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Abstract—In this paper, a robust position tracking con-
troller is developed for an autonomous, underactuated, un-
manned underwater vehicle (UUV). Specifically, the proposed
controller forces the three dimensional (i.e., longitudinal,
latitudinal, and depth) position tracking error to within an
arbitrarily small region about zero (i.e., global exponential
uniformly ultimately bounded tracking) through the utiliza-
tion of one translational and three orientation actuators.
Therefore, the proposed methodology may hold special appeal
to such underactuated applications as the omni-directional
intelligent navigators (ODINs) by extending capabilities to
include changes in vehicle depth. In addition, uncertainty in
such parameters as vehicle inertia and hydrodynamic damping
forces are compensated through a robust control structure.
Simulation results are provided to illustrate performance and
details of the controller.

I. INTRODUCTION

HE autonomous underactuated vehicle control prob-

lem offers the challenging dilemma of developing a
suitable control strategy that can simultaneously achieve
a desired objective (position and/or orientation track-
ing/regulation) while utilizing a lower number of control
inputs than degrees of freedom. For instance, a fully ac-
tuated vehicle would be equipped with three translational
force actuators and three rotational torque actuators where
any actuator can independently translate/rotate the vehicle
along/around its respective axis. However, the weight of an
autonomous vehicle is an obvious concern when considered
in the context of aerial autonomous vehicles. Underwater
vehicles are also plagued with the similar considerations as
the neutral buoyancy depth will be affected by the overall
weight and displacement of the vehicle.

Therefore, more advanced controllers are currently being
investigated so that the tracking objective can be achieved
in a satisfactory manner with a reduced number of actu-
ators. For example, Behal et al. [2] developed a nonlinear
controller of the kinematic model of an underactuated space
craft that guaranteed uniform, ultimately bounded tracking
provided that initial errors were selected sufficiently small.
The control structure of [2] was motivated by a Lyapunov
dynamic oscillator that originated in the area of wheeled
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mobile robotics from [4]. Do et al. [5] presented an output-
feedback controller that guarantees global asymptotic stabi-
lization tracking of an underactuated vehicle that operates
at a constant depth (omni-directional intelligent navigator).
In [14], a task-space tracking control approach for a re-
dundant robot manipulator based on quaternion feedback
was developed and is applied to an autonomous underwater
vehicle by Xian et al. For further literature concerning the
underactuated control problem please refer to [8], [11], [12],
and [13] and the references within.

Recently, Aguiar and Hespanha [1] utilized an innovative
approach to the two and three dimensional position tracking
problem for underactuated autonomous vehicles. Specif-
ically, a position tracking controller was developed that
achieved global stability and exponential convergence of the
position tracking error to within a neighborhood about zero
which can be made arbitrarily small. Two distinctive tech-
niques were employed that distinguished [1] from some of
the previous work. First, a slightly modified expression for
the dynamics of the rotation matrix was utilized throughout
the control development which represents a shift from previ-
ous work. Second, Aguiar and Hespanha [1] augmented the
filtered tracking error signal with a constant design vector.
At first glance, this addition of a constant vector within
a tracking error signal seems counterproductive; however,
it is this additional design constant which facilitates the
Lyapunov-based control synthesis. Unfortunately, the con-
trol development requires an input related matrix to be full
rank. As mentioned in [1], it is not clear whether this full
rank condition is always satisfied.

These two distinct approaches coupled with our previ-
ous research efforts in similar underactuated applications
prompted us to investigate the possibility of relaxing the full
rank condition for the tracking control problem. That is, the
objective of our research is the development of a position
tracking controller for an underactuated autonomous vehicle
equipped with one translational actuator and three rotational
actuators. To achieve this objective, the control design must
be crafted in such a manner such that rotational torque can
be “transmitted” to the translational system via coupling
terms in order to influence position tracking. In addition,
the controller must account for the fact that uncertainty
exists within select parameter values. Therefore, a robust
structure will be embedded within the control design. A
stability analysis of the resulting tracking error signals
demonstrates that the developed control strategy drives the
position tracking error signal into a neighborhood about
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zero with an arbitrarily small radius set through the adjust-
ment of design parameters. The approach of the proposed
controller follows closely to that of [1]; however, the full
rank condition set forth is [1] has been removed through
a modified translational velocity error signal and through
careful crafting of the error systems based on the stability
analysis.

The paper is organized in the following manner. In
Section II, the model of an underactuated UUYV is presented.
In Section III, the design objective of position tracking
including the constraints of underactuation and parameter
uncertainty is discussed. The controller development and
subsequent stability analysis is presented in Section IV.
Conclusions and topics for further investigation are pre-
sented in Section VI.

