We show the effectiveness of
such an approach on the tracking control problem for a class
of nonlinear MIMO time-delay systems, which are hardly
addressed in the literature.

The extension of results from SISO to MIMO systems is
generally non-trivial, due to state and input interconnections
found in MIMO systems, which tend to make the analysis
much more complex. To simplify analysis, we consider the
block triangular realization of the MIMO system, which
allows for backstepping to be carried out in a nested
fashion across the subsystems, and avoids the need for a
decoupling matrix. Such an approach has been used in [13]
for continuous-time MIMO systems, in [14] for discrete-
time MIMO systems. The above-mentioned difficulty is
exacerbated when time delays are present, and there are
currently only few results available in the literature directed
at MIMO time-delay systems (see [15], [16], [17], [18],
which are all for linear systems).

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Plant Dynamics

Consider the following n-input n-output continuous-time
MIMO nonlinear plant in block-triangular form with un-
known constant delays:

Tja; = Jia;(Tg;) + Ggoiy (T.6,)5501
+hj,ij (jTj‘ij )7
for 1§Z]§m]71
. B (1
Ejm; = [m; (X, Uj-1) + Gjm; (X)uy
+hj7mj (XT)
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Tnin = frin(@niin) + Iniin (Tni, (8))Tni, 41
+hn,in (j'rn,in )»
for 1 <4, <m, —1

Y
j;n,mn = fn,mn (X, an—l) +gn,mn (X)un
+hn,m,, (X7)

yi=xj1, 1<j<n

where z; = [2j1, Zj2, -, xj’nj]T € R™i are the state
variables of the jth subsystem; u = [u1, -, u,]l €
R™ are the system inputs; y = [y1,--- ,yn]] € R" are
the outputs; %;—1 = [u1, - ,u;—1]T (4 = 2,---,n)
and wy = 0; Ty, = [zj0, -, 250,]" € RY; fi4,(),
gji;(-) and hj; (-) are unknown and smooth nonlinear
functions; the vector X = [z¥ 2T ... 2717 contains all

states; T, . = Tji, (t — 7j,4,) denotes the delayed states;
and j, ¢; and m; are positive integers.

It is noted that the term h; ;. is a function of the previous
(i; — 1)th delayed states of the jth subsystem, while A, ;,
which appears in the last equation of each subsystem, is
a function of the delayed states of all subsystems. The
arguments of these functions are defined as follows

X; = [wa(t—7i1), -, 2,(t —T4,),
Zjm; (t - Tj,mj)v o Tpymy, (t - Tn,mn)]T7
Try o o= gt =750) w0 (= )]

J

where 7; ;. > 0 is the constant unknown time delay for the
i; state of the jth subsystem. For t € [—7;;,,0], we have

Ljiz (t) = ¢J¥ij (t),

where the initial function, ¢; ;, (¢), is smooth and bounded.
Throughout this paper, for clarity in presentation, we omit
the argument ¢ in x;;, ().

Remark 1: In plant model (1), we deal with a system
with interconnected states carrying multiple constant delays
embedded in a general dynamical structure h;(zi(t —
T1),---,xj(t — 7;)). Each argument z;, 1 < ¢ < j is
assigned an independent delay 7;. This is clearly different
from the case in [10], [11], where a common delay 7; was
assigned to the argument states in each delay functionals
hj(z1(t —75),--- ,x;(t —7;)). As such, the class of delay
functionals considered is more general.

It can be seen that each subsystem of (1) is in strict
feedback form, which makes the use of backstepping design
technique possible. Furthermore, noting that the control
inputs of the whole system are in triangular form, then we
may use backstepping in a nested manner to design stable
controls for this class of systems.

Now, we present some notions and assumptions that will
be used in the remainder of the paper.

Definition 1: [19] The solution of (1) is Semi-Globally
Uniformly Ultimately Bounded (SGUUB) if, for any com-
pact set Qg C R™itma2++mn  there exists a S > 0 and

T(S, X (to)) such that || X (t)|| < .S for all X(tg) € Qo and
t>to+T.

