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Abstract: The geometry of stable discrete polynomials
using their coefficients and reflection coefficients is in-
vestigated. Some simple necessary stability conditions in
terms of unions of polytopes are obtained by splitting the
unit hypercube of reflection coefficients. Sufficient stability
conditions in terms of linear covers of reflection vectors of
stable polynomials is proposed.
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I. INTRODUCTION

The stability of systems is a critical design criterion and
can be investigated by root placement of the characteristic
polynomial a(z). For a given polynomial a(z) many tests
may be used to check its stability. In the case of a family
of polynomials however, these tests require the testing of
a set of inequalities [1]. The problem was elegantly solved
in the continuous-time case by the celebrated Kharitonov’s
theorem [2]. To date such a solution does not exist for the
discrete-time case, although partial results are available for
special cases.

In this paper we investigate the geometry of stable dis-
crete polynomials using their coefficients and their reflection
coefficients . It is well known that in parameter space the set
of stable polynomials is not convex. The simplex generated
by vertices of the stability region is called the barycentric
stability simplex [3], i.e. the barycentric simplex gives us a
simple but very conservative necessary stability condition.
Our aim is to improve this necessary stability condition by
the use of reflection coefficients.

A simple but very conservative sufficient stability condi-
tion is given by Cohn [3]. Making use of so-called reflection
vectors [4] we improve this sufficient stability condition
considerably .

The paper is organized as follows. First, a characteri-
zation of the stability region will be given by reflection
coefficients. Second, to find a less conservative necessary
stability condition we split the reflection coefficient stability
hypercube into several hyperrectangles. Third, some suffi-
cient stability conditions are obtained via linear covers of
reflection vectors of special stable polynomials.

II. STABILITY REGION AND REFLECTION COEFFICIENTS

The problem of checking the stability of a linear discrete-
time system reduces to the determination of weather or not

the roots of the characteristic polynomial of the system lie
inside the unit circle or not. A polynomial a(z) of degree
n with real coefficients a; € R , i =0,...,n

a(z) =apz"+ ...+ a1z + ap

is said to be Schur stable if all its roots are placed inside
the unit circle.

Besides the unit circle criterion some other criteria are
known for checking the stability of a linear discrete-time
system. It is interesting to mention that the well-known
Jury’s stability test leads precisely to the stability hypercube
of reflection coefficients .

Let us recall the recursive definition of reflection coeffi-
cients k; € R of a polynomial a(z) [5]:

ki = —a", (1)
(n) Ap—j

a = _—,

i e T )
an

(i-1) _ ay) + kiagi)j
a; - W
The stability criterion via reflection coefficient is as
follows [5]:
a polynomial a(z) will be Schur stable if and only if its
reflection coefficients k;,7 = 1, ..., n lie within the interval
1<k <1

=10 1. 3)

A polynomial a(z) lies on the stability boundary if some
k; = +1,¢ =1, ...,n. For monic Schur polynomials, a,, =
1, there is a one-to-one correspondence between the vectors
a = (ao, ...,an_l)T and k = (/Cl, ceey kn)T

The transformation from reflection coefficients k; to
polynomial coefficients a;—1,7 = 1, ..., n is multilinear. For
monic polynomials we obtain from (1)-(3)

(n)

ai = Ap s

(i) _
a;’ = —k;

G ii’ i— “4)
a;) = ag- b_ kial(-fjl),

i=1,.nj=1,.,i—1

or in the matrix form
0 =ratk) | o
alk)=r
A Rnfl(knfl) :|
| Ri(k1) 1
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where
Rj(kj) = Ijt1 + kjEj41,
I, 18 a n X n unit matrix , F,, is a unit Hankel matrix
0o ... 1

E,=1 . and 07 is a row vector of zeros.
1 ... 0

Because of the multilinearity of relations (4) the
following lemma holds [6].

Lemma 1. Through an arbitrary stable point a =
[ag, a1, ..., an—1] with reflection coefficients k¢ € (—1,1),
i =1,...,n you can draw n stable line segments

a'(£1) = conv{alk® = +1}

where conv{a|k$ = £1} denotes the convex hull obtained
by varying the reflection coefficient k' between —1 and 1.
The reflection vectors are defined as follows [4]:

a'(1) = (alk; =1),i=1,..,n
are called positive reflection vectors and
a'(=1) = (alk; = —-1),i=1,..,n

are called negative reflection vectors of a monic polynomial
a(z).