II. SYSTEM MODEL

The kinematics of the UUV attitude can be represented
by the unit quaternion [9] q(t) = [ qo(t) qf(t) ] €R?,
which describes the orientation of an orthogonal coordinate
frame B attached to the UUV center of mass with respect to
an inertial reference frame Z expressed in Z and is governed
by the following differential equation [3]

. 1
qv = 5 (Qv X w + qow)
. 1, (1)
o = — 5%) w
where w(t) € 3 is the angular velocity of B with respect to

7 expressed in B.The rotation matrix that translates vehicle

coordinates into inertial coordinates is denoted by R (q) €
R3%3 and is calculated from the following formula [10]

R(q) = (2 — ¢faw) I3 + 2¢0qt — 20,5 (¢0)  (2)

where Iy € W33 is the 3 x 3 identity matrix, and
S () € R3%3 is a skew-symmetric matrix with the following
mapping characteristics

0 =& &
S@=1] & 0 =& VEeR . (3)
=& &0

The translational kinematic relationship for the UUV is
given by the following expression [7]

p=Rv (@Y)

where p(t) € R3 represents the position of the origin of
B expressed in Z, v(t) € R denotes the translational
velocity of the UUV with respect to Z expressed in B. The
translational and rotational equations of motion for the UUV
are given by the following [1]

Mo =-S5 (w)Mv—h((v)v+ Biuy 5)
Juw=-5w)Mv—-8w)Jw—gw)w+ Baus

where M, J € R3*3 denote the positive definite, constant
mass and inertia matrices, respectively, h (v) € R3¥3 and

g(w) € RN3*3 capture the linear and quadratic hydrody-
namic damping interactions, B; = [ 1 00 ]T € N3,
uy (t) € R! represents the translational force input, By =
I3 € ?3%3, and uy € N2 denotes the rotation vector input.

Remark 1: The following properties of the rotation ma-
trix for R (q) and the skew-symmetric matrix .S (-) will be
utilized in the subsequent control development [1]

I) R=RS(w)
M RTR=1I; (6)
m ST (y) =-S5y YyeR’

As previously mentioned, Property I of (6) represents a
slight shift in the structure of the dynamics for R (q) [1]
as compared to previous work.

III. PROBLEM FORMULATION

Our main objective is to design the translational force
input u (t) and the rotational torque input u (¢) such that
p (t) tracks a sufficiently smooth desired position trajectory
pa(t) € R (e, pa(t), pa(t), pa(t), Pa (t) € Loo). The
position tracking objective is complicated due to the fact
that the UUV is equipped with only one translational actu-
ator aligned along one axis of B. Therefore, the translational
control input must be designed in conjunction with the
rotational torque input such that the vehicle tracks p4 (¢) .
To this end, the position tracking error signal e, (t) € 3
is defined in the following manner

ep = R" (p—pa). (7

In addition to the underactuation constraint, the control
design must compensate for uncertainty in parameter values
of the inertia matrix J, and the hydrodynamic damping
coefficients in & (v) and g (w). In lieu of a dynamic es-
timation approach, a constant parameter estimate will be
utilized in a feedforward term with the resulting parameter
mismatch effects compensated for through the injection of
a bounding function within the control input expressions
for uy (t) and wug (t). The controller is designed under the
assumption that the inertia matrix M is known, and the
translational position p (¢), the translational velocity v (¢),
and the angular velocity w (t) are measurable.

IV. CONTROLLER DESIGN

After taking the time derivative of (7) and substituting
in the translational kinematics of (4), the open-loop track-
ing error dynamics for e, (¢) are given by the following
expression

ép =S (W R"(p—pa) +v—R"pa
1 —1 r. (&)
=—S(w)ep,+M e, + (M~ —I3) RTpqy
where the properties of (6) have been utilized, the term
M~1RTp4 has been added and subtracted to the right hand

side of (8), and the translational velocity tracking error
signal e, (t) € R? is defined in the following manner

ey = Mv — RTpy. )
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After taking the time derivative of e, () and substituting
in the translational dynamics of (5), the open-loop linear
velocity tracking error dynamics are given by the following

éo=—S(w)e, + (h(v)v— R"pg) + Biur.  (10)
where the definition of (9) has been utilized.

