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Low-Order Unknown Input Observers

Stefen Hui *

Abstract

A projection operator approach to the state estima-
tion of dynamical systems is proposed resulting in
new types of low-order observers for systems with un-
known inputs. The state of the system, whose state
is to be estimated, is decomposed into known and
unknown components. The unknown component is a
projection, not necessarily orthogonal, of the whole
state along the subspace in which the available state
component resides. Then a dynamical system to esti-
mate the unknown component is constructed. Com-
bining the output of the dynamical system, which es-
timates the unknown state component, with the avail-
able state information results in the observer that
estimates the whole state. It is shown that some pre-
viously proposed unknown input observer (UIO) ar-
chitectures can be obtained using the projection op-
erator approach developed in this paper.

1 Introduction

Observers use the plant input and output signals to
generate an estimate of the plant’s state, which can
then be employed to close the control loop. Observers
can also be utilized to augment or replace sensors in a
control system. The observer was first proposed and
developed by Luenberger in the early sixties of the
last century [1, 2]. In this paper, we utilize determin-
istic methods to estimate the state of an uncertain dy-
namical system employing only the known system in-
put and output signals. Since the early developments,
which concentrated on observers for systems without
uncertainties, observers for plants with both known
and unknown inputs have been developed resulting in
the so-called unknown input observer (UIO) architec-
tures. More recently, different observer architectures
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for uncertain systems, utilizing the concept of sliding
modes were proposed, see, for example [3].

We propose full- and reduced-order observers for a
class of dynamical systems where some or all of the
inputs are unknown. The unknown input can be a
combination of unmeasurable or unmeasured distur-
bances, unknown control action, and unmodeled sys-
tem dynamics. We employ a projection operator ap-
proach to the state estimation where the state of the
system, whose state is to be estimated, is decomposed
into known and unknown components. The unknown
component is, in general, a skew projection, that is,
not necessarily orthogonal, of the whole state along
the subspace in which the available state component
resides. We then construct a dynamical system to
estimate the unknown component. Finally, we com-
bine the output of the dynamical system, which esti-
mates the unknown state component, with the avail-
able state information to obtain the observer that es-
timates the whole state. We add that the order of the
proposed reduced-order observer is (n — msy) rather
than (n — p), where n is the dimension of the plant
state vector, my is the number of the unknown inputs
and p is the number of the plant’s outputs.

2 Plant Model

The class of uncertain dynamical systems that we
consider is modeled by

Az + Bu
Cx,

(1)
(2)

where the input matrix B € R™™™ and the output
matrix C € R”*". We assume that the model pa-
rameters (A, B,C) are known. We further assume
that some or all of the inputs are unknown and that
the last mo inputs are unkown and the remaining
myp = m — mo inputs are known. We partition the
input matrix B corresponding to the known and un-
known inputs as

B=[B, B,],

i::

y:
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where B; € R™™ and B, € R"*™. Let
u=[ul ul]".
Then, the system model (1) can be represented as

3)

where u; is known and us is unknown. Without loss
of generality, we assume that Bs is of full rank.

T = Ax + Biu, + Bouo,

3 A Projection Operator Ap-
proach to State Estimation

Since the system output y is known, it would seem
reasonable to decompose the state x as

e=I-MCl)x+MCx=(I-MC)x+ My, (4)

where M is an n X p real matrix, and the unknown
part of the decomposition is (I — MC)x. Let g =
(I = MC)x. Then x = g + My and we have

g = (I-MO)i
= (I -MC)(Ax + Biui + Bauy)
(I -MC)(Aq+ AMy + Byu,)
+(I — MC)Byus.