Lemma 1: [20] For bounded initial conditions, if there
exists a C' continuous and positive definite Lyapunov
function V' (z) satisfying v (||z]]) < V(z) < va(||z),
such that V() < —~3(||z||)+¢, where v1, 72,73 : R* — R
are class K functions and c is a positive constant, then the
solution z(t) is SGUUB.

Lemma 2: Young’s Inequality : For any A > 0, there exist
functions f(-) € R and ¢(-) € R, such that

FOF) S AP+ 250°0) ®

Lemma 3: Separation Lemma [12]: For any continuous
function h(Z,) : R™ X --- x R™ — R, where z; € R™
(1 <j<mn, mj>0), there exist a constant g € R > 0
and positive smooth functions g;(z;) : R™ — R (1 < j <
n) satisfying ¢,(0) = 0 such that

(@1, )| <00+ S 05(ay). (4)

j=1

The condition that ¢;(0) = 0 is needed to obtain a suitable
Lyapunov-Krasovskii functional later.

Remark 2: Lemma 3 is useful for separating the func-
tional h(-) containing combinations of delayed states into
individual bounding functionals for each delayed state. The
separation property holds for a general continuous h(-), and
its use can be seen as an improvement over [7]-[11], where
h(-) was assumed to possess bounds with special structures.
In contrast to [7]-[11], which assumed the bounds on the
delay functionals to be known, we show that we can relax
this condition and allow for the bounds to be unknown, and
estimated with neural networks.

Assumption 1: The signs of g; ;. (Z;,,) are known, and
there exist constants 90,4 and known smooth functions
kv
Gj.i;(Zji;) such that 0 < go,, < |[gj,(Tjs,)| <
j,i; (T5,i;). Without loss of generality, we further assume
that the signs of g;;,(Z;,,) are all positive.

Remark 3: Assumption 1 is made to simplify the tech-
nical derivation and to make the presentation as concise as
possible. In the case when the input coefficient g;;, (Z;,)
are unknown, Nussbaum-type approaches [11] may be used
to probe the control direction and ensure SGUUB.

Assumption 2: The first-order derivatives of all the states
are available.

B. Tracking

The control objective is to ensure that all signals are
bounded while tracking the desired trajectories ygq;, 1 <
7 < n such that the tracking errors converge to a small
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neighbourhood of the origin, i.e.,
—yai(t) <6 (5)

for some § > 0. The desired trajectories can be generally
defined by

Jim [y; (¢)

x.dj’i]. = fdj,ij (xdj)v 1 S Zj S m]
Ydj=Td; 1

(6)

where, for the jth subsystem, fdj,ij(')» i; €[1,2,--- ,mj]
is a known smooth nonlinear function, g =
[T, Tdjnn s Tdj ]T € R™ are the states generated
by the known exosystem and yg4; € R is the output.

C. Neural Networks

In this paper, we shall use Radial Basis Function (RBF)
NN, which are linearly parametrized, to approximate the
continuous function p(Z) : R? — R as

p(Z) =W'S(Z) 7

where the input vector Z € Qz C RY, weight vec-
tor W € R! and basis function vector S(Z) =
(51(2),52(2),....,s1(Z)]F € R!, with | being the NN
node number and s;(Z) chosen as the commonly used
Gaussian functions, which have the form s;(Z) =
exp[—(Z — pi)"(Z — pi)/n7], @ = 1,...,1 where y; =
[14i1, fti2, -y fig] T is the center of the receptive field and
7; is the width of the Gaussian function. Universal approx-
imation results in [21], [22] indicate that, if [ is chosen
sufficiently large, W7*S(Z) can approximate any continu-
ous function to any desired accuracy over a compact set
Qz C RY to arbitrary any accuracy as

p(2)=W*TS(Z) +

where W* is the ideal constant weight vector, and €(Z) is
the approximation error which is bounded over the compact
set, ie., [e(Z)] < &, VZ € Qz where ¢* > 0 is
an unknown constant. The ideal weight vector W* is an
“artificial” quantity required for analytical purposes. W* is
defined as the value of W that minimizes |¢| for all Z €
Qz C RY ie, W* := argminycp {supzcq, |p(Z) —
WTS(Z)|}.

e(2),YZ € Qz C R? (8)

III. CONTROL DESIGN

The controller is based on a robust control approach,
using memoryless affine controls to dominate the delay
functionals, thus rendering the closed loop system stable
and achieving a desired level of tracking performance.