It means, reflection vectors are the extreme points of
the Schur stable line segment a’(+1) through the point a
defined by Lemma 1. The following assertions hold:

1) every Schur polynomial has 2n reflection vectors a’(1)
and a’(—1),i=1,...,n;

2) all the reflection vectors lie on the stability boundary
(ki = £1);

3) the line segments between reflection vectors a(1) and
a’(—1) are Schur stable.

III. NECESSARY STABILITY CONDITIONS

A polynomial a(z) can be expressed in the basis of
vectors

Bifz) = (= + 1)’z = 1)",
as follows
a(z) = boBn(2) + b1 Bp—1(z) + ... + b, Bo(2)

where bg, by, ..., by, are called the barycentric coordinates of
the polynomial a(z) .

Let us start from a simple but very conservative necessary
stability condition given by barycentric stability simplex
conv{By, ..., B,} where B; are the vectors of coefficients
of the polynomials B;(z) [3]:
all the barycentric coordinates of a stable polynomial a(z)
must be positive

1=0,...,n

bj(a) >0, j=0,..,n

or the stability region A is contained in the barycentric
simplex
a € AC conv{By,..., By}

It is easy to show that the set of vertex polynomials
K" of the hypercube K = {k; € (-1,1),i = 1,...,n}
will be transformed by mapping ¢ (4) to the vertices of
the barycentric stability simplex ¢(K") = {By,..., B}
Because the transformation (4) is multilinear we can find
the convex hull of the set of of polynomial coefficients A by
Mapping Theorem [7] as a simple polygon whose vertices
AY are obtained from the set of vertices K of the box of
reflection coefficients

A= ¢(K) C conv[p(K")] = conv[A”].

Every vertex from the set XV = {kY,...,k¥.} will be
transformed by (4) into a single member of the set A¥ =
{af,...;aj 1} But to a vertex a7,j = 1,..,n + 1 may
correspond several verteces of the set I because 2" >
n+1,n>0.

Let us now split the unit hypercube of reflection co-
efficients K = {k; € (-1,1),s = 1,..,n} into two
hyperrectangles K1 (k;) and Ko (k;) by an hyperplane k; =
kX, kf € (—1,1). And let the mapping (4) transforms the
vertex sets K (k;) and IC§ (k;) of these hyperrectangles into
vertex sets AY(k;) and A} (k;) of polynomial coefficients
a respectively. Then

o[K1(ki)] C conv[ AT (k;)],
P2 (k:)] € conv[ A3 (k)]
and

A= oK) = o{[Ki(k:)] U [K2(ki)]])’ C

C conv] AY (k;)] U conv][ A5 (k;)]

In case of splitting the unit hypercube K by another
hyperplane k; = k},i # j;i,j = 1,...,n we have

A= ¢(K) C conv[Af (k;] U conv][ Ay (k;)].

In general, we can split the unit hypercube K by several
hyperplanes k; = k; ki € (—1,1) for every coordinate
i=1,...,nym=1,...,N,.

The question is: by what hyperplanes it is reasonable to
split the hypercube of reflection coefficients ? The splitting
of the hypercube K by an hyperplane k; = kf, kF € (—1,1)
is not reasonable if:

1) ¢[KY (ki =1)] = ¢[K¥ (ki = —1)] or

2) p[K¥ (ki =1)] = A” or

3) ¢[K" (ki = —1)] = A”.

A straightforward implementation of (4) gives for k; =
41 that the first two conditions are not valid for any ¢ =
1, ...,n but the third condition is valid for several 7. Indeed

O (k= ~1)] = A”
if
1=n — 27j,
1=n—25+1,

So we have proven the following theorem.

—1 for n even,
j:l,...,%1 for n odd.
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Theorem 1. The Schur stability region A of polynomials
a(z) is contained in the intersection of the following unions
of polyhedra

N;+1
A; = U conv|AY, (k;)]
m=1
i€ {l,..,n},
i #£n— 24, j=1,..,5—1 forn even
i£Fn—2j+1, j=1,.,%1% for n odd

where N; is the number of splitting hyperplanes k; =
k¥ ,m =1,..,Ngi=1,..,n and A}, (k;) is the vertex
set of polynomials a(z) corresponding to the hyperrectangle
Kk; <k < ki ki ==x15# 7).