If M is chosen so that (I — MC)Bjy = O, then the
dynamics of q depend only on the known quantities
w1 and y:

g=I—-MC)(Ag+ AMy + Biu;). (5)

Note that if we start the above dynamical system
with the initial condition ¢(0) = (I - M C)z(0), then
x=q+ MCx =q+ My for all t > 0. But since
2(0) is assumed to be unknown, then & = g+ My is
only an estimate of . To improve convergence rate
or to ensure convergence, we add an extra term to
the right-hand side of (5) to obtain

(I-MC)(Ag+ AMy+ Biu,;
+L(y — Cq — CMy))

= (I-MC)(Ag+ AMy+ Biu,

+LC(x — q — My)).

q:

Let e = & — . We will show that

¢=(I-MC)(A—-LC)e

and e(t) — 0 as t — oo under mild conditions, which
we state in Section 4.
Since

rank (M CBs) < rank (CBs) < rank (B3y),

the equality (I — MC)By = O makes it neces-
sary that rank (CBy) = rank(B;), which we assume
throughout the paper. This rank condition also im-
plies that there must be at least as many independent
outputs as unknown inputs for the method to work.

4 Background Results

In this section, we first analyze convergence prop-
erties of the proposed full-order unknown input ob-
server (UIO) and then we use the results of our analy-
sis to propose a new type of reduced-order UIO. Con-
sider (6) and let

T=q+ My. (7)
We will now show that £ — « as ¢t — co. To this end

let e(t) = x(t) — (t) denote the estimation error.
Then, using (I — MC)Bs; = O and y = Cx, we

have
de d -
dat dt(w_w)
d
= Y@x-q-M
dt(a: q Cx)
d
= S (I-MC)x -
7 C)z —q)

— (I-MC)(Az + Biw)
+(I — MC)Bous,
—(I-MC)(Aq+ AMCxz + B1u
+L(Cx — Cq— CMCx))
(I-MC)A-—LC)(x—q— MCx)

= (I-MC)(A-LC)e. (8)

Our objective is to specify M and L and a set of
initial conditions so that e(t) — 0 as t — oo. A
particular class of solutions to (I — MC)Bs = O is
given by

M = B, ((CBs)! + Hy (I, — (CB»)(CB)"))

where the superscript T denotes the Moore-Penrose
pseudo-inverse operation and Hy, € R™? is a

design parameter matrix. Since, by assumption,
rank (CB3y) = rank By and By has full rank, we
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have (CB5)'(CB3) = I,,,,. If CBy is a square ma-
trix, then C'Bs is invertible by assumption and the
above M reduces to By(CBy)~!. Furthermore, it is
easy to check that for the above class of M, the prod-
uct MC is a projection (not necessarily orthogonal),
that is, (M C)? = MC. Tt follows that P = I—MC
is also a projection.

To proceed further, we need the following lemma.

Lemma 1 Let P : R" — R" be a projection, that

18, 132 = 13, and let rank P = n — ms. Then P has

(n — mg) eigenvalues equal to 1 while the remaining

me eigenvalues are located at 0 and there is a basis of

R"™ in which the matriz P relative to this basis has
I, m, O

the form
P 5]

that is, there is an invertible matriz Q whose columns
are eigenvectors of P such that

1 I, .., O
QIPQ:P:{ o o]'

Proof See Smith [4, pp. 156-158 and pp. 194-
195]. O

5 Full-Order Unknown Input
Observer

We begin this section by introducing the following
coordinate transformation,

e=Q e, (9)

where the transformation matrix @ is obtained, using
Lemma 1, from the representation of the projection
operator P in the form

P=QPQ .

