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Abstract— Design of optimal distributed controllers with
a priori assigned localization constraints is, in general, a
difficult problem. Optimality of a closed-loop system is
desirable because it guarantees, among other properties,
favorable gain and phase margins. These margins provide
robustness to different types of uncertainty. Alternatively,
one can ask a following question: given a localized dis-
tributed exponentially stabilizing controller, is it inversely
optimal with respect to some physically meaningful cost
functional? We study this problem for Linear Spatially
Invariant (LSI) systems and establish a frequency domain
criterion for inverse optimality (in the LQR sense). We
utilize this criterion to separate localized distributed con-
trollers that are never optimal from localized distributed
controllers that are optimal. In the latter case, we provide
examples to demonstrate optimality with respect to phys-
ically appealing cost functionals. These cost functionals
are characterized by state penalties that are not fully
decentralized. Our results can be used to motivate design
of both optimal and inversely optimal controllers for other
classes of distributed control problems.

Index Terms— Inverse Optimality; Localized Control;
Spatially Invariant Systems.

I. INTRODUCTION

Large arrays of spatially distributed dynamical systems
are becoming prevalent in modern technological applications.
These systems can range from the macroscopic—such as
vehicular platoons [1]-[6], Unmanned Aerial Vehicle (UAV)
formations [7]-[9], and satellites constellations [10]-[12]—to
the microscopic, for example, arrays of micro-mirrors [13]
or micro-cantilevers [14]. Significant potential for research on
these systems is due to the field of Micro-Electro-Mechanical
Systems (MEMS) where the fabrication of very large arrays
of sensors and actuators is now both feasible and economical.
The key design issues in the control of these systems are
architectural such as the choice of localized versus centralized
control.

Design of optimal distributed controllers with pre-specified
localization constraints is, in general, a difficult task (we refer
the reader to [15]-[19] and references therein for recent efforts
in this area). Optimality of a closed-loop system is desirable
because it guarantees, among other properties, favorable gain
and phase margins. These margins provide robustness to dif-
ferent types of uncertainty [20]. Alternatively, one can ask a
following question:

o Given a localized distributed exponentially stabilizing
controller, is it inversely optimal with respect to some
physically meaningful performance index?

We study this problem for Linear Spatially Invariant (LSI) sys-
tems [21] and derive a frequency domain condition for inverse
optimality. This condition represents an extension of a well-
known result for Linear Time Invariant (LTI) systems [22] to a
class of systems studied in this paper. We provide examples of
localized distributed controllers that are inversely optimal with
respect to meaningful performance criteria, and examples of

localized distributed controllers that are not optimal in any
sense. Our results can be used to motivate design of both
optimal and inversely optimal distributed controllers for other
classes of spatio-temporal systems (e.g. spatially varying).
Our presentation is organized as follows: in section II, we
setup the problem, introduce necessary background material,
and provide two examples of LSI systems to illustrate that
LQR design with fully decentralized performance indices
yields centralized optimal controllers. In § III, we establish
frequency domain criterion for inverse optimality of spatially
invariant controllers. For systems with a single input field,
this criterion requires the absolute value of the corresponding
return difference to be greater than or equal to one at all
spatio-temporal frequencies. In § IV, we provide examples
of exponentially stabilizing localized distributed controllers
and utilize results of § III to characterize control laws that
are optimal (in the LQR sense). We show that optimality of
localized distributed controllers can be guaranteed by departing
from fully decentralized performance indices. We end our
presentation with some concluding remarks in § V.

