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Abstract— Intercellular protein signaling networks involv-
ing feedback have been modeled successfully using hybrid
automata. Algorithms have also been developed to compute
symbolic reachable sets for the biologically observed steady
states of the models. However, the complexity and size of
the reachable sets have made it difficult to interpret them.
This paper presents a systematic and efficient algorithm
for interpreting large reachable sets by treating them as a
database, and using logical queries that encode biologically
meaningful properties, to elucidate specific behavior of the
modeled system. The results of several query computations
for a four cell Delta-Notch protein signaling network model
are also given, to illustrate the technique and its utility.

I. INTRODUCTION

In the recent past, there have been many research projects
geared toward modeling and analyzing feedback-based bi-
ological systems using methods from control theory [1],
[2]. The authors’ research focuses on a specific biolog-
ical mechanism known as intercellular protein signaling.
Found in all multicellular organisms from an early embryo
stage, intercellular signaling is a feedback network which
interrelates the fate of a single cell and its neighbors. In
particular, the authors have modeled and analyzed two
signaling pathways active during development: (1) The
Delta-Notch signaling mechanism, responsible for pattern
formation in many different biological systems, such as the
emergence of ciliated cells in Xenopus embryonic skin [3],
and (2) the planar cell polarity (PCP) signaling mechanism
that controls the position of trichome, or hair, growth in
Drosophila melanogaster pupal wing cell arrays [4].

Both systems have been modeled by the authors [5], [6]
using the mathematical framework of hybrid automaton the-
ory. The physical properties of the processes involved in cell
signaling make it well-suited for hybrid systems modeling,
using a two-level hierarchical framework. At a low level, the
spatio-temporal evolution of protein concentration dynamics
are governed by linear differential equations; the second tier
comprises the logic network that controls the continuous
dynamics through discrete switches. The variables of the
logic network are the protein concentrations from the lower
level. Thus, the two levels are strongly interconnected, yet
the model as a whole is more amenable to analysis.

In addition, the authors have developed an algorithm [5]
to analytically derive constraints on the system kinetic

This work was sponsored by the DARPA Biocomp program (grant
number DAAD19-03-1-0373 from the Department of the Army.)

R. Ghosh and C. Tomlin are with the Department of Aeronau-
tics and Astronautics, Stanford University, Stanford, CA 94305, USA
ronojoy@stanford.edu,tomlin@stanford.edu

parameters necessary for biologically feasible steady states
to exist, in multi-stable systems. The parameters can be
symbolic constants, i.e. numerical values need not be as-
signed to them. The constraints are expressed in terms of
ratios of these parameters and switching thresholds. An ab-
straction algorithm has also been developed [7] to compute
backward reachable sets of states, which are expressed in
terms of the system’s symbolic parameters. These backward
reachable sets, when computed for the steady states of the
system, represent regions of state space that are guaranteed
to converge to one particular steady state or the other.
Biologically, this implies that one can identify sets of initial
protein concentrations from which a biologically interesting
steady state can be achieved. For example, the dosage of a
particular medicine and its effectiveness in achieving a cure
(steady state) could be determined using this analysis. Since
these reachable sets are large and complex, it is a challenge
to interpret them in a biologically meaningful way.

This paper presents a systematic and efficient method of
interpreting the reachable sets computed using the authors’
abstraction algorithm. The key is to use the reachable
set as a database, and query it for biologically meaning-
ful properties. For example, a valid query would be “if
concentration of protein A is greater than protein B in
neighboring cells, which steady state pattern will the Delta-
Notch lateral inhibition network display?” The importance
of the method lies in the fact that specific questions can
be asked about the behavior of the system, and the results
will indicate automatically whether additional constraints
are necessary for a biologically interesting steady state event
to happen. Computationally, it involves efficiently checking
each reachable set to see whether it satisfies a particu-
lar query, constructed using logical expressions involving
protein concentrations. In the following sections, the key
mathematical concepts used are defined first, followed by
a brief description of the Delta-Notch hybrid automaton
model, and the reachability computation for a four cell
Delta-Notch signaling network. This is followed by a formal
algorithm and discussion of query based interpretation, and
the results of several example queries for the four cell
network reachable sets.