Noting that each subsystem is in strict-feedback form, our
control design adopts embedded backstepping. We choose
the intermediate and practical control laws, Qi and u;
respectively, as follows:

T
@i —2ji, 1 — Ky 2, + W S(Zia,), )
— . . . T
U = _ijmj—l - K‘Lmj Z]7m] + Wj,?n S( J7mj)

for 1 <j<mn,1<i; <my;— 1, where K;;, Kjm; > ﬁ,

A > 0 are design parameters, Wj’ij are the NN weights
estimates, and S(-) is the basis function vector. The error
of each step, z;, i is defined as

Zj1 0 = L1~ Ydy
Zj7ij = .’L‘jﬂ‘j — 04]‘71‘]._1, 2 S ’ij S mj, (10)
and the inputs to the neural networks as
Zin = [z va9a)
Zis; = iy i1, 650,1]", 1<i; <my—1
Zim;, = [X,%1msT2mas s Tjmy_rs Tjmyprs
B Qamy—15 gy —1,@j—1] T (11)

The neural network weights adaptation law is given by

i 0
Wi, = T4, [S(Z.;) 21, + 050, Wi, = W), )], (12)
where I'; ;. = F}jij > 0 denotes the adaptation gain, o;;, >
0 denotes the growth restriction parameter, and Wﬁij is a

design constant.

Theorem 1: The closed-loop system consisting of the
plant (1) under Assumptions 1 and 2, control law (9) and
the NN adaptation law (12) is SGUUB.

Proof: The proof will be presented by an inductive
approach. Within the jth (1 < j < n) subsystem in strict
feedback form, virtual controls are designed via backstep-
ping up to the (m; — )th step. For the m;th (1 < j < n)
equation of each subsystem, the interconnections with the
states, delayed states, and inputs of all other subsystems are
present, but the block triangular structure allows backstep-
ping to be used across the subsystems, thereby guaranteeing
stablility of the entire interconnected MIMO system.

Step j, i; Consider the 7;th equation of the jth subsystem.
Let Zjis+1 = Tjij41 — O, with Q0 = Ydj- Define
integral Lyapunov function [23] as follows:

J

Zj‘ij
. 1
Voo = / By, ; (Tji;-1, 8+ i, —1)dp
0 o
1
2 —1 =
= %54y /0 09)%%-_7 (xjﬂ'j—l’ szyij—i- ajﬂ'j—l)d@'

where gA (1) == g5i;(-)/9j:,(-). Differentiating Vij
along (1) and (6) yields

Zji; [9;1 (fj i; T 0o, i ) + ZjaijJrl
_ 6‘ o do
! / 6xj ij—1
) 1 1
Gy | gx 0|+ 5705

1o
+§ Z Q?,k(mfj,k)’
k=1

o, <

Ty, —
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where o, . > 0 and g;(0) = 0.
Consider the Lyapunov—Krasovskii functional

72 / Eo@p(r)dr.  (13)
t—Tj k

The time-derivative is

15
(05 x (k) —

k=1

. 1
VUj,'ij - 5 Q?,k}(ij,k))' (14)

It can be seen that when V ~and VU ~are summed, the
time delay terms are cancelled exactly, yleldlng

-1
Vzw JrVU S g [gAJ i (fj’ii +oni )+Zj,ij+1
1 Og,
~T J i
1 v
. -1
— i de
a]ﬂ,] 1/0 gAj,ij :l
i.
1 2 -2 1 - 2
+§Zj,¢j9,\w.j) + 5 2 05 k(%))

The virtual control law is

@i —2ji;1 = Ky Ziay + Wi, S(Z54,), (15)
where VAV]E], S(Z;,
the following

F(Zj:;) =

) approximates W*” S(Z; ;) defined in
J PP Jytj Dty

—Q,leij (fii; +o,.,)

r 00, R
il e R o — . ; ok
= W;T5(Zi,) + €5, (16)
The neural network inputs are given by
Zii, =Ty is—1,C5i,—1] " (17

,yc(l;.j)) is

L
g,k oW g,k

where ¢ 1(Zj, Wi, s Wiy, Yag, -

computable as

i;—1
& N aaj’ij,1
Jyij—1 = § )
X1
=1 1,k
ij—1

0aji;—1 (kt1)
+Z P) W Ya
k=0 OYgj

j.k
(18)

with % denoting % [y].

