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Robust Hy; and H.,, Control of Discrete-time Systems with
Polytopic Uncertainties via Dynamic Output Feedback

Lilei Lu,

Abstract— This paper addresses the problem of robust H»
and H, control of discrete linear time-invariant (LTI) systems
with polytopic uncertainties via dynamic output feedback. The
problem has been known to be difficult when a parameter
dependent Lyapunov function is to be applied for a less con-
servative design due to non-convexity. Our approach is based
on a novel bounding technique that converts the non-convex
optimization into a convex one together with a line search,
which is simple but may be conservative. To further reduce
the design conservatism, the sequentially linear programming
method (SLPMM) is applied. A numerical example is given
which demonstrates the feasibility of the proposed design
methods.

I. INTRODUCTION

During the past two decades, robust control problems for
uncertain systems have been extensively discussed. There
have been a number of parametric uncertainty descriptions
in robust control literature. Norm bounded uncertainty is
one of the important descriptions of parametric uncertainty.
Based on the norm bounded uncertainty, both the robust
H, state feedback and output feedback control problems
have been addressed in [1], [7], [9], [13], [14], [15]. On the
other hand, the robust static and dynamic output feedback
control problems for systems with positive real uncertainty
have been investigated in [3] and [6], respectively.

Another important description of uncertainty is the so-
called polytopic uncertainty where the set of system pa-
rameters is a convex polyhedron and the nominal system is
located at the center of this polyhedron. For systems with
polytopic uncertainty, a robust D-stability condition was
developed in [10] whereas [4] considers the robust filtering
problem. Recently, the robust H, state feedback control
and robust H, static output feedback control were studied
in [11], [12].

In this paper, the problem of robust dynamic output
feedback control of systems with polytopic uncertainty is
addressed via an LMI (linear matrix inequality) method
together with a line search. It is well known that the
standard technique of change of variables cannot lead to a
solution of dynamic output feedback controller via convex
optimization. This is due to the fact that to linearize
the matrix inequality that characterizes the Hy or H
performance of the closed-loop system the introduced new
variables will have to be vertex-dependent and involve the
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controller parameters to be sought, which implies that the
required controller parameters cannot be computed from the
introduced variables. To overcome this difficulty, a tech-
nique is developed in this paper which allows us to solve
the robust Hy and H, control problems for systems with
polytopic uncertainty via dynamic output feedback. Our
first solution is sufficient and involves solving two LMIs in
conjunction with a line search. To further reduce the design
conservatism, the sequentially linear programming method
(SLPMM) is applied. Moreover, a new characterization of
the Hy and H., norms of discrete-time LTI systems is
applied in this paper, which is superior to the traditional
characterization as it offers more free variables and thus a
higher degree of freedom in optimization. Finally, a numer-
ical example is given which demonstrates the feasibility of
the design methods developed in this paper.

II. PROBLEM FORMULATION

Consider the following system:

z(k+1) = Ax(k)+ Biw(k)+ Bou(k) (1)
Z(kj) = Olﬂ“(k’) + Dn’LU(k‘) + D12U(]€) 2)

where (k) € R™ is the state vector, w(k) € RP is the
disturbance input, u(k) € R™ is the control input, y(k) €
R” is the measurement, and z(k) € R? is the controlled
output. The matrices A, By, By, C1, Cy, D11, D12 and
Dy are appropriately dimensioned. They belong to the
following uncertainty polytope:

Q = {(A,B1,B2,C1,C2,D11,D12,D21) | (A, By, B2, Ch,

M
C2,D11,D12,D21) = Z '91'(14“)7 B£i>7 Béi)v Cii)y
i=1

M
¢y, i), DY), DS, 0,> 0, Y 0, = 1} )
1=1

For the convenience of expression, it is assumed that
i = Cy and D) = Dy for i =1,2,---, M. Without
loss of generality, we shall also assume p = ¢, i.e., the dis-
turbance input and the signal to be estimated have the same
dimension. Note that, if this is not the case, some simple
modification can render the requirement being satisfied. For
example, if p < ¢, the matrices B;, Doy and Dj; can be
augmented as B] = [B1 0, (q—p)l» D51 = [D21 Opx (g—p)]
and D}y = [D11 Ogy(q—p)], respectively.