II. REACHABILITY COMPUTATION

A. Definitions

Definition 1: A piecewise affine hybrid automaton,
H = (Q, X, Σ, Init, f, Inv, R), is defined such that

1) Q = {q1, q2, . . . , qm} is the set of discrete states;
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2) X ⊂ �n is the set of continuous state variables;
3) Σ = {σ1, σ2, . . . , σm} is the set of discrete inputs;
4) Init = Q0 × X0 is the set of initial conditions;
5) f(q, x) = Aqx + bq is the continuous vector field

associated with each discrete state, where Aq ∈ �n×n

is a diagonal matrix, and bq ∈ �n;
6) Inv(q) = (

∧
i(pi < 0)) ∧ (

∧
j(pj = 0)) ∧ (

∧
k(pk >

0)) ∧ (
∧

l(pl ≤ 0)) ∧ (
∧

m(pm ≥ 0)), where pi ∈
Plt(q), pj ∈ Peq(q), pk ∈ Pgt(q), pl ∈ Ple(q), pm ∈
Pge(q), is the invariant defining each discrete state,
where p() : X × Σ → � is a polynomial;

7) R : Q × X × Σ → 2Q×X is the transition map.
This is the class of hybrid automata used by the authors

to model protein signaling networks such as the Delta-
Notch network described in Section II-C [5]. The state
transition matrix Aq is restricted to be diagonal with real
eigenvalues. However, the elements of Aq and bq are free
to be symbolic. Constraints may be imposed on these
symbolic constants to restrict the behavior of the model.
The polynomials defining the invariant of each hybrid state,
can be separated into five classes: Plt(q), Peq(q), Pgt(q),
Ple(q), and Pge(q), according to their signs in the state. For
example, all polynomials pi ∈ Plt(q) are negative in state
q, and similar definitions hold for the other classes Peq(q),
etc. Plt(q), Peq(q), . . . , Pge(q) are mutually disjoint, and
∀q, Plt(q) ∪ Peq(q) ∪ Pgt(q) ∪ Ple(q) ∪ Pge(q) is invariant.
This implies that the polynomials defining each state are
identical, their sign alone varies from state to state.

Definition 2: A discrete transition system,
T = (Q, Σ,→, Q0, QF ), is defined such that

1) Q = {q1, q2, . . . , qn} is a set of states;
2) Σ = {σ1, σ2, . . . , σN} is a set of events;
3) →⊆ Q × Σ × Q is a transition relation;
4) Q0 ⊆ Q is the set of initial states;
5) QF ⊆ Q is the set of final states.
A dual representation of a finite transition system is an

adjacency matrix A ∈ {0, 1}n×n, where i ∈ 1, 2, . . . , n
represents a discrete state. In the adjacency matrix, a i,j ∈
A : a = 1 means that a transition qi → qj exists, and
ai,j = 0 means no transition exists from qi to qj . The final
states, q ∈ QF , of the transition system are states that have
no transitions out of them. The adjacency matrix can be
used to efficiently compute reachable states from a final
state of the system.

Definition 3: A state q̂ ∈ Q, of a transition system (that
may be a hybrid automaton H or a discrete transition system
T ), is said to be reachable from another state q if there
exists a finite sequence of transitions q

σ1→ q1
σ2→ · · · σN→ q̂,

from initial state q to state q̂. The state q is said to be
backward reachable from the state q̂. A region P ⊆ Q of
the hybrid automaton H or discrete transition system T ,
is backward reachable from a state q ∈ Q, if there exist
sequences of transitions leading from P to q.

Since computing reachability on hybrid automaton mod-
els directly is difficult, the authors have proposed and
implemented an abstraction process [7], which converts

the hybrid automaton into a discrete transition system that
preserves the transition structure while abstracting away
the continuous dynamics. The reachability computation is
then performed on the discrete abstraction. When the hybrid
automaton H is abstracted to the discrete transition system
T , its equilibria are abstracted to the states in the set of final
states QF of T . For a final state q ∈ QF , the region P is
uniquely backward reachable from state q if all sequences of
transitions from P terminate only in the state q. The regions
of attraction of the steady states of the hybrid automaton
correspond to the unique backwards reachable sets for the
final states of the abstracted discrete transition system.

B. Reachable Sets: Structure

The backward reachable sets are computed from the
adjacency matrix A of the abstracted discrete transition
system. This is done by tracing all possible sequences of
transitions backward from the final states. The traces are
continued until the reachable set becomes invariant. The
reachable set thus computed is expressed as the union of
all the states backward reachable from a particular final
state. Recall that from the definition of the hybrid automaton
model H , each state is defined by the conjunction of several
inequalities involving symbolic polynomials. Therefore, the
logical structure of the statement expressing the reachable
sets is the disjunctive normal form.

Definition 4: A statement, or formula, is in disjunctive
normal form if it is a disjunction (sequence of ORs)
consisting of one or more disjuncts, each of which is a
conjunction (AND) of one or more literals (i.e., logical
statements and negations of logical statements [8]).