In order to simplify the control design, the filtered
tracking error signal r (t) € %3 is defined in the following

manner [1]

T =ey,+ae, +90 (11)

where @ € R! denotes a positive, scalar constant, § =
[61 0 0 ]T € N3, and §; € N! represents a positive
design constant. The open-loop filtered tracking error dy-
namics for r (¢) are formulated by taking the time derivative
of (11), substituting in the open-loop expressions of (8) and
(10) and can be expressed in the following form

= —=Sw)r+Sw)d—h@ v+ Biuy (12)
+aM~te, — RTpg+ o (M~ — I3) RTpqg
where the term S (w) § € R3 has been added and subtracted
to the right hand side of (12). In order to facilitate the
control design, it is assumed that A (v)v in (12) can be
linearly parameterized (LP) into the following form

h(v)v=Y1 (v) 0 (13)

where Y7 (v) € R3%6 represents a known regression matrix
and 6; € RS is the vector containing the unknown parame-
ters. In addition, it is assumed that the parameter mismatch
can be upperbounded in the following manner
[vi @8] < oy (o) (14)

where the parameter mismatch term is represented by 6, =
6, — 60, € RS, ; € RO represents the “best” guess constant
estimate of 61, and p; (||v (¢)||) € R' denotes a positive
bounding function that is assumed to be non-decreasing
in ||v (¢)||. The linearly parameterizing assumption of (13)
should not be considered a limiting constraint on the struc-
ture of h (v) v as the effects of parameter mismatch for the
non-LP case could be easily incorporated into the robust
control structure.

After substituting (13) into (12) for h (v) v, the open-loop
filtered tracking error dynamics can be rewritten as follows

r= —S(w)r—Yi0; — M le,
+aM~te, — RTpg+ o (M~ — I3) RTpg  (15)
+M~te, + [Biug — S (0) w]

where the fact that S (w) 6 = —S () w has been utilized and
the term M ~'e, (t) € R has been added and subtracted
to the right hand side of (15). The bracketed term of (15)
can be manipulated into the following form

[Biur — S (6) w] = Bup (16)

where the auxiliary matrix B, € R3%3 and the auxiliary
vector j (t) € N3 are defined by the following

1 0 0
B,=0 0 & ,uz[ul wo w3 ]T
0 -6, O
(17)

At this point, the scalar control input w1 (¢) is designed in
the following manner

ur=[1 0 0]mwm+uw (18)

where 7; (t) € R3 represents an auxiliary control input
vector. After substituting (18) into (16), the open-loop
filtered tracking error dynamics for 7 (¢t) can be expressed
as follows

—S(w)r —Yi16; — M~ e,

+aM e, — RTpg+ a (M1 —I3) RTpg  (19)
+M~te, + [B,us + B,z]

’f‘:

where the auxiliary vector signal z (t) € R3 is defined by
the following

0
0
0

0 0
z=w — B,uj, B, = 1 0 (20)
0 1

Based on the structure of (19), the auxiliary control input
uy (t) is designed in the following manner

w =B,! [—OéMjlev + RTpg— o (M~ — I3) RTpq
—M‘lep + Y1601 — k.1

- {m <|5|%,i|>lf|f|); T H
(21

where k. € ! denotes a positive scalar control gain, 1 €
R! represents a small positive constant, and the functions
Il and |-||,,, are defined in the following manner

lully =vVy'y+o vy B
1Y, = VyTy +0 — o= |ys|| — Vo )

where o € R! denotes a small positive scalar constant. After
substituting (21) into the open-loop dynamics of (19), the
closed-loop filtered tracking error dynamics for r (¢) are
given by the following expression

7= —kor—S(w)r— M e, + Bz
2
5 pi (vlls)r
+ (Y1 (v) 0, — 5
p1 ([0l ) 7]l + &1

Remark 2: Based on the definitions of (22) and the
non-decreasing characteristic of p; (||v (¢)||), the following
inequality will be used in the subsequent stability to bound
the effects of the parameter mismatch term Y; (v) 6

(23)

p1 ([[vlls) = po (o)) > py (lv]l.,) - 24)
Remark 3: The functions given in (22) are utilized in lieu

of the standard Euclidean norm in @ () so as to ensure
that the time derivative of p, (||v (¢)||) is well-defined when
backstepping on the signal z (¢). That is, the time derivative
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of |||, and ||-||,, can be calculated from the following
expression

T.
J Y Vy € R3
T

d d
dt Hst‘ - dt HyHm - \/m 25)
(

The remainder of the control design involves the devel-
opment of the torque input us (t) such that the auxiliary
variable z (t) is regulated to zero. That is, if z (¢) = 0, then
the auxiliary control input signal @ (¢) is injected into the
filtered position tracking error dynamics (19) via the angular
velocity vector w (t) in order to promote position tracking.