Let a controller for the system (1)-(3) be of the form:

@(k+1) = Ai(k)+ By(k) (5)
k

Az
u(k) = Ci(k)+ Dy(k) ©)
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where Z(k) € R™ is the state of the controller, A B, C, D
are the controller matrices to be determu}ed

First, denote &(k) = [T (k) 2T (k)]". It follows from
(1)-(3) and (5)-(6) that
Ek+1) = Ag(k) + Bw(k) @)
z(k) C¢(k) + Duw(k) ®)
where
- [A4+B:DCy, ByC] 5 _ [B2DDo +B
A= [ ECQE i 124}73_[235121 1}
C = [Ci+ D12DC, D120] , D=Dy1 4 D12DDy;.

The Hy or H, control problem addressed in this paper
can be stated as follows: find a dynamic output feedback
controller of the form of (5)-(6) such that the closed-
loop system (7)-(8) is asymptotically stable and has an
optimal upper bound for the Hy or Hy, performance for
all uncertainties belonging to the polytope <), i.e.

_min

(A,B,C.D)

where G : w +— z := O(zI — A)"'B + D stands for the
closed-loop transfer function, and | = 2,00 represent the

Hy norm and H,, norm of G, respectively.

max 1G]l
(A,B1,B3,C1,D11,D12)€Q

III. ROBUST Hy CONTROLLER DESIGN

To find a robust Hs dynamic output feedback controller
for the system with polytopic uncertainties, we first give the
following useful technical lemma.

Lemma 3.1: Let A € R"*"™ >0, ¥V € RP*P >0, W7 €
Rnxn’ W2 c Ran’ = Rnxn’ Ql c RPX™ and Q2 c
RP*™ with W; being nonsingular. There exists a matrix
H > 0 such that

wWTIHW, =T of
= A-—WIHW, QF| >0 )
04 Qo U

if there exist matrices H>0 H>0and H satisfying
HH = I such that

H =" o
= A o] >0
QO by

(10)

-1
Wi Ws } > 0. an

H
wEw,; T H

Further, (11) holds if for some scalar € > 0, the following
holds:

1
[ZsIsH Wi Wa S0 (12)

wiw; T H
Proof Letting H= W& HWS,, (10) implies (9) if

H<W{HW, = Wiwy THW, "Wy, (13)
It can be seen easily that (13) holds if and only if H ' >
W WoH "W W™ which by Schur complement leads
to (11).

Further since (H~! —eNTH(H=! —eI) > 0, we have
H~1 > 2¢I — 2H. Therefore, we know that (13) holds if

2€I—€ H>W1_ WQH_ W2 Wl_ )

which is equivalent to (12). O

In the case when the system (1)-(3) has no parameter
uncertainty, given a controller that stabilizes the system,
the Hy norm square of the closed-loop system (7)-(8) can
be obtained by solving the following optimization:

min trace(S) (14)
(QT=Q,sT=5s)
subject to
ATQA-Q+C"C < 0 (15)
BTQB+D™D < S (16)

An alternative characterization of the Hs norm of a
discrete-time LTI system (7)-(8) without parameter uncer-

tainty is given below.
Lemma 3.2: The Hy norm square of the system (7)-(8)
can be obtained by the following minimization:

min

trace(S 17
oroin_ | trace(S) (17)

subject to

AT diag{Q, I} A — [EQT g] <0, A= [

Proof First, (18) can be rewritten as

[ ATQA+CTC-Q A'QB+C'D-x
BTQA+DTC-xT BTQB+DTD-S

Qi
wfles]l

(18)

} <0. (19)

It is then clear from (19) that if there exists a solution
(@, 5,%) to (18), the (1,1)-th block and (2,2)-th block of
(18) imply (15) and (16), respectively. On the other hand, if
there exists a solution (@, S) satisfying (15) and (16), then
by letting ¥ = ATQB + CT D, (18) is also satisfied with
the same @ and S.