The reachable set thus takes the form: Reach =
Inv(q1) ∨ Inv(q2) ∨ . . . ∨ Inv(qk), where each Inv(qi)
is a conjunction of polynomial inequalities. The number of
states in each reachable set can be large, and it increases
with the dimensionality of the transition system, making
direct interpretation of the set correspondingly difficult.

C. Delta-Notch Lateral Inhibition Model

The Delta-Notch signaling pathway has been modeled in
detail by the authors [5]. To model the lateral inhibition
Delta-Notch feedback network, experimentally observed
rules governing the biological phenomenon have to be
implemented. First, cells have to be in direct contact for
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Fig. 1. Influence diagram for Delta-Notch protein signaling network.
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Delta-Notch signaling to occur. This implies that a cell
is directly affected by, and directly affects in turn, only
immediate neighbors. Second, Notch production is turned
on by high Delta levels in the immediate neighborhood of
the cell and Delta production is switched on by low Notch
concentrations in the same cell. Third, at steady state, a cell
with high Delta levels must have low Notch level and vice
versa. In the model, the cells are assumed to be hexagonal
close packed, i.e. each cell has six neighbors in contact with
it. An influence diagram showing the signaling network is
given in Fig. 1.

Each biological cell is modeled as a four state piece-
wise affine hybrid automaton. The four states capture the
property that Notch and Delta protein production can be
individually switched on or off. The formal definition of
the one cell hybrid automaton is given by:

Hone cell = (Q,X, Σ, Init, f, Inv, R)

Q = {q1, q2, q3, q4}
X = (x1, x2)

T ∈ �2

Σ =

{
uN =

6∑
i=1

xDelta,i

}

Init = Q ×
{
X ⊂ �2 : x1, x2 > 0

}

f(q, x) =

⎧⎪⎨
⎪⎩

[−λDx1;−λNx2]
T if q = q1

[RD − λDx1;−λNx2]
T if q = q2

[−λDx1; RN − λNx2]
T if q = q3

[RD − λDx1; RN − λNx2]
T if q = q4

Inv = {q1, {−x2 < hD, uN < hN}}
∪ {q2, {−x2 ≥ hD, uN < hN}}
∪ {q3, {−x2 < hD, uN ≥ hN}}
∪ {q4, {−x2 ≥ hD, uN ≥ hN}}

where, x1 and x2: Delta and Notch protein concentrations,
respectively, in a cell; xDelta,i: Delta protein concentration
in ith neighboring cell; λD and λN : Delta and Notch
protein decay constants respectively; RD and RN : constant
Delta and Notch protein production rates, respectively; hD

and hN : switching thresholds for Delta and Notch protein
production, respectively. The switching thresholds hD and
hN are unknown and possible ranges for them have been
derived by the authors [5] using equilibrium analysis. Mod-
eling multiple cell networks involves composing several
single cell hybrid automata, with coupling through the input
uN that is the sum of Delta protein concentrations of all
neighboring cells.

D. Four Cell Delta-Notch Automaton

The four cell Delta-Notch hybrid model has 8 continuous
state variables x1, x2, . . . , x8, and 256 discrete states. The
variables x1, x3, x5 and x7 denote the Delta protein levels
and x2, x4, x6 and x8 represent the Notch protein levels in
cells 1, 2, 3 and 4, respectively (Fig. 2). The system has
periodic boundary conditions, which implies that the last
row and column of cells are wrapped around to provide
boundary conditions (protein concentrations) to the cells in

Cell 1

Cell 3 Cell 4

Cell 2
(x  ,x )

(x  ,x ) (x  ,x ) 5   6  7   8 

 1   2 (x  ,x )  3   4 

Fig. 2. Layout of four cell Delta-Notch network showing the variables
associated with each cell.

the first row and column of the network, and similarly the
first row and column are also extended to give boundary
protein concentrations to cells in the last row and column.

The network has four possible steady states that are
biologically feasible, as shown listed in Table I. Fig. 3
displays the four equilibria; a shaded cell in each case
represents a cell with high Delta protein and low Notch
protein concentration, and an unshaded cell has low Delta
protein and high Notch protein concentration at steady state.

TABLE I

STEADY STATE PROTEIN CONCENTRATIONS IN FOUR CELL

DELTA-NOTCH NETWORK.