After taking the time derivative of z (¢), multiplying both
sides of the resulting expression by the unknown inertia
matrix J, and substituting in the rotational dynamics of (5),
the open-loop dynamics for z (t) are given by the following
expression

Ji= =S () Mv+ [—S(w) Jo—gWw)w—JB. W
+BQU,2
. (26)
and ; (t) expression is represented as

U= B¢, + ppbh]. @7

where, ¢, (t) € R3*! and ¢, (t) € R3*6 are two mea-
surable regression matrices. At this point, the structure of
g (w)w is assumed to be of a form to allow the bracketed
term of (26) to be linearly parameterized into the following
form

Ys (pyw,v) 03 = =S (w)Jw—g(w)w—JB. U (28)

where Ys (p,w,v) € R3%23 denotes a known regression
vector and 6, € R23 represents the vector of unknown
constants. In addition, it is also assumed that the following
bounding relationship exists

HYQ (p,v,w) éQH < pa (lI<Il)

where ¢ (t) = [ pT T W' ] € R, the parameter
mismatch term is represented by 6y = 65 — 6 € R23,
0, € R23 represents the “best” guess constant estimate of
02, and p, (||¢||) € R* denotes a positive bounding function
that is designed to be non-decreasing in ||¢ (¢)||. Similarly
if the structure of g (w)w does not allow for (28), then the
effects of the bracketed terms of (26) could be compensated
for through the development of an appropriate bounding
function.

After substituting (28) into (26), the open loop dynamics
for z (t) are given by the following expression

Jz=—5(v) Mv + Y205 + Bous.

(29)

(30)

Based on the structure of (30) and the subsequent stability
analysis, the control torque us (t) is designed in the follow-
ing manner

Uy = B;l [S(v) Muv — Yoo — k. z —BET

—_ rdly) = ]
P2 ([ICllm) 121, + €2

€29

where k., € R! is represents a positive, scalar control
gain and eo represents a small positive constant. After
substituting (31) into (30), the closed-loop dynamics for
z (t) are given by the following

B 2

P2 ([IC1l) 121l + €2
(32

Theorem 1: The translational force input w1 (t) of (18)
and the rotational torque input u o (¢) of (31) ensure that the
tracking error signal e, (t) is exponentially driven into an
arbitrarily small neighborhood about zero in the sense that

lew ()] < V7 (0) exp (—%) L.

e (33)

where A3, A2, ¢ € R' are positive constants (explicitly
defined in the subsequent proof) and V (0) € R! represents
the initial condition of the subsequent Lyapunov candidate
and is explicitly calculated as

1 1 1

V(0) = 57~T (0)7 (0) + §ZT (0)Jz (0) + 5@,{ (0) ey (0).
(34
Proof: In order to illustrate the tracking result of
(33), the following non-negative scalar function, denoted

by V (t), is defined as follows
L L 7 L7
V= 37 7‘—|—§z Jz—|—§epep,
and V (t) can be upper and lower bounded by the following

inequality

(35)

M nl? <V < A llnl® (36)

T
where n = [T 2T el ]7 € R and the constant

parameters A\, Ao € ! are given by

N = min{%, %Amm (J)} Do = max{%, %)\max (J)}

(37)

where Amin {J} denotes the minimum eigenvalue of the

matrix J. After taking the time derivative of (35), substi-

tuting in the closed-loop dynamics of (23), (32), and (8),

and cancelling common terms, the time derivative of V (t)
is given by the following

V o =—k, H’/’H2 —k, H2H2 - eZ;aM_lep
+el {—M~1'6+ (M1 —I3) RTp,}
2
1 (lvlly) [l
pr ([l 7l + e

P2 (l¢ll) I1=11”
P2 ([I€1l) 1121l + 2

After utilizing (14), (29), and (24), V(t) of (38) can be
upperbounded in the following manner

+ TTYlél — (38)

+ ZT}/QéQ —

: €3
V< kbl = o (301} - S e P

2 772
—k‘zHZH + <51+52+—0>
283

(39)
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where €3 € R! represents a positive constant and 7, €
R denotes a positive bounding constant that satisfies the
following inequality

o > | =M1+ (M7 = L) RMpal|. (40)
If the control gain « is selected such that
€3
S E— 41
@ 2)\min {M_l}, ( )
then the time derivative of V' (¢) can be rewritten as
. A
V< =dslnll’ +e< =TV +e 42)
2