Choosing the Lyapunov functional as

Vii; = Vii;— +sz,z'j +Vu, ;T WT " W g (19)

%5 ]'L

with adaptation law

Wi, = —T54,[8(Z5.6,) %, + 00, (Wi, = W) )], (20)

+Xe2. A >0, we have

and noting that z; ;.€;,. < 4/\ jz i

s —z@M

2
> 25k T 24,052,041

04k 2
- Z 5 Wikl
k=1
j o
20 (A FEIW W) @b
k=1

where i > 4/\, and the parameters A, o;j and W0

can be designed to make the positive residual term small
The zj;,2j4;+1 terms will be cancelled in the subsequent
recursive step.

Step j,m; Consider the last equation of subsystem X,
where the control input u; appears. Let x§ m; C X such
that o5, Uzjm;, = X and 2§, (\2jm; = 0. Define
integral Lyapunov function

V., =

ijmj

(22)

Il Il
?F\ZM S—
N
3 &
5
ﬁ @
e
S kgl
>4 | ) =
— 3

i (ch7mj y Lj,m; )dﬂ

(xj mjo 02]77”; + a]m’bj—l)de

The time-derivative along (1) and (6) is

Ve,

<z, (90 O Fiom, (X, 5-1) + 00,.0,)

L odgyl (X)
Fuj — / O—1"df i
0

c J,mj
xj,mj

1
STy <X>d9}
0 J

n Mm;

1 2 -2 -
F5 20t )+ 530S lan,)

] 1 k=1

Tj,k ) .

In view of the interconnections between the different
subsystems in the last equation, and according to Lemma 3,
we consider the following Lyapunov-Krasovskii functional,
which has a form slightly different from that of the previous
m; — 1 equations.

1 t
Vi, = 320 [
i t—

and the time-derivative is as follows

-39 S (@ rlwin) = & (r,,)) - (24)

j=1k=1

where z, =z (t —

g?’k (xjx(7))dr, (23)
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Summing V ~and VU

. m eliminates the delayed states
from the analysis yleldmg

V.

Z]m

+ VU < Zimg [971 (f1,m1 + 00, mj)

1

9 X do
/ Ox§, m; &,
1
_dj,7rLj—IA g)\J m de:l

Ll 1 o
52 m,Ia e, 522 K@)
j=1k=1

The practical control law for subsystem X; is

U =—Zjm,—1 — Kjm, Zm, T W, S(Zjm; ), (25)

where kj,,, will be defined later and WT S(Zjmy)
approximates W*T S(Zjm,;), defined by

F(Zj,mj) = - (f]m] Jré’OJm ) 29>\J m; j,m

_] mj

1 1 Jgy
+amj_1/ I d0+/08 —dO @5,
0 Jm7
n Mmj

Zzgfk (k)

J”"J j=1k=1
. *T
= Wj,m]S(Z_LmJ) + Ejvm'j'

(26)

Remark 4: Note that f;,, is a function of ;1 as
defined in (1). However, this does not pose a problem since
the recursive approach has already derived expressions for
ug, 1 < k < j— 1. This is feasible due to the fact that the
last equations of all subsystems form is in strict feedback
with respect to the multiple inputs.

The neural network inputs Z; ,,,; are given by (11), wherein
&tj.m—1, which is a function of Z; ;, Wj1, -+, Wy, yaj»

o, yd;nj) can be computed as
mj—l
6ajmj_1 (90(7' mi—1 4
QGm,—1 = — PG+ — W,
m;—1 9
Ajom;—1 (k+1)
+ Z (z§> Yaj - 27)

J

We consider the Lyapunov functional as

‘/},m]' V 1 M(] 1) + V}mj—l + ‘/Zj,»mj + VUj,nLj
+3 WT Lim, Wiim,- (28)

The adaptation law is chosen as

Wim, = =Tjum, [5(Zjm, ) Z5,m; +gim, Wim, = W5 ).