Equilibrium 1
(
x1 = 0, x2 = RN

λN
, x3 = 0, x4 = RN

λN
,

x5 = 0, x6 = RN
λN

, x7 = RD
λD

, x8 = 0
)

Equilibrium 2
(
x1 = 0, x2 = RN

λN
, x3 = 0, x4 = RN

λN
,

x5 = RD
λD

, x6 = 0, x7 = 0, x8 = RN
λN

)
Equilibrium 3

(
x1 = 0, x2 = RN

λN
, x3 = RD

λD
, x4 = 0,

x5 = 0, x6 = RN
λN

, x7 = 0, x8 = RN
λN

)
Equilibrium 4

(
x1 = RD

λD
, x2 = 0, x3 = 0, x4 = RN

λN
,

x5 = 0, x6 = RN
λN

, x7 = 0, x8 = RN
λN

)

The discrete abstraction has 6561 states, and the unique
backwards reachable sets for equilibrium 1, 2, 3, and
4 contain 780, 1565, 1566 and 920 states, respectively.
The reachability computation for the remaining states is
undecidable, because they cannot be subpartitioned using
the refinement procedure and lead to more than one steady
state. Each state is defined by 8 inequality invariants, hence
the size of the reachable sets are quite large and difficult to
interpret by inspection.

III. REACHABILITY: QUERY BASED INTERPRETATION

In this section, the authors propose a feasible alternative
to direct interpretation of reachability analysis results. The
key idea is to query the computed reachable sets with log-
ical expressions that encode biologically interesting condi-
tions involving protein concentrations. By verifying whether
those expressions are true in each unique backwards reach-
able set, the analysis can (a) find the steady states that
can be attained from those conditions, and (b) deduce any
additional constraints on the protein concentrations that are
necessary to reach those steady states.
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Fig. 3. Biologically consistent steady states of the four cell network
with periodic boundary conditions. A shaded cell represents a high steady
state concentration of Delta protein and low level of Notch protein, and
an unshaded cell has low Delta protein and high Notch protein at steady
state.

Algorithm 1: Reach Set Query Algorithm
Input: A set of states, Reach = Inv(q1) ∨ Inv(q2) ∨
. . . ∨ Inv(qj), backward reachable only from state qk, and
a query statement Query
Output: A logical statement Output
foreach disjunct Inv(qi) ⊂ Reach, i = 1, 2, . . . j

compute fi = Query ∧ Inv(qi)
return Output =

∨j
i=1 fi

The computation procedure is straightforward, and it
takes advantage of the fact that the reachable set is in
disjunctive normal form:

1) The query expression is a logical statement that
involves protein concentrations. An example of a valid
query is: Query = Conca − Concb > Concc ∧
Concd ≤ Concb, where Conci is concentration of
protein species i.

2) The computation attempts to find a simplified truth
value for the expression Query ∧ Reach. This is an
efficient computation because Reach is in disjunctive
normal form, Reach = Inv(q1) ∨ Inv(q2) ∨ . . . ∨
Inv(qk), and hence, through distributivity, Query ∧
Reach ≡ (Query∧ Inv(q1))∨ (Query∧ Inv(q2))∨
. . .∨(Query∧Inv(qk)). This implies that each of the
disjuncts can be simplified separately in an efficient
manner, and the results combined.

3) If the resultant expression is false, then the query
is not valid for that reachable set. If it is true,
then it always leads to the particular steady state
whose backward reachable set was queried. If, the
answer returns additional constraints on the protein
concentrations, then those constraints will have to be
satisfied, in addition to the query expression, for the
system to reach the steady state that was queried.

The computational complexity of the query analysis

grows linearly with the number of states in each reachable
set. Since each disjunct can be evaluated separately, the
computation algorithm is highly parallelizable. The formula
simplification can be done by a symbolic decision procedure
involving quantifier elimination, the authors implemented
it using QEPCAD [9], which is a quantifier elimination
program using partial cylindrical algebraic decomposition.
In Section IV, the results of several query computations
are presented, to demonstrate their use when biologically
interesting properties involving protein concentrations can
be expressed as logical statements.

IV. RESULTS

All the computations in this section were performed on
the unique backwards reachable sets for the four biologi-
cally feasible equilibria of the four cell Delta-Notch system,
given in Table I. Each query takes around two hours to
verify using a 2GHz Pentium 4 workstation with 1GB
memory. The following description states and explains each
query, and the results for each computation.

Query 1: x1 > x3 ∧ x1 > x5 ∧ x1 > x7

This expression encodes the property “Delta protein
concentration in cell 1 is higher than Delta concentrations
in the other three cells.” The query tests the classic lateral
inhibition property, i.e. amplification of initial protein con-
centration differences. The higher Delta protein concentra-
tion in cell 1 is expected to suppress Delta protein growth in
all its neighbors. Therefore, all initial conditions satisfying
query 1 are expected to converge to the biological steady
state represented by equilibrium 4.