Applying the coordinate transformation (9) to the
error equation (8) gives

(10)

e = PQ'(A-LC)Qe
P(QT'AQ - (Q7'L) (CQ))e. (11)
Let
A= qrae-[ g 4]
L - QlLH;] 12)
C = CcQ=[C, C,],

where All € R(n—mz)x(n—mz)’ .i—/l < R(n—mz)Xp7
C 1 E Rpx(n_mQ), and the remaining block submatri-
ces are of appropriate dimensions. Using the above
notation, we represent (11) in the form,

& = (A LC) é
_ |: n—mso O :| (|: All 15412 :|
o Ay Ay
L ~ -

[ L; :l [ Cl Cg ]) e
_ A, ~L,C, Ap—-LiCy .
= [ o o ]e. (13)

Let
e = [ é; & } , (14)

where &; € R Note that és = 0. Hence if
€5(0) = 0, then é; =0 for all t > 0. Thus if & =0
(12111 ~L,C,
é; — 0 then € — 0. Obviously e; — 0 for arbi-
trary €1(0) if and only if the matrix (12111 — ilfh)
is asymptotically stable.

We now give a condition on g(0) that guarantees
that é; = 0. We have

then él = >é1, and so if e = 0 and

MC=I-P=Q(I-P)Q"

Hence
0 _
[éQ ] = (I,-P)Q'e
= Q 'MCcCe
= Q '(MCzx—-MCq—- (MC)x)
Q 'McCq. (15)

Therefore €3(0) = 0 if and only if MCq(0) = 0,
which is equivalent to g(0) = (I — MC)v for arbi-
trary v € R". In particular g(0) = O satisfies the
above condition.

In summary, we proved the following theorem,

Theorem 1 If the following conditions are satisfied:
1. rank (CBs2) = rank Bs;
2. the pair (A1, C1) defined in (12) is detectable;

3. q(0) = (I — MC)v for arbitrary v € R",
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then there exists a gain matrix L such that the esti-
mation error, e = x — &, of the full-order observer
given by

+L(y — Cq— CMy))
xr = q+ My

converges to 0 as t — oo.

Theorem 2 The second condition of Theorem 1 that
states that the pair (A11,C1) defined in (12) is de-
tectable, is equivalent to

k SIn — A B2 - +
ran. C o | =ntm
for all s such that Re(s) > 0.
Proof See Hui and Zak [5]. ]

6 Reduced-Order Unknown In-
put Observer

The error dynamics of the full-order observer that we
analyzed above are given by equation (13):

Je

We note that because we choose the initial condition
for q to force é5(t) = 0 for t > 0, the dynamics of the
error are completely determined by the dynamics of
€1, which are given by

& — An - i/1é1 A12 - i/1(~72
O O

ér = (;111 - 13161) e, (16)

an (n — mg)-dimensional system. This motivates us
to apply the transformation from e to e to g of the
form, § = Q 'q. Next, from equation (6) and noting
that I — MC = QPQ™!, we obtain

q P(Q'AQq+Q 'AMy
+Q 'Byu; + Q 'L(y - CQq
-CMy))

P(Q'AQ-Q 'LCQ)q
+P(Q'AM + Q'L
-Q'LCM)y+ PQ 'Biu.

Using the notation defined in (12), we have
§ = P (A _ fié) G+ PQ ' (AM
+QL(I, - CM))y + Biui].
Let .
a=[af @],

2

and @, € R™. Since
[ 3]

0] 0]
we have @,(t) = 0. Therefore, setting g,(0) = 0
ensures that g,(t) = 0 for ¢ > 0. We thus can remove
mso observer states from the observer dynamics. Let
G = AM + QL(I, — CM). Then the resulting
reduced-order observer takes the form,

where g, € R"™™

@ = (An-LiCh)g,
+ [ Inme Om2 ] Qil(Gy
+Biur). §,(0)=0
I,_
~ — n—msao ~ +M ,
* Q I: Omx(n—mz) :| 7 Y

where the vector & is the estimate of the plant state
x. We now summarize the above considerations in
the form of the following design algorithm.