J,my

(29)

Taking the derivative of V} ,,, along the trajectories of (1),

(6), (25), (29), and noting that zjm,&jm, < 723, +

)\sj my» A > 0, we obtain
‘/],mj S ‘/] 1 ;) + ‘/j mj—l K:] m; ij,mj
_Zj,mjflzj,m] )\ J m; + >\6J mj
04,k 2, 04,k 2
+ T2 )2 4+ R s - W
I 1 o
ko
< =203 (mrmg5) e TP
i=1 k=1
Jjomy
ik
+ Z ()\ 2 ZTHWZ*IC - ng‘|2> 30
i=1 k=1

where ki > 5
step.

. Now we are in position to derive the last

Step (n, my) This is the final step, where the nth input
will be designed to ensure the stability of the entire plant.
Let zym, = Tn,m, — On,m,—1. Consider the following
Lyapunov functional

Vn7mn Vn 1 yM(n—1) + Vnymn_l + Vzn,nzn + VUanV,L
+5 WnT i Lo W 31)
where
Znmn T *n mn / eg)\n m X d9,
Vo, = D / 02 (wjn(r))dr, (32)
j=1k=1 Tik
with practical control law
Un = —Znmp—1 " Bn,m,2n,m, + ngns(zn,mn)7
(33)

where W,, ,,, is a neural network approximating

1 _

F(Zn,mn) = "I, (fn my 00, mﬂ) - ig)\2 L Anymy,
1 n Mmj
j 1 k=1

/9 "’”“d@ T

= W;TMS( nm") + Enym - (34)
The adaptation law is given by
Wom, = ~Tou[SZnm)2nm,
+0n,m, (W:,mn Wv? mn)]
(35)
with neural network inputs

Zn7mn =

[X7:t1,m17"' ]T

9 xnfl,m(n,l) s Aoy, —15 Onom, —1
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where dn,mn—l(fn,nanWn,ls' 0 7Wn,mn—1,ydj" N 7ydj

can be computed as

my,—1
. _ N Oan,m,—1 . Oan,m,—1
Unm,—1 = E aixn,k: +——=Wni
=1 L,k 0 n,k
My —1 o
n,m,—1 (k+1)
i (36)

>
k=0

It can be shown that the time derivative of V,, ,,,,, satisfies
the following inequality

1

- ) e+ BRI+,

o 55 (o

j=1k=1

O'jk

where

n mj

Oj.k %
=33 (Ai+ ZEW - WhIE) D)
j=1k=1

is a positive constant, and the parameters A, oy, ,,,, and
ngmn can be designed to make the convergent set arbi-
trarily small, and &y, p,,, > ﬁ.

The first term of the RHS is negative definite while the
second term is a positive constant. From Lemma 1, it can be
seen that the signals 211, -+ , zjm,, and Wiq,- ,V~Vj7m].
are SGUUB. This concludes the proof. m

IV. CONCLUSION

This paper proposed an adaptive neural network con-
troller for a class of block-triangular MIMO nonlinear
systems with interconnected states carrying multiple con-
stant delays embedded in a general structure. Through the
use of Lyapunov-Krasovskii functionals, the control design,
stability analysis and performance analysis of nonlinear
MIMO time-delay systems are performed. With the use
of a separation technique, more general forms of delay
functionals (including complex interconnections of state-
delays found in MIMO systems) can be handled, such
that no assumptions regarding the bounds of the delay
functionals are required. Controller singularity is avoided
with the use of integral Lyapunov functions. By employing
NN, unknown functions in the system dynamics, as well
as the multiple unknown time delays, in states that are
interconnected between the subsystems, can be estimated
and compensated for. The adaptive NN controller guar-
antees that the tracking error remains bounded within a
neighbourhood of the origin, and can be made arbitrarily
small through appropriate choices of parameters. At the
same time, all other signals in the closed loop are semi-
globally uniformly ultimately bounded.
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