Query 1 result
Equilibrium 1: Unreachable
Equilibrium 2: Unreachable
Equilibrium 3: Unreachable
Equilibrium 4: (x3 − x1 < 0∧ x5 − x1 < 0∧ x7 − x1 <

0∧hD +x6 ≥ 0∧hD +x8 ≥ 0∧hD +x4 ≥ 0∧hD +x2 ≤
0∧ hN − 2x7 − 2x5 − 2x3 ≥ 0∧ hN − 2x7 − 2x5 − 2x1 ≤
0∧ hN − 2x7 − 2x3 − 2x1 ≤ 0∧ hN − 2x5 − 2x3 − 2x1 ≤
0∧ (hN − 2x5 − 2x3 − 2x1 ≥ 0∨hN − 2x7 − 2x3 − 2x1 ≥
0∨hN −2x7−2x5−2x1 ≥ 0∨(hD +x4 ≤ 0∧hN −2x7−
2x5 − 2x3 > 0)∨ (hD +x6 ≤ 0∧hN − 2x7− 2x5 − 2x3 >
0)∨(hD+x2 ≥ 0∧hN−2x7−2x5−2x3 > 0)∨(hD+x6 >
0∧hD +x8 > 0∧hD +x4 > 0∧hD +x2 < 0∧hN −2x7−
2x5−2x3 ≤ 0)∨(hD+x8 ≤ 0∧hN−2x7−2x5−2x3 > 0)))

The query results confirm that the fundamental lateral
inhibitory property of the network is modeled faithfully by
the hybrid automaton model. Only the backward reachable
set of equilibrium 4 satisfies query 1, the reachable sets for
the other three equilibria do not. Furthermore, the result of
the query returns additional constraints that are sufficient to
guarantee that the system converges to equilibrium 4. For
example, the total Delta protein concentration in cells 2, 3
and 4 (Fig. 2) is required to be less than half the switching
threshold value for turning on Notch production. Similar
conditions hold for the total Delta protein concentrations
of cells 1, 3 and 4, and 1, 2 and 4. In biological terms,
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this means that there has to be an initial asymmetry in
protein concentrations for the lateral inhibition mechanism
to amplify. Also, convergence to a particular equilibrium de-
pends on how strong or how weak, relative to the switching
threshold, the initial protein concentrations are.

Query 2: x1 > x3 ∧ x1 > x5 ∧ x7 > x3 ∧ x7 > x5

This query asks a broader question that may result
in more than one steady state. Here, the Delta protein
concentrations in cells 1 and 4, x1 and x7 respectively, are
greater than the Delta concentrations in the other two cells,
x1 and x5. The point of interest here is: which of the steady
states are achievable and under what conditions, i.e. what
differentiates the reachable sets?

Query 2 results
Equilibrium 1: (x3 − x1 < 0∧ x5 − x1 < 0∧ x7 − x1 ≥

0 ∧ x8 − x6 ≤ 0 ∧ x8 − x2 ≤ 0 ∧ x8 − x4 ≤ 0 ∧ hD +
x2 ≥ 0 ∧ hD + x4 ≥ 0 ∧ hD + x6 ≥ 0 ∧ hD + x8 ≤
0∧ hN − 2x5 − 2x3 − 2x1 ≥ 0∧ hN − 2x7 − 2x5 − 2x3 ≤
0∧((hD+x2 ≤ 0∧hN−2x5−2x3−2x1 > 0)∨(hD+x4 ≤
0∧hN −2x5−2x3−2x1 > 0)∨(x7 −x1 > 0∧hD +x8 ≥
0∧hN −2x5−2x3−2x1 > 0)∨(x7−x1 > 0∧hN −2x7−
2x5−2x3 ≥ 0)∨(hD +x2 > 0∧hD +x4 > 0∧hD +x6 >
0∧hD +x8 < 0∧hN −2x5−2x3−2x1 ≤ 0)∨(hD +x6 ≤
0 ∧ hN − 2x5 − 2x3 − 2x1 > 0)))

Equilibrium 2: Unreachable
Equilibrium 3: Unreachable
Equilibrium 4: (x3 − x1 < 0∧ x5 − x1 < 0∧ x7 − x3 >