Obviously, the necessary stability conditions will be less
conservative if we increase the number N; of different
splitting hyperplanes. If N; — oo for ¢ = 1,....,n then
.A = ﬂlAl

Example 1. Let n = 3. The barycentric stability simplex
is the tetrahedron ABCD: A = By = (1,3,3),B =
B, = (-1,-1,1),C = By = (1,—-1,-1),D = By =
(—1,3,—3). According to Theorem 1 the splitting of IC is
not reasonable for 7 = 2.

First, splitting the unit cube of reflection coefficients X
by ki = 0 gives the unions of two polyhedra ABCF
and BCDE where £ = (1,1,1) and F = (-1,1,-1).
Second, splitting K by ki = 0 gives the unions of two
polyhedra ABCH and BCDG where G = (0,1,2)7 and
H =(0,1,-2,)T . By Theorem 1 we have

1 -1 1 -1
Ac {conv| 3 -1 -1 1 |U
3 1 -1 -1

-1 1 -1 1
Uconv | —1 -1 3 1 |}N
1 -1 -3 1

1 -1 1 0
Nconv| 3 -1 -1 1 JU
3 1 -1 -2

-1 1 -1 0
Uconv | -1 -1 3 1 |}
1 -1 -3 2

IV. SUFFICIENT STABILITY CONDITIONS

In this section we derive some new sufficient stability
conditions via reflection vectors of polynomials.

Let us start with the well-known but very conservative
Cohn stability condition [3]:

a monic polynomial a(z) is Schur stable if

n—1

> ail < 1. 6)

=0

It is easy to see that the linear cover of the reflection vectors
of the origin coincides with the Cohn stability condition (6).
Indeed, from (4) we obtain for a = 0

0%(£1) = [0,...,0, +1,0,...,0]
N——
i—1
and for the inner points of the polytope
SO = conv{0%(1),0%(—1),i =1,...,n}

the condition (6) holds.

The question is: is it possible to relax the condition for
initial points @ € A so that the sufficient condition will
be less conservative. The answer is given by the following
two theorems .

Theorem 2. Let the reflection coefficients k; of a monic
polynomial a(z) are as follows ky = ... = k,—1 = 0,
kn € (—1,1). Then the inner points of the linear cover of
reflection vectors of the point a are Schur stable

sen) — conv{a’(1),a’(=1),i = 1,...,n} C A.

Proof . To prove this theorem we have to show that all
the edges of the polytope S*(™ are stable.

First, let us mention that by Lemma 1 all the line
segments between the reflection vectors a’(1) and a’(—1)

Eii(a) = conv{a’(1),a*(=1),i=1,...,n}

are stable.
Second, let us consider the edges

Eni(a) = conv{a"(£1),a’(£1),i=1,...,n — 1}.
By Cohn’s condition (6) the line segments
Et(0) = conv{0™(1),0(1),i = 1,...,n — 1}
are stable. By Lemma 1 the line segments
conv{a™(1,0),a™(1,1),i =1,....,n — 1}
conv{a™(0,1),a™(1,1),i =1,....,n — 1}

are placed on the stability boundary. So the inner points of
the triangle

conv{a™(1,0),a™(1,1),a™(0,1),i=1,..,n — 1}

and the edge E:{f (a) are stable. Similarly we can prove
the stability of edges E, . (a).
The edges E” (a) and E,;*(a) will be stable because
the line segments
conv{0™(1),0™ (=1, +1),i =1,...,n — 1},
conv{0™(=1),0™(1,+1),i =1,...,n — 1},

are stable or on the stability boundary (easy to check by
straightforward calculations).
So the inner points of the triangles

conv{a™(—1,0),a™(1,1),a™(0,1),i =1,...,n — 1},
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conv{a™(1,0),a""(-1,1),a™(0,1),i = 1,...,n — 1}

and the edges E(a) , E,;"(a) are stable.
Third, let us consider the edges

Eij(a) = conv{ai(:lzl),aj(:lzl);i,j =1,...,n—1}.

We can find an arbitrary point @ of the edge E;j(a) , a €
E;;(a) by the linear transformation R, 1(k, € (—1,1))
from a point @ with k2 = 0, k% = k%, = 1,...,n — 1 of
the line segment £;;(0) , @ € E;;(0)

a = Rn+1 (kn)d
By Cohn’s condition (6), the line segments
E;;(0) = conv{0%(£1),07(£1);4,5 = 1,....,n — 1}

are stable and by (5) the linear transformation R, 11 (k, €
(—=1,1)) does not change any of the reflection coefficients
ki,i =1,..,n— 1. So the edges E;;(a) will be stable if
k¢ € (-1,1) and k2 € (—1,1).