II. PRELIMINARIES

We consider distributed systems of the form

dp(t,§) = [AY(@)](E) + [Bu®)(§) (M

where operator A generates a strongly continuous (C,) semi-
group (23], [24]. We assume that spatial coordinate £ :=
[£1 -+ &a]" belongs to a commutative group G, and that
time independent operators A and B are invariant with re-
spect to translations in this coordinate. These properties imply
spatial invariance of (1). The analysis and design problems
for LSI systems are greatly simplified by the application of
the appropriate Fourier transform in the spatially invariant
directions [21]. By taking a (spatial) Fourier transform of (1)
we obtain

V() = Avhelt) + Beitn(t), @

where k := [Kk1 -+ kq]" denotes the vector of frequencies
corresponding to the spatial coordinates § = [& -+ &al,
Pu(t) = 1p(t, k), Ue(t) = a(t, k), whereas A, = A(k)
and B, := B(k) denote multiplication operators (i.e. Fourier
symbols of operators A and B, respectively). We note that (2)
represents a finite dimensional family of systems parameterized
by k € G:if (¢, &) and u(t, £) respectively denote fields with
n and m components then, for any given xk € G, ¥, € C",
U, € C™, which implies that A,. and B, respectively denote
matrices that belong to C™*™ and C"*™. We refer to the
systems with m = 1 as single input systems. It was established
in [21] that the dynamical properties of (1) can be inferred by
checking the same properties of (2) for all x € G. Similar
holds for design problems: for example, the solution to the
optimal control problems for system (1) can be obtained by
solving the analogous problems for a k-parameterized family
of finite dimensional systems (2).

4583



A. Distributed LOR

We associate a quadratic performance index

1

J = 5/000 (¢, Q) + (u, Ru)) dt, 3)

with (1). If @ > 0 and R > 0 are translation invariant oper-
ators, the application of spatial Fourier transform renders (3)
into

J=1 / h / (5(8) Quthi (8) + 5 () Rovitn (1)) i dt
4

where dx denotes the Haar measure. Thus, distributed LQR
problem (1,3) amounts to solving the k-parameterized fam-
ily of finite dimensional LQR problems (2,4). If pairs
(A, B) and (A*, Q/?) are exponentially stabilizable, then the
k-parameterized family of Algebraic Riccati Equations (AREs)

AiPr + Pude + Qn — PuBuRI'BIP. = 0, (5)
has a unique positive definite uniformly bounded solution for
every & € G [21]. This positive definite matrix determines the
optimal stabilizing feedback for system (2) for every k € G

G = Kby = —RZB P, weG (6
In this case, there exist an exponentially stabilizing translation
invariant feedback for system (1) that minimizes (3) [21]. This
optimal stabilizing feedback for (1) is readily obtained by
taking an inverse Fourier transform of (6).

B. Return difference equality

System (2) with a state-feedback control law a4, = I@,.ﬂ[),{
can be equivalently represented by a feedback arrangement
shown in Fig. 1. The so-called return difference of system

P [

(sI — A,{)ABN Ke

Fig. 1. Block diagram of system (2) with 4, = I@MZJH.

whose block diagram is shown in Fig. 1 is defined by [20],
[22]

Hil(s) =T — Ku(sI — Ag) 'Be = I — KuGr(s)Bs.

This quantity is important because its inverse determines the
sensitivity function S (s) := Ht(s). It is readily established
that H, (jw) for every w € R and k € G satisfies [20], [22]

R + BiGi(jw)OnCr (jw)Br = Hi(jw)RuHe(jw), (7)

v (jwI — A.)"' and
Gr(jw) == — (jwI + A;)~'. Equation (7) is usually referred
to as the return difference equality and it follows directly from
the ARE. A straightforward consequence of this equality is

where, for example, g:ﬁ(jw) =

Hi(jw)ReHu(jw) > R (8)

Relationships (7) and (8) are utilized in § III to express a fre-
quency domain condition for inverse optimality of distributed
exponentially stabilizing spatially invariant controllers.

C. Distributed controller architectures

Fig. 2 illustrates different control strategies that can be
used for control of spatially distributed systems: centralized,
localized, and fully decentralized. Centralized controllers re-
quire information from all plant units for achieving the desired
control objective. On the other hand, in fully decentralized
strategies control unit K, uses only information from the
n-th plant unit G, on which it acts. An example of a
localized distributed control architecture with nearest neighbor
interactions is shown in Fig. 2.