0∧x7 −x5 > 0∧x7 −x1 ≤ 0∧hD +x4 ≥ 0∧hD +x6 ≥
0∧hD +x8 ≥ 0∧hD +x2 ≤ 0∧hN − 2x7 − 2x5 − 2x3 ≥
0∧hN −2x5−2x3−2x1 ≤ 0∧((x7 −x1 < 0∧hD +x4 ≤
0∧hN −2x7−2x5−2x3 > 0)∨(x7 −x1 < 0∧hD +x6 ≤
0∧hN −2x7−2x5−2x3 > 0)∨(x7 −x1 < 0∧hD +x2 ≥
0∧hN −2x7−2x5−2x3 > 0)∨(x7−x1 < 0∧hN −2x5−
2x3−2x1 ≥ 0)∨(hD +x4 > 0∧hD +x6 > 0∧hD +x8 >
0∧hD +x2 < 0∧hN −2x7−2x5−2x3 ≤ 0)∨(x7−x1 <
0 ∧ hD + x8 ≤ 0 ∧ hN − 2x7 − 2x5 − 2x3 > 0)))

The results are consistent with the lateral inhibition
property. The only equilibria that are guaranteed reachable
from the given query condition are 1 and 4. Recall from
Table I, that equilibrium 1 represents high Delta concentra-
tion only in cell 4, and equilibrium 4 has high Delta protein
concentration in cell 1. However, the query results also
automatically provide the additional conditions that are nec-
essary for the system to reach one or the other. In addition
to constraints on the initial Notch protein concentrations,
the query results clearly indicate that for equilibrium 1
to be reachable, the Delta protein concentration in cell 4
cannot be less than the Delta concentration in cell 1, i.e.
the constraint x7−x1 ≥ 0 has to be satisfied. The converse
condition, x7 − x1 ≤ 0, has to hold for the system to
converge to equilibrium 4.

Query 3: x3 > x5 ∧ x2 < x8

Query 3 is very interesting because it proposes differ-
ences in protein concentration for both Delta and Notch.
The conditions are fairly relaxed; they only stipulate that
the Delta concentration in cell 2 is greater than that in cell

3, and Notch levels in cell 1 are less than that in cell 4. The
results are somewhat non-intuitive, as discussed below:

Query 3 results
Equilibrium 1: Unreachable
Equilibrium 2: Unreachable
Equilibrium 3: (x3 − x1 ≥ 0∧ x4 − x2 ≤ 0∧ x5 − x3 <

0∧ x6 − x4 ≥ 0∧ x7 − x3 ≤ 0∧ x8 − x2 > 0∧ hD + x2 ≥
0∧hD +x4 ≤ 0∧hD +x6 ≥ 0∧hN − 2x7 − 2x5 − 2x1 ≥
0∧ hN − 2x7 − 2x5 − 2x3 ≤ 0∧ hN − 2x7 − 2x3 − 2x1 ≤
0∧hN −2x5−2x3−2x1 ≤ 0∧ ((x5 −x1 ≥ 0∧x7−x3 <
0∧hN −2x7−2x3−2x1 ≥ 0)∨(x6 −x2 > 0∧hD +x2 ≤
0∧hN −2x7−2x5−2x1 > 0)∨ (x3 −x1 > 0∧x7−x3 <
0∧hN −2x5−2x3−2x1 ≥ 0)∨ (x3 −x1 > 0∧x7−x3 <
0∧hD +x4 ≥ 0∧hN −2x7−2x5−2x1 > 0)∨(x3−x1 >
0∧x7−x3 < 0∧hN −2x7−2x5−2x3 ≥ 0)∨ (x6−x4 >
0∧hD +x2 > 0∧hD +x4 < 0∧hD +x6 > 0∧hN −2x7−
2x5 − 2x1 ≤ 0)∨ (x3 −x1 > 0∧x7 −x3 < 0∧hD +x6 ≤
0 ∧ hN − 2x7 − 2x5 − 2x1 > 0)))

Equilibrium 4: (x3 − x1 ≤ 0 ∧ x5 − x3 < 0 ∧ x7 −
x1 ≤ 0 ∧ x8 − x2 > 0 ∧ hD + x4 ≥ 0 ∧ hD + x6 ≥
0∧hD +x8 ≥ 0∧hD +x2 ≤ 0∧hN − 2x7 − 2x5 − 2x3 ≥
0∧ hN − 2x7 − 2x5 − 2x1 ≤ 0∧ hN − 2x5 − 2x3 − 2x1 ≤
0 ∧ ((x3 − x1 < 0 ∧ x7 − x1 < 0 ∧ hD + x4 ≤ 0 ∧
hN − 2x7 − 2x5 − 2x3 > 0) ∨ (x7 − x1 < 0 ∧ x7 − x3 ≥
0∧hN −2x5−2x3−2x1 ≥ 0)∨ (x3 −x1 < 0∧x7−x1 <
0∧hD +x6 ≤ 0∧hN −2x7−2x5−2x3 > 0)∨(x3−x1 <
0∧ x7 − x1 < 0∧ hD + x2 ≥ 0∧ hN − 2x7 − 2x5 − 2x3 >
0)∨ (x3 −x1 < 0∧x7−x1 < 0∧hN −2x7−2x5−2x1 ≥
0)∨(hD +x4 > 0∧hD +x6 > 0∧hD +x8 > 0∧hD +x2 <
0∧hN −2x7−2x5−2x3 ≤ 0)∨ (x3 −x1 < 0∧x7−x1 <
0 ∧ hD + x8 ≤ 0 ∧ hN − 2x7 − 2x5 − 2x3 > 0)))