Remark 3.1: The characterization of the Hy norm in the
above lemma has the advantage that the parameter X in (18)
will give an additional freedom when designing controllers
for uncertain systems. Furthermore, it provides a unified
treatment of Hy and H., control via the LMI approach. In
fact, the H., norm of the closed-loop system (7)-(8) is less
than -y if and only if (18) has a positive definite solution for
Y=0and S = 721 [15]. Furthermore, it is easy to know
[2] that (18) holds for some matrices ), S and X if and
only if there exist matrices ), S, % and ® such that

-Q - ATo cT

-xT -3 BT® DT

71 "B Q- (a+o") o |0 @O
¢ D 0 -1

where an additional freedom @ is introduced to the LMI.
An upper bound of the Hs norm square of the uncertain

closed-loop system (7)-(8) can be computed by
min

v v _ trace(S) (1)
QW T=Q(),sT=5,5(1)

subject to
Q"W  _x® A0Tg T
_nOT g BT pOT
7AW oTR® QW _(d+dT) 0 <0
cw DY 0 —I
(22)
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Since ® is invertible due to ® + &7 > QW > 0, we  where AT = APTY L AP =AY, Z=v + X TMI N,

denote and
_ X M -1 _ Y N 5() T (i) B PO pi
<1>_[M1 U},CI) _{Nl v} PY = Wi PYW = Pflj 15;@
- (2) (%) -1
Y I, : _ [y " 0} Py Py {Y 0}
J = |: N, 0 :| 5 J1 :dlag{J7[n7J7In}- - |: 0 T Pl(lj PQ(;) 0 Il
29
Multiplying from the left and the right of (22) by Ji and @)
J1 respectively, we obtain @) )
(i) PO = wlipWw, = P&} b,
_P(l} * Py ’ P2(;
—pPp" By * @ p@
_pthr VG —S - [I QT} [ﬁl% P1(2>] [I 0_1}.
AWy 1 BV A(>+B%>DC BY + BO HDY 0 X P Py | 10X
U XTAD 4 WOC®  XTBO Lo po (30)

Cii)y + DY;V“) Cii) + Dg)ﬁcéi Dﬁ) + D@DD% From the expressions of Béi)V(i)Yfl, X’TW(i)Céi),
X-TUu@y—1in (28) and the equations (24)-(27), it is clear

* * *
* * * that the controller parameters are separated from the plant
P1(1 YT v s . | <0 (23 matrices. Now, we define a new set of variables as follows:
T-1-7 PG -X"-X « X = x! 3D
_I _ R
0 . U = XTMTAN, Y™ (32)
where P() = [P" | =JTQMW7, AV AT = JTx® Vv = CNyY! (33)
for k, 1,7 =1,2 and > A
(J TG 4 BO HoW) T Bt v XM GY
v = XT(AY 4 B DO + MIBCY Then from (28) and (31)-(34), we can obtain
+X"B{CNy + M AN, (24) 50
V@ = ONy+DCYY 25) 7P<1%
w® = X"B{’D+MB 26) AD 4 BOV + BO DO
Z = X"Y+M{N. @7 A 4 B<;DC<Z(_)+ we (Z?)J[ B<f)>v +U
Although (23) is already an LMI, it is clear from (24)- G+ Dy X[{(thDu DGy
(27) that one cannot obtain the fixed controller param- !
eters (A, B,C, D). This imposes the major difficulty in * *
output feedback control of systems with polytopic un- —pY *
certainty. In the following, we shall address this prob- A® +B§5f)c£i) PO _yT _y
lem by invoking Lemma 3.1. To this end, 7pre- and A(i)+B(i)Dc(i)+Wc(i) p(l’i%TinTiz
post-multiplying (23) by diag{Y =T, I,I,I,X~7 I} and c® +D(1 joleg 2 12 0
diag{Y 4,1, I,1, X1 I}, respectively, and then by some A%%T (B + BY DD
row-column changes, we have 1 2 21
713@ . * * *
P&%T _BY : s
A0 +B<z>v< y-1 40 +B“>Dc“> PO _XT_ X% x| <0 G
TU(l)Y— A(z) X Tw(l)c() . 0 o ) -1 *
i i i i RS (%) (4) (4) (T T _
C{Z) —I—DY;V(”Y_I CY) —|—D§ZQ)DC§Z) (Bi" + WDy + By”DDy/)" 1L S
A ()T AT ! L) 3 .
—Af —A{) where TI; = DI + DY DD . Obviously, the above