Reduced-Order Unknown Input
Observer Design Algorithm

For a given a quadruple of matrices (A, By, B2, C)
modeling the plant,

1. Check that rank (CBsy) = rank By
If rank (C'B3) < rank By, STOP. The observer
does not exist.

2. Compute
M = B, ((CB>)" + Hy (I, — (CBy)(CBy)"))

3. Compute the projector, P = I,, — MC.
4. Represent P as pP= QPQ !, where

Inom, O
=" 5

5. Compute
- _ A, A
A = 140 = [ A1l Ar } 7
@ AT Ay An
é = CQ = [ él CQ } ’

4195



where Ay, € RM—m2)x(n=ma) o C, €
Rpx(nfmz)

6. Check detectability of the pair (A11,C1)
If the pair (All,Cl) is not detectable, STOP.
The observer does not exist.
Note that if the matrix A11 is asymptotically
stable, then the pair (All, Cl) is detectable for
an arbitrary matrix C;.

7. If there are eigenvalues of A;; that are not
asymptotically stable, construct L, so that the
matrix (A11 - L,C 1) has its eigenvalues in loca-
tions as close to the desired eigenvalues as pos-

sible.
- il
L= ,
|: Om2><;0 :l

where O, xp is an mo x p zero matrix.

8. Form

9. Compute matrix

G =AM +QL(I, - CM).

10. Construct the observer,

@ = (An-1L él)~
+ [ Tnom, } Q '(Gy
+B1’U,1> )
:'k — Q|: ’I’L mo :|
m2>< n— mg

The vector & is the estimate of the state x.

7 Summary and Relation With
Other Observer Architec-
tures

In this paper, we concentrated on the analysis and
the design of full-order observers that can be used to
construct reduced-order observers. Our analysis can
be extended to cover the case

(I - MC)(Aq+ AMy + Biu,)
+L(y — Cq — CMy),

q =
(17)
where the term L(y — Cq — C My) is not multiplied

by (I — MC). However, this case leads to the ob-
server analyzed in [6, 7] even though the approach

there is quite different. Indeed, we can equivalently
represent the dynamics of the proposed in this paper
full-order observer as follows:

q = (I-MC)A-LC)q
+((I-MC)A—-LC|M + L)y
+(I - MC)Biu,

= (TA-LC)q+ Ky+TBjuy,
r = q+ My,

where, using the notation similar to that in [6, 7],

T =
K,

I-MC, K,=1L,
[TA-LC]M, K=K, +Ko.

In addition, the conditions for the existence of the
full-order observer presented in [6, 7] and our ob-
servers are equivalent.

The observer given by (17) is also the same as the
one proposed by Yang and Wilde [8] and further ana-
lyzed by Darouach, Zasadzinski, and Xu [9]. The con-
nections are as follows: (i) M is called —F in [8, 9],
(ii) (I — MC) corresponds to P there, (iii) Bj is
B and By is D in [8, 9], (iv) I — MC)(A - LC)
corresponds to IN.

We now compare the reduced-order UIO proposed
by Hou and Miiller [10] with our reduced-order UIO.
Somewhat similair approach is proposed by Kudva

et al. [11]. Hou and Miiller first transform the sys-
tem (3) into the form
r = A:c—|—Blu1—|—{ o :|’U,2
I,
_ Ay Ap 1 By,
B [Am A22}[332}+{312}u1
(0]
+ |: Im2 :| us.

Note that x; in the new coordinates is independent
of us and we have

r1 = Allml + A12$132 + Bnul. (18)
Let
y=Cz=[C, Cy ]| ™
) ’
where C, € RP*™.  Because by assumption,

rank(C Bs3) = rank By = m, the submatrix Cs has a
left inverse, C’; Hence we can compute

Lo = —C;Clwl + C;y (19)
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Substituting the above into (18) gives
Cbl = <A11 — Alzcgcl) T + Algcgy + Bllul.

Hou and Miiller [10] propose now to construct an
observer for x; using only known signals and then
substitute the estimate of x; into (19) to obtain an
estimate of &o. Thus the resulting architecture of the
reduced-order UIO proposed by Hou and Miiller [10],
as well as their approach differs from our design.
Yet another approach to constructing reduced-order
UIOs can be found in [12].