From the query results, it can be seen that two equilibria
are guaranteed to be reachable from the initial conditions
specified by the query. The first one, equilibrium 3, cor-
responds to a biological steady state where Delta protein
concentration in cell 2 alone is high. The other reachable
steady state, equilibrium 4, is where the Delta level in cell
1 alone is high. The query results predict that the former
or the latter are reachable depending on whether Delta
concentration in cell 1 is greater or less than that in cell
2, i.e. x1 > x3 or x1 < x3. This agrees with classical
lateral inhibition, and so does the result that equilibrium 2
is not guaranteed to be reachable, because of the condition
x3 > x5.

However, the non-intuitive result is that equilibrium 1
is not guaranteed to be reachable. Since there are no
restrictions on the Delta protein in cell 4, x7, it could
be expected that the system converges to equilibrium 1
with the additional constraint that x7 > x3. This does
not happen, because of the effect of the constraint on
Notch protein levels in query 3. Since cell 4 has a higher
Notch concentration than cell 1, this acts to repress Delta
production in cell 4 preferentially with respect to cell 1. As
a result, there is not sufficient Delta protein in cell 4, under
the given query constraints, to compete with the surrounding
cells and achieve a high equilibrium level. This underlines
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the importance of Notch receptors in lateral inhibition, even
though they do not directly affect protein concentrations in
neighboring cells (Fig. 1).

Query 4: x6 > x2 ∧ x6 > x4 ∧ x6 > x8

Query 4 encodes conditions only on Notch protein con-
centrations. Even though Notch acts through an interme-
diary (Delta ligand) to influence protein concentrations in
neighbors, it has an observable effect on the reachability of
different steady states, as seen in the previous query. Query
4 constrains Notch concentration in cell 3 to be greater than
in all its neighbors.

Query 4 results
Equilibrium 1: (x6 − x2 > 0∧ x6 − x4 > 0∧ x7 − x5 ≥

0 ∧ x7 − x3 ≥ 0 ∧ x7 − x1 ≥ 0 ∧ x8 − x2 ≤ 0 ∧ x8 −
x4 ≤ 0 ∧ hD + x8 ≤ 0 ∧ hD + x4 ≥ 0 ∧ hD + x2 ≥
0 ∧ hN − 2x7 − 2x3 − 2x1 ≤ 0 ∧ hN − 2x7 − 2x5 −
2x1 ≤ 0 ∧ hN − 2x7 − 2x5 − 2x3 ≤ 0 ∧ ((hD + x8 <
0∧ hN − 2x7 − 2x5 − 2x1 ≥ 0∧ hN − 2x5 − 2x3 − 2x1 >
0)∨(hD+x2 ≤ 0∧hN−2x5−2x3−2x1 > 0)∨(hD+x8 <
0∧ hN − 2x7 − 2x3 − 2x1 ≥ 0∧ hN − 2x5 − 2x3 − 2x1 >
0)∨ (x7−x5 > 0∧x7−x3 > 0∧x7−x1 > 0∧hD +x8 ≥
0∧hN −2x5−2x3−2x1 > 0)∨(hD +x8 < 0∧hN −2x7−
2x5 − 2x3 ≥ 0∧hN − 2x5 − 2x3− 2x1 > 0)∨ (hD +x8 <
0∧hD +x4 > 0∧hD +x2 > 0∧hN − 2x5 − 2x3 − 2x1 =
0) ∨ (hD + x4 ≤ 0 ∧ hN − 2x5 − 2x3 − 2x1 > 0)))