D. Examples of optimal distributed design

We next provide two examples of spatially invariant systems
with fully distributed measurements and controls:

o diffusion equation over an infinite domain (G := R),

o mass-spring system on an infinite line (G := 7).
We demonstrate that the LQR design with fully decentralized
performance indices yields centralized optimal controllers for
these systems.

1) Diffusion equation: We consider a one-dimensional
diffusion equation

Pe(t,€) = Yee(t,€) + cp(t,€) + u(t,§), R (9)

The application of the standard spatial Fourier transform yields

Yu(t) = (C_"fg)i'n(t) + U (t),
= Af#ﬁﬂ(t) + Bnﬁm(t)v HER,

which implies that (9) is not (open-loop) exponentially stable
if ¢ > 0. Choosing, for example, Q := gl and R := r[ in (3),
with (¢ = const. > 0, » = const. > 0), yields the following
positive definite solution to the x-parameterized ARE (5):

P, = r(c— nz) + r3(c— Kk?)? + rq,

which gives the optimal control of the form (6) with

Ke = — <(cf/<a2) + (0752)2+q/7“).

Since ICN is irrational function of &, it cannot be implemented
by a PDE (in ¢ and &). Rather, the optimal control in the
physical space assumes the form

ut®) = [KE-Oveod. a0
In [21], it was established that U decays exponentially fast
as a function of its argument which is a desirable property
for implementation. Despite this nice feature, (10) represents
a centralized controller.

2) Mass-spring system: A system consisting of an infi-
nite number of identical masses and springs on a line is shown
in Fig. 3. If restoring forces are considered as linear functions
of displacements, the dynamics of the mass indexed by £ € Z
are given by

Z(t, &) = z(t,E—1) — 22(t,&) + z(t, E+1) + u(t, ),

where x(t,£) represents the displacement from a reference
position of the mass &, and u(t,&) is the control applied on
the mass £. A state-space representation of this system is given
by

000 = | o, har o ]veo+ | o,

V(&) = [ =(t,&) (&) |7, €7,
(11)
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CENTRALIZED: LOCALIZED: FULLY DECENTRALIZED:
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Fig. 2. Distributed architectures for centralized, localized (with nearest neighbor interactions), and fully decentralized control strategies.

where 7_1 and 77 respectively denote the operators of trans-
lation by —1 and 1 (in the mass’ index). We utilize the fact
that system (11) has spatially invariant dynamics over discrete
spatial lattice Z and apply the appropriate Fourier transform
(spatial Z transform evaluated on a unit circle) to obtain

b = [ §]d0+ 7],

= Auhe(t) + Buiin(t),
ar = 2(cos k — 1), k€0, 2n),

12)

where, for example,

a(t, k) =

Zu(t,{)efj”‘s.

EE€EL

Selecting, for example, fully decentralized weights

L q1] 0

qgl}’ R = rl,

with (¢1 = const. > 0, g2 = const. > 0, r = const. > 0),
renders (3) into

Jim g [T et + et + et o)d

0 ¢ez

and yields the following optimal control

Un(t) = Kathu() = [ Kin Kan | 9x(t),

Kix = 2(1 — cos k) — VA4(cos k — 1)2 + q1/r,
Kow = — A/ —2K1, + q2/T.

Again, since K., is irrational function of k, it cannot be
implemented by a localized distributed controller. Rather, the
optimal control in the physical space is a centralized controller
of the form

u(t,§) = Y KE—=Qu(t,(), €€z (13)

CEZL

In § IV, we illustrate that both spatially localized and fully
decentralized exponentially stabilizing controllers for diffusion
equation (9) and mass-spring system (11) can be inversely
optimal with respect to physically appealing cost functionals.
In particular, for a diffusion equation, these cost functionals
incorporate penalties on spatial derivatives of v (in addition
to penalties on 1), which implies that they are no longer fully
decentralized.

T_1, U_1 330130 Ilfﬂl

Fig. 3. Mass-spring system.