matrix inequality is linear in (U, V, VV,ZA),[X?),]XS),Y,X,

* *
_ * Z,S), however it cannot be solved directly by using the LMI
Pﬁ) -YT-v * approach since from (29)-(30) it is known that the variables
Pfg)T -xT-Z ‘ * P® and P are not independent variables. To this end,
_ 0 _ ]52@ -XT-Xx ‘_1 we apply Lemma 3.1 and have the following result.
(B + B DDIHYT (B + X~ Tw @ DT Theorem 3.1: The robust output feedback Hs control
N N problem for the system (1)-(3) with polytopic uncertainties
* * is s(o)lvab(lf): if (f(;r S(zn)le s(ca)llar (5)> 0, there ex1s%s) a solution
* * <0 (28) (P17P12=P227 11>P127 227UVWDA17
*I * A(2 .Y, X,Z,9) to the following optimization:
— *
(DY + DEYDDY)T  —s min trace(S)
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subject to
W(s, Py, PG, Py, PYY, P P UV, W, D,
AP AV, X, Z,e) =
_p®
_p(li%T
. i 12 A X
A 4 BV 4 B DOV
AW 4+ BYDCY + wel + BYV +U
¢ + pYv + DY Dl
7/_\52)1—'

i(<')
,P e
A + Bgﬁbcéi) ,
A(i) +B§1)Dc(l) + Wcél)
o + D({’ e
_]\21 T

*

* *

*
15(1(_;>7YT7Y B
pOT _XT_ 7 P _XT_X

. 0 . . o
(B + BODDE)T (B0 + WD + B HDY)T

* ¥ ¥ ¥

<0 (36)

* X X X ¥

N
(DY + Dy DD)T -8

T(PY. P, Py P{Y, Py Py Y, X e) =

2el — 52151(? * * *
—2PWT 2el — 2P * *
v 0 P(l(;) . >0 37
0 X P PY
for + = 1,2,---, M. The controller parameters are given
by
A = M7TXTuyn;! (38)
B = MTXTw (39)
C VYNt (40)

where M; and N satisfy Z =Y + XT M N;. Note that
D is obtained in the optimization.
Remark 3.2: If for a given € > 0, there exists a solution
to the LMIs (36)-(37), it is easy to see that
YT4+y X427

XT+z xT+x|>0

Multiplying the above from the left by [ [

—I] and from
the right by [I  —TI]", we have

Y -2)+ -2)T <o.

It is clear that Z — Y is invertible. Since Z = Y +
X-TMINy, My and Ny are also invertible. Thus the
controller parameters in (38)-(40) can be obtained from
(31)-(34).

Remark 3.3: Theorem 3.1 involves a line search for the
scaling parameter e, which can be easily carried out. On
the other hand, the result may be conservative due to that a
lower bound of (P))~1 is used (see Lemma 3.1), where

Hon
Py Py,

To address the conservatism, we note from Lemma 3.1
that (37) can be replaced by

P —

Rgll) * * *
(a)T (i)

Ry3 Rys A*i) * ~ 0 (41)
A A
0 X 12 22

fori=1,2,---, M, where
. RO p® o
RV =1 "y B3| =@ @
Riy~ Ry

Note that the condition R() P(Y) = I is equivalent to

{ PO 7

1 R<i>]>0

(43)

and trace(PY RY) = n,, where n, is the dimension of
P® and R satisfying (43). Thus, we further need to solve
the following problem

M
min Z trace(PYRW)
i=1
subject to (43).