2
where \3 = min{ kr, ki  QAmin {M—l} — %3 } c

2
R, o = 51+52+27770 € B and (36) has been
3

utilized. From (42), it can be observed that V' (¢) is driven
exponentially into a ball with radius €. Standard linear
arguments can then be applied to (42) to obtain (33) in
the sense that

ey O <V O <V Oep (-300) 42 @

Standard signal tracing can now be employed to illustrate
that all signals remain bounded during closed-loop opera-
tion. [ ]

V. SIMULATION RESULTS

In order to evaluate performance and to observe the de-
tails of implementation, the UUV system of (1) through (5)
was simulated in MATLAB’s Simulink software package.
The explicit structure of the matrices of (5) are given as
follows

ma 0 0 Jl 0 0
M = 0 me O , J = 0 J, O
0 0 ms 0 0 Jg
(44)
h1+ ho |’U1| 0 0
h(’U) = 0 h3+h4 |’U2| 0 y
0 0 hs + hg |’U3|
g1 + g2 w1l 0 0
g(w) = 0 93 + g4 |w2| 0
0 0

g5 + ge |w3]
46

where the parameter values for the system were selected
according to [6]. The initial attitude of the vehicle was
adjusted such that the UUV’s z—axis was aligned with the
x—axis of the Z frame by setting g (0) to the following

q0)=[10 00 00 00]", (47)

and the initial position of the center of mass of 7}he uuv
was selected as p (0) = [ —5.0 —5.0 —5.0 | (m). To

illustrate the position tracking capabilities of the proposed
controller, the following soft start trajectory was selected

20.0 (1.0 — e(~0-05(t=72)*)
20.0 (1.0 — e(—0-05(t=74)%)
20.0 (1.0 — e(=0-05(t=72)%)

(m) (48

pa(t) =

where the constants 7., 7, and 7, € R! were selected as
follows

T =00 7, =100 7,=20.0 (sec). (49)

(Note: if the argument (¢ — 7;) in the exponential term of
(48) evaluates to less than zero, then the desired position
for that element is set to zero).

The parameter estimate vectors 6; € R® and 6, € R23
were set to 50% of their corresponding nominal values of.
The following control gains were utilized for the simulation

kr =100 k,=10.0 a=150.0 6;=0.1

=00l e =10 & =10 (50)

The structure of the bounding functions p, (||v||) and
po (|IC]]) of (14) and (29), respectively, were selected as
follows

o= JA(E ) + B =IO

(51
where ¢ = [ 1 1 1 ]T € R, In order to make
an educated guess on the values the bounding constants A,
B, and C, € R', we will assume that a range for each
parameter value is known. That is, the vectors 0, € RS
and 05 € R23 represent the upperbound values for #; and
#-. For our simulation we will assume that we know the
system parameters to within 500% of their nominal value
(i.e., 1 = 5601 and 05 = 565); therefore, A and C are
selected as the maximum element of #; and 6, as given by

A =max {0} C =max {02} . (52)

B=0.1

Figure 1 illustrates the UUV’s three dimensional trajec-
tory to the target coordinate. Figure 2 shows the position
tracking error along each axis, and Figure 3 provides the
translational and rotational control force/torques inputs.

The desired trajectory of (48) and (49) was selected
such that two 90 degree “turns” were required in order for
the UUV to reach the target coordinate. One expects the
proposed controller to align the translational actuator along
a path so as to reduce the position error signal. Since we
do not control the orientation of the UUV directly, it is
interesting to observe in what manner the UUV will orient
itself during the cornering maneuver. That is, will the UUV
align itself in such a manner as to “push” (a positive u1 (t))
or “pull” (a negative u (t)) the UUV along the correct
trajectory. As seen from Figures 1 and 3, the UUV oriented
itself such that a positive thrust u (¢) was commanded for
both changes in direction and the initial quaternion vector
of (47).
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VI. CONCLUSION

In this paper, a controller has been presented that pro-
vides three dimensional position tracking (i.e., longitudinal,
latitudinal, and depth) of an unmanned underwater vehicle
with only one translational actuator and three axial torque
actuators. The robust control structure also compensates for
parameter uncertainty in the vehicle inertia and hydrody-
namic damping coefficients. The presented controller ex-
tends upon the work of [1] by removing the full rank on the
input matrix condition by utilizing a modified translational
velocity error signal and by carefully crafting the tracking
error systems from the stability analysis. Future work will
include the investigation of incorporating flywheels into the
underactuated UUV application to serve as both energy
source and torque actuator.
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