III. THE INVERSE PROBLEM OF OPTIMAL
DISTRIBUTED CONTROL

In this section, we consider the inverse problem of optimal
exponential stabilization of LSI system (1). This problem is
inverse because we assume that an exponentially stabilizing
state-feedback control law for (1) is available and search
for performance indices (3) for which this control law is
optimal. In other words, operators Q and R in (3) are not a
priori assigned; rather, they are determined a posteriori by the
exponentially stabilizing state-feedback. We state a frequency
domain condition that separates distributed controllers that are
never optimal (in the LQR sense) from distributed controllers
that are optimal (in the LQR sense). This condition represents
an extension of a well-known result for finite dimensional LTI
systems [22] to a class of systems considered in this paper. In
particular, for single input systems, the inverse optimality of
an exponentially stabilizing control law /C is guaranteed if and
only if the absolute value of the return difference:

He(jw) = I —Kp(jwl — Ag) 'Be = I —KuGr(jw)Bs,

is not less than one at any spatio-temporal frequency pair (x, w)
(see Theorem 1 for precise formulation).

Theorem 1 and Corollary 2 are readily established by
recognizing that the application of the appropriate spatial
Fourier transform renders LSI systems into a x-parameterized
family of finite dimensional LTI systems. We refer the reader
to [20], [22] for finite dimensional LTI results.

Theorem 1: Let a triple {A,B,K} for LSI system (1)
satisfy: (a) A is a generator of a C, semigroup; (b) (A, B)
is exponentially controllable; and (c) I is an exponentially
stabilizing translation invariant state-feedback operator. Then,
a necessary and sufficient condition for X to be an optimal
control law with respect to a performance index (3) is that
condition

Owin { R Hu(j) R 7} > 1, (14)
holds for all w € R and x € G. For a single input LSI
system (1), condition (14) simplifies to

He(jw)| > 1, YweR, VreG. (15)

Corollary 2: Let a quadruple {A,B,K,R} for LSI sys-
tem (1) satisfy: (a) A is a generator of a C, semigroup; (b)
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(A, B) is exponentially stabilizable; (c) K is an exponentially
stabilizing translation invariant state-feedback operator; (d)
R > 0; and (e) return difference inequality (14) holds for
all w € R and k € G. Then, there exist a translation invariant
operator @ = DD* with (A", D) exponentially stabilizable
such that the optimal state-feedback operator /C associated with
the LQR problem (1,3) satisfies KG(jw)B = KG(jw)B. If a
pair (A, B) is exponentially controllable, then K = K.

If Corollary 2 is satisfied, then a translation invariant
operator D (Q = DD*) can be determined from return differ-
ence equality (7) using polynomial matrix fraction description
of H,(jw). This operator can always be selected to guarantee
exponential stabilizability of pair (A*, D) (we refer the reader
to [20], [22] for finite dimensional LTI version). In general,
for a given R there are many different D’s that satisfy (7) and
yield K as a solution to the corresponding LQR problem. For
single input systems, D,; can be determined from [20], [22]

ID:6s (j)Ball* = Rec ([Huli) = 1) (16)

IV. EXAMPLES OF INVERSELY OPTIMAL
DISTRIBUTED DESIGN

In this section, we investigate inverse optimality of localized
distributed exponentially stabilizing controllers for diffusion
equation (9) and mass-spring system (11). We utilize results
of § III to distinguish between controllers that are never
optimal and controllers that are optimal. In the latter case,
we show that inverse optimality is guaranteed with respect
to physically appealing performance criteria. For a diffusion
equation, we demonstrate that localized distributed and even
fully decentralized optimal controllers can be obtained by
incorporating spatial derivatives of ¢ (in addition to 1)) in the
performance index. Similarly, for a mass-spring system, we
establish that spatially localized cost functionals can produce
controllers with favorable architectures. These observations
should be compared to the results of § II-D, where it was
shown that LQR design with fully decentralized performance
criteria results into centralized optimal controllers for both
these systems.