The above problem is not convex since the function
trace(P;Q;) is bilinear. This bilinear problem has been
investigated by many researchers in static output control for
continuous systems and many methods have been proposed
such as the cone complementarity linearization method by
L.E. Ghaoui in [5] and the sequential linear programming
matrix method (SLPMM) developed by F. Leibfritz in [8].
We now extend the SLPMM to solve the robust Hs output
feedback control and have the following result.

The robust optimal output feedback Hsy control for the
system (1)-(3) with polytopic uncertainties can be solved
by the following optimization:

o Step 1: Obtain the initial values (P(° R(®0 §0)

satisfying (36), (41), (43).

o Step 2: Given (P(®* R(F) obtain a solution of
(P®W, R S), denoted by (P:(Fz)k7 Rg,f)k, Sk), together
with (P, U, V,W, D, Agi), Agi), X,Y, Z), to the con-
vex optimization

M

min ( 3 trace(PWRWF 4 pOkRW) 4 trace(S))
i=1

subject to (36), (41), (43).
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o Step 3: If
M , _
> trace(P;Z)kR<l>

i=1

kg P<i)kR¥)k) + trace(SE — S*)
M . .
—2 3 trace(PYFRWF)| < ¢
i=1
then stop, where ¢ is a pre-defined sufficiently small
positive scalar.
« Step 4: Compute « € [0,1] by solving
min Z trace((PMW* +a(P
ag(0,1]

ol -

_ pt )k)(R(i)k

RYR)) + trace(S* + (S — S¥)).

e Step 5: Set PWKL  — (1 _— q)PpDF 4
aPWF ROGHD = (1 _ )Rk 4 qROF " gkt =
(1 — @)S* + aS%, go to step 2.
Remark 3.4: Suppose the above optimization leads to
solutions U, V, W, X, Y. Then, M; and N; and thus the
controller can be computed from (38)-(40).

IV. ROBUST H,, CONTROLLER DESIGN

In this section, we will extend the technique in the last
section to study the H, control problem. Recall that when
the system (1)-(3) is known, it is stable and has an H.,
norm less than  if there exists a matrix P7 = P such that
[15]

AT diag{Q, I}A — diag{Q,~*I} < 0. (44)
Note that (44) is a special case of (18) when S = 21 and

3 = 0. Thus, similar to the equivalence between (18) and
(20), (44) is equivalent to

—Q® 0 AT owr
0 —y2I BT DWT
STAD $TBD QW _(@toT) o |V
o D® 0 -1
(45)
The following result gives a solution to the H., control
problem.

Theorem 4.1: The H,, control of the system (1)-
(3) via dynamic output feedback can be solved if
for some scalar 0, there ex1sts a solution

(PllzvP1(2)7P2(2)7P1(1)5P1(2)7 2(;)7(] V W D Y
X, Z) to the following LMIs:
111(721',151(?,13'1(;),Pé;),Pﬁ),ﬁf;),Pé;),U, V,W,[),
Agl)vAg)7 Y, X, Z, €)|1-\(1‘i):1-\(2i):0 <0
DR P P B P, PGV, X.2) > 0

for ¢ = 1,2,---, M. In this situation, the parameters of a
feasible H., controller can be obtained by (38)-(40).

Remark 41 Observe that for a given ¢, (36) and (37)
are linear in ( P((l) P %) P2(; ,P1(1)7 P1(2),

P U v,w,D,AP AY Y, X,Z) and hence can be
solved by employlng the LMI Toolbox. Then the problem
is how to find the optimal value of ¢ in order to optimize
the Hs or H,, norm. The numerical optimization algorithm
fminsearch in the Optimization Toolbox of Matlab can
be employed to give a locally convergent solution to the
problem.