Equilibrium 2: Unreachable
Equilibrium 3: (x3 − x1 ≥ 0∧ x4 − x2 ≤ 0∧ x5 − x3 ≤

0∧x6−x2 > 0∧x7−x3 ≤ 0∧x8−x6 < 0∧x8−x4 ≥ 0∧
hD+x2 ≥ 0∧hD+x4 ≤ 0∧hD+x8 ≥ 0∧hN−2x7−2x5−
2x3 ≤ 0∧hN−2x7−2x3−2x1 ≤ 0∧hN−2x5−2x3−2x1 ≤
0∧hN −2x7−2x5−2x1 ≥ 0∧ ((x5 −x3 < 0∧x5−x1 ≥
0∧x7−x3 < 0∧hN −2x7−2x3−2x1 ≥ 0)∨ (x7−x3 <
0∧ x7 − x1 ≥ 0∧ x7 − x5 ≥ 0∧ hN − 2x5 − 2x3 − 2x1 ≥
0)∨(x8−x2 > 0∧hD +x2 ≤ 0∧hN −2x7−2x5−2x1 >
0)∨ (x3−x1 > 0∧x5−x3 < 0∧x7−x3 < 0∧hD +x4 ≥
0∧hN −2x7−2x5−2x1 > 0)∨ (x3 −x1 > 0∧x5−x3 <
0∧x7−x3 < 0∧hN −2x7−2x5−2x3 ≥ 0)∨ (x8−x4 >
0∧hD +x2 > 0∧hD +x4 < 0∧hD +x8 > 0∧hN −2x7−
2x5 − 2x1 ≤ 0)∨ (x3 − x1 > 0∧ x5 − x3 < 0∧ x7 − x3 <
0 ∧ hD + x8 ≤ 0 ∧ hN − 2x7 − 2x5 − 2x1 > 0)))

Equilibrium 4: (x3 − x1 ≤ 0∧ x5 − x1 ≤ 0∧ x6 − x4 >
0∧ x6 − x2 > 0∧ x7 − x1 ≤ 0∧ x8 − x6 < 0∧ hD + x2 ≤
0∧hD +x4 ≥ 0∧hD +x8 ≥ 0∧hN − 2x7 − 2x5 − 2x3 ≥
0∧ hN − 2x7 − 2x5 − 2x1 ≤ 0∧ hN − 2x7 − 2x3 − 2x1 ≤
0∧hN −2x5−2x3−2x1 ≤ 0∧((hD +x2 < 0∧hD +x4 >
0∧hD +x8 > 0∧hN −2x7−2x3−2x1 ≥ 0)∨(hD +x2 <
0∧hD +x4 > 0∧hD +x8 > 0∧hN − 2x5 − 2x3 − 2x1 ≥
0)∨ (x3−x1 < 0∧x5−x1 < 0∧x7−x1 < 0∧hD +x4 ≤
0∧hN −2x7−2x5−2x3 > 0)∨ (x3 −x1 < 0∧x5−x1 <
0∧ x7 − x1 < 0∧ hD + x2 ≥ 0∧ hN − 2x7 − 2x5 − 2x3 >
0)∨(hD+x2 < 0∧hD+x4 > 0∧hD+x8 > 0∧hN−2x7−
2x5−2x1 ≥ 0)∨(hD +x2 < 0∧hD +x4 > 0∧hD +x8 >
0∧hN −2x7−2x5−2x3 ≤ 0)∨ (x3 −x1 < 0∧x5−x1 <
0∧x7−x1 < 0∧hD+x8 ≤ 0∧hN−2x7−2x5−2x3 > 0)))

The query results demonstrate the effect on a cell of
having a higher Notch concentration than its neighboring

cells. Given the approximate reachable sets, they imply
that cell 3 will remain undifferentiated, i.e. the network
will not converge to equilibrium 2, a steady state where
cell 3 has a high Delta protein concentration and all its
neighbors have low Delta levels. All the other equilibria
may be reached, depending on the initial asymmetry of
Delta protein concentrations in neighboring cells. However,
since the reachable sets are under-approximations, there
may exist initial conditions from which equilibrium 2 is
reachable, but which cannot be identified because they fall
in the undecidable state space of the abstracted discrete
transition system.

V. CONCLUSION

This paper demonstrates a useful and efficient method to
biologically interpret analytical data from hybrid models of
protein signaling. However, even though the examples pre-
sented here are protein feedback networks, the algorithms
for reachable set computation and query are general in
nature, and can also be applied to other biological models,
for example, gene regulatory networks. The queries have
to be constructed in a meaningful way, and require do-
main knowledge for the particular biological system under
study. Current research is focusing on extending the query
based technique to higher dimensional reachability sets of
larger networks, including the PCP signaling network in
Drosophila, where the authors have access to biological data
for different PCP signaling protein localization patterns, and
some of the predictions from the query tests may even be
experimentally verifiable.
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