A. Diffusion equation

It is readily established that the following spatially invariant
localized distributed controller

u(t,§) = — (51#&&(?57 §) + (c+ a)y(t, 5))7
(» (17)
Un(t) = Katu(t) = —(c + o — Br?)1ha(t),

provides exponential stability of (9) so long as x-independent
real design parameters « and [ respectively satisfy a > 0
and 3 € (—o0, 1]. Based on Theorem 1, it follows that
controller (17) is inversely optimal if and only if

(a —c + (2—B)f€2)(a—|—c—ﬁl-€2) > 0,

holds for all x € R. This condition is satisfied for all xk € R
if and only if @ > ¢ and B < 0. Thus, if either a < ¢ or
B € (0, 1] then controller (17) is never optimal in the LOR
sense. In other words, for this choice of design parameters o
and (3 it is not possible to select a pair (Q > 0,R > 0) for
which (17) is obtained as a solution to the corresponding LQR
problem (1,3). This implies that this exponentially stabilizing
control law does not have any stability margins: with a slightly
perturbed feedback closed-loop system becomes unstable. On
the other hand, for « > ¢ and S < 0 there always exist
(@ > 0,R > 0) in (3) with respect to which (17) is inversely

optimal. Choosing, for example, R := rI in (3), with r =
const. > 0, yields the following state penalty:

Qu=r((a® =) +2(c+a(l-B))x*+B(8-2)x"),
(3
Q=r((a® =1 —2(c+ a(l — B))de + B(B — 2)0cecc) -

Since for any x € R, x-parameterized diffusion equation
represents a scalar system, this state penalty is obtained as
a unique solution to (16) for any r > 0.

Thus, we have established optimality of spatially invariant
localized distributed controller (17) with respect to the follow-
ing performance index

J = (au@)/j"@,w dt +

NI N3

2(c+a(1-9)) [ (e ve) de +
0 (18)

gﬁ(ﬁ - 2)'/0 (Yee, Yee) dt +

%/ (u,u) dt, r>0, a>c, B<0.
0

In particular, for 3 = 0 controller (17) is fully decentralized
and (18) simplifies to

= par=e) [T des
2 0
g<a+c>/ (e, ve) dt + (19)
0
i/Oo(u,u)dt7 r>0, a>c
2Jo
To recap:

o fully decentralized controller

u(t7§) = - (C + 04)1/)(157 5)7

with o > c represents exponentially stabilizing solution
to the LOR problem (9,19);
o localized distributed controller

u(t,€) = — (Bec(t.) + (c + a)¥(t,9)),

with o > ¢, 3 < 0 represents exponentially stabilizing
solution to the LOR problem (9,18).

Remark 1: Our analysis indicates that a choice of the
state-space on which optimal control problems are formulated
can significantly influence localization properties of resulting
distributed optimal controllers. Example of § II-D.1 illustrates
that the spatially invariant LQR problem (for a diffusion
equation) formulated on the space of square integrable func-
tions La(—o00, 00) yields centralized controllers. On the other
hand, the LQR design performed on the Sobolev spaces
Hy(—00, o0) or Ha(—00, o0) can result into localized dis-
tributed and fully decentralized controllers provided that the

penalties on (1), ). (tbe, ). and {tVee, vee) are appropriately
selected.

B. Mass-spring system

It is easily shown that the exponential stability of (11) is
guaranteed with the spatially invariant localized distributed
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controller of the form

ut,§) = — [ a+ BTa—-2+T1) v J9(t8)
= 7(0572[3):6(1576) - ’V'jj(tvé-) -
6($(t7£_ 1) _IEx(t’g_F 1))7 £ € Z»
i (t) = Kntha(t)

= — [ a+ Bax v | ¥u(t), kel0,2m),
(20
so long as k-independent real design parameters «, 3, and -y
satisfy

a >0,
_1)7

B € (7007 1}7

>0 and
K 8> 1.

"

Based on Theorem 1, it follows that controller (20) is inversely
optimal if and only if

(72 —2(a+ ﬂa,{))w2 + (o + Bax) (o + (B —2)ax) >0,
holds for all w € R, k € [0, 2). This criterion for inverse

optimality is satisfied for all w € R, k € [0, 27) if and only
if either

{a>0, <0, v>/2(a—40)},

or
{a>48, >0, v > V2a}.