8 Future Work

Effectiveness of the unknown input observers (UIOs)
in real-life applications need to be investigated. A
successful application of the UIOs to a DC servo mo-
tor system was reported by Chang et al. [13]. On the
the other hand, Millerioux and Daafouz [14] proposed
UIO architectures for switched linear discrete sys-
tems. Robenack and Lynch [15] presented a method
to the observer design for a class of nonlinear plants
which yields almost linear observation error dynam-
ics. This method looks like a promising tool to be
used to extend our approach to a class of nonlinear
plants. Another promising application of the pro-
posed in this paper UlOs is in the area of fault de-
tection and isolation—see, for example, [16] for an
application of sliding mode observers for fault detec-
tion and isolation.

References

[1] D. G. Luenberger, “Observers for multivari-
able systems,” IEEE Transactions on Automatic
Control, vol. AC-11, pp. 190-197, April 1966.

[2] D. G. Luenberger, “An introduction to ob-
servers,” IEEE Transactions on Automatic Con-
trol, vol. AC-16, pp. 596-602, December 1971.

[3] C. Edwards and S. K. Spurgeon, Sliding Mode
Control: Theory and Applications. Systems and
Control Book Series, London, England: Taylor
& Francis Ltd, 1998.

[4] L. Smith, Linear Algebra. New York: Springer-
Verlag, second ed., 1984.

[5] S. Hui and S. H. Zak, “Observer design for uncer-
tain systems.” Submitted for publication, 2005.

[6] J. Chen, R. J. Patton, and H.-Y. Zhang, “Design
of unknown input observers and robust fault de-
tection filters,” Int. J. Control, vol. 63, no. 1,
pp. 85-105, 1996.

[7] J. Chen and R. J. Patton, Robust Model-Based
Fault Diagnosis for Dynamic Systems. Boston:
Kluwer Academic Publishers, 1999.

[8] F. Yang and R. W. Wilde, “Observers for linear
systems with unknown inputs,” IEFE Transac-
tions on Automatic Control, vol. 33, pp. 677—
681, July 1988.

[9] M. Darouach, M. Zasadzinski, and S. J. Xu,
“Full-order observers for linear systems with un-
known inputs,” IEEE Transactions on Auto-
matic Control, vol. 39, pp. 606—609, March 1994.

M. Hou and P. C. Miiller, “Design of observers
for linear systems with unknown inputs,” IEEE
Transactions on Automatic Control, vol. 37,

pp- 871-875, June 1992.

P. Kudva, N. Viswanadham, and A. Ramakr-
ishna, “Observers for linear systems with un-
known inputs,” IEEE Transactions on Auto-
matic Control, vol. AC-25, pp. 113-115, Febru-
ary 1980.

S. Hui and S. H. Zak, “Low-order state esti-
mators and compensators for dynamical systems
with unknown inputs,” Systems & Control Let-
ters, vol. 21, no. 6, pp. 493-502, 1993.

[11]

S.-K. Chang, W.-T. You, and P.-L. Hsu, “Design
of general structured observers for linear systems
with unknown inputs,” Journal of the Franklin
Institute, vol. 334B, pp. 213-232, March 1997.

G. Millerioux and J. Daafouz, “Unknown in-
put observers for switched linear discrete time
systems,” in Proceedings of the 2004 Ameri-
can Control Conference, Boston, Massachusetts,
pp- 5802-5805, June 30—-July 2, 2004.

K. Robenack and A. F. Lynch, “An efficient
method for observer design with approximately
linear error dynamics,” Int. J. Control, vol. 77,
pp. 607-612, 10 May 2004.

C. Edwards, S. K. Spurgeon, and R. J. Pat-
ton, “Sliding mode observers for fault detection
and isolation,” Automatica, vol. 36, pp. 541-553,
April 2000.

[16]

4197



	MAIN MENU
	Go to Previous Document
	CD-ROM Help
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ArialNarrow-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Oblique
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