V. ILLUSTRATIVE EXAMPLE

Consider a system which belongs to the 2-polytopic
convex polyhedron in the form of (4), where

W _ [o.1 —0.2} (2)_{0.2 —0.2} (1)_{—2}
A _{o I R I R O R Rl IS
2 _ [4 @ _[1 @ [1 }
= ‘M B [04} B [03
eV =c =[1 2], Dy = DY = [02], ¢V =[1 0],

c® =11 05],D) =01,0? =0.2,p) =1, D2 = 2.

We first study the Hs performance. Letting ¢ = 0.2 and
following Theorem 3.1, we obtain the controller of the form
(5)-(6) with

Ao [ 0.5098  0.0327 } B [ 0.4653 }
= [-1.4807 —0.0951]" © T [-1.3515
=[0.0349 0.0204], D = —0.0328,

which gives the Hs norm bound of 1.8147.

In the following we will use the numerical optimiza-
tion algorithm fminsearch in the Optimization Toolbox of
Matlab to obtain a local optimal upper bound of the Hy
norm. Starting from the initial value g = 0.2, we arrive at
the minimum value of the Hs norm bound of 1.2435 with
€ = 0.6138. And the resultant controller is given by

G [ 05390 00269 ] 5 _ [ 0.1414
T -1.5951 —0.0796]° 7 T [ —0.4185 "
C =[0.1161 0.0745], D = —0.0327.

The actual Hy performance under the resulted controller
above is shown in Figure 1 when 6; varies from O to 1.

i
105

£

5

2 L

y

05
01

Fig. 1. Actual Hz norm versus 61

To reduce the conservatism in the above results, we will
use the SLPMM method in Section III. By setting € =
le — 4, we obtain the optimal H, performance with 1.0796
and the following resulted controller

G [ 10148 017491 5 [ 0.1683
~[-3.2915 —0.8678)° © T [ —0.5032
C =[-0.0661 —0.0305], D = —0.0327.

The actual H, performance under the above resulted
controller is shown in Figure 2 when 6; varies from O to 1,
from which we can see that the SLPMM method achieves

a better H, performance.
Letting €9 = 0.4 and applying Theorem 4.1 and the
fminsearch, we can obtain an upper bound of the H.
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Fig. 2. Actual Ha norm versus 61, SLPMM method

norm of 3.1366 with € = 0.2170. The following controller
parameters can be obtained:

o [01802 —0.1156] 5 _ [ 0.0588
= [-0.3657 0.2611 | © T [ —0.5884 "
C =[-0.0008 0.0037], D = —0.0590.

The frequency responses are shown in Figure 3 when 6
varies from O to 1, which verifies that the H,, norm of each
case is below the bound.

Maximal Singular Value

13 10
Frequence (rad/sec)

Fig. 3. The frequency responses, under the resulted controller, of 11
systems with 61 € [0 1].

Now we will discuss the H,, performance by using the
SLPMM method. Setting ¢ = 1e — 4, we obtain the optimal
H, bound of 1.2307 which is much smaller than 3.1366.
The resultant controller parameters are given by

A— [ 0.5305 —0.0893} 0.0199 }

—27839 —0.0838 ] B = [—0.4772

C =10.0388 0.0072], D = —0.0355.

The frequency responses under the above controller are
shown in Figure 4, which shows that the SLPMM method
is much less conservative than the method of using Fmin-
search.

VI. CONCLUSION

In this paper, a technique of solving the Hs and H
control problems for discrete-time systems with polytopic
uncertainties via dynamic output feedback was developed.
Based upon a novel bounding technique, the problem of dy-
namic output feedback is converted to a convex optimization
in conjunction with a line search. A further improvement

Maximal Singular Value

Frequence (rad/sec)

Fig. 4. The frequency responses, under the resulted controller, of 11
systems with 61 € [0 1].

based on the sequential linear programming method was
also proposed. Simulation results have been given to demon-
strate the applicability of the proposed design method.
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