Hence, controller (20) is never optimal in the LOR sense if

parameters o, 3, and ~y fail to satisfy either of these two

conditions. On the other hand, if «, [, and +y satisfy either of

these two conditions than there always exist (Q > 0, R > 0)
in (3) with respect to which (20) is optimal. Selecting, for

example,
) o

in (3) yields the following state penalty:

rl
const. > 0

R =

r =

[ Q11 0

3t o ] @

Qi = 7 (a2 + 2a(ﬂ - l)a,i + 88— 2)ai) ,
Qaan = 7 (7" = 2(a + fax)),
i
Q11 = r(@®+2a(B-1)(T-1—2+T1) +
BB —2) (T2 — 4T_1 + 6 — 4T1 + T2)),
Qo = r(v*—2(a+B(T-1 —2+T1))).

Thus, we have established optimality of spatially invariant lo-
calized distributed controller (20) with respect to the following
performance index

%/OOO Z Z WP (t, 1) QnomWPm (t, m) dt +

nezZmel

%/Ooo Z Z u* (t,n) Rn—mu(t, m) dt,

nezZmez

J =
(22)

where

{Ro =r=const. >0; R, =0, VneZ\ {0}},
{Qn=0,VneZ\{0,£1,£2}},

_ [ e®—4a(B-1)+68(3-2) 0
QO‘”"{ 0 72— 2(a - 28)
Qoo | 200 30 0]

Qﬂ:r{ﬁ(ﬁo_m 8}

(23)
In particular, for 3 = 0 controller (20) is fully decentralized
and (23) simplifies to
{Ro =r =const. >0; R, =0, Vn e Z\ {0}},

214 0
Q=r| M 200 | 4
-2 0
Qi1:T|: % 0:|-

To recap:

o fully decentralized controller

with {a > 0, v > V2a} represents exponentially
stabilizing solution to the LOR problem (11,22,24);
o nearest neighbor interaction controller

u(t,§) = —(a=28)x(t,§) — vi(t,§) —
Bla(t, & —1) +x(t,§ + 1)),

with either

{a>0,8<0, 72 V2(a—-48)},

or

{a>48, 5>0, v>V2a},

represents exponentially stabilizing solution to the LOR
problem (11,22,23).

Remark 2: The above penalties on {z(t,€)}ecz and
{&(t,€)}ecz represent unique solutions to (16) provided
that (21) is satisfied (that is, Q12 = 0). However, for given
R := rlI > 0, there are many other operators @ = Q* > 0
with non-zero off-diagonal elements (that is, Q12 # 0) that
satisfy (16) and give controller (20) as a solution to the
corresponding LQR problem.

Remark 3: Example of § II-D.2 illustrates that the spatially
invariant LQR design (for a mass-spring system) with fully de-
centralized performance indices yields centralized controllers.
On the other hand, spatially localized performance indices
(with penalties on positions and velocities of several neighbor-
ing masses) can yield localized distributed and fully decentral-
ized controllers, provided that these penalties are appropriately
assigned. However, it is very difficult to choose these cost
functionals a priori. Rather, they have been determined a
posteriori by the exponentially stabilizing control law using
the return difference equality.
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V. CONCLUDING REMARKS

This paper deals with the inverse problem of optimal dis-
tributed stabilization of LSI systems. We establish a frequency
domain criterion that separates controllers that are never opti-
mal (in the LQR sense) from controllers that are optimal (in
the LQR sense). This criterion is expressed in terms of return
difference and, for systems with a single input field, the return
difference is required to be at least equal to one at all spatial
and temporal frequencies. We provide examples of localized
distributed controllers that are inversely optimal with respect to
physically appealing performance indices. A distinctive feature
of these indices is the absence of fully decentralized state
penalties that seem to yield centralized optimal controllers.

Our ongoing research effort is directed towards finding
out whether distributed backstepping controllers for nonlinear
systems on lattices [25]—-[28] are inversely optimal, and if not
whether they could be appropriately modified such that inverse
optimality is guaranteed.
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