By edge theorem [8] the inner points of the polytope
Se(") are stable.

Theorem 3. Let the reflection coefficients k; of a monic
polynomial a(z) are as follows k1 € (—1,1) , ke = ... =
k, = 0 . Then the inner points of the linear cover of
reflection vectors of the point a are Schur stable

5°M = conv{a’(1),a’'(~1),i = 1,...,n} C A.

Proof . By (4) we obtain the the reflection vectors of a

with k1 € (—=1,1) , ke = ... = k,, = 0 as follows

at(-1) =[] 0 0 0 0 1 I,
al(l)  =[ 0 o 0 o0 -1 ]
a?(-1) =[ 0 0. 0 1 -2k |
(1) =[ 0 o 0 -1 0 |
a(-1) =] 0 0 1 —k -~k ]
ad(1) =] 0 0 -1 k -~k ]
a"(—l) = [ 1 —kl 0 0 —kl ],
a"(l) = [ -1 kl 0 0 —kl

)

Let now for some n the polytope S()(n) is stable. We

have to prove that the polytope S “(1)(71 + 1) will be stable.
Obviously,

a'(n+1) =[0,a"(n)], i=1,..n

and
a" ™t (n +1) = [£1,Fky,0, ..., 0, —k1].

The n-dimensional polytope generated by points a’(n+ 1),
i =1,...,n will be stable because the polynomials

a'(z,n+1) = za'(z,n)

will be stable if only the polynomials a’(z,n) are stable
(they have an extra root in the origin). To prove the
stability of the (n + 1)-dimensional polytope S (n + 1)
we have to prove stability of edges

conv{a™ ' (n+1),a’(n+1)},i=1,...,n . It can be done
by the Perez stability condition [9]:

Every polynomial in the polygon will be stable if and only
if all the corner polynomials of the following polygon are
stable:

1) each pair of coefficients (a;,a;) ,0<i<n,n—i<
7 < n is varying inside a polytope with edges sloped
in closed interval [7/4, 3w /4]

2) each a; can only be combined with one a; and vice-
versa.

Indeed,according to (7) Perez condition holds for the
following pairs of coefficients :

1) (ap,a2) and (ai,as) for the edges
conv{a™tt a" It} | =1,2;

2) (a0, a;) and (a1,a;41) for the edges
conv{a™tt a" It} i =3 ... n—2.
All the other coefficients are fixed for the edges considered.

The stability of edges conv{a"*! a'} can be proved
similarly to the proof of Theorem 2 by using the stable
line segments

conv{0'(1),0% (=1, £1),i = 1,...,n},

conv{0*(=1),0"(1,+1),i = 1,...,n}.

Obviously, for n = 2 the polytope S*(1)(2) is stable. We
have proved the stability of polytopes S (n) for n > 2.

Corollary 1. The inner points of the union of the
polytopes S%1) are Schur stable

N,

So=Js"™ca
j=1

Corollary 2. The inner points of the union of the
polytopes S™) are Schur stable

Ny
si=Jsi ca
j=1

Corollary 3. The inner points of the union of the polytopes
S and S*(™) are Schur stable

Sl,n - Sl USn C .A

Example 2: Let n = 2. Then the stability region in the
polynomial coefficient space a = (a1,ap) is the triangle
FGH (Fig.1). Let us find some stability region inside
approximations according to Theorems 2 and 3.

1) Let us start from the polynomial a’(z) = 22 +
0.5 (point A’ in Fig.la) with reflection coefficients
ki(a’) = 0, ka(a’) = —0.5. According to Lemma
1 we can draw 2 stable line segments through the
point A’. By varying the first reflection coefficient
ki, =1 < k1 < 1, we get the line segment FB’
and by varying the second reflection coefficient ko,
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—1 < ko < 1, we get the line segment C’D’. By V. CONCLUSIONS

deﬁnit.ion the second order polynomial a(z) has 4 The geometry of stable discrete polynomials using their
reflection vectors : coefficients and their reflection coefficients is investigated.
By splitting the unit hypercube of reflection coefficients

1 —

a:1(1) = [ =15 05 ], you can improve barycentric simplex (necessary stability
a/2(—1) = [ 15 05 ] condition) in terms of unions of polytopes. It is interesting
a"(1) = [ 0 -1 to mention that If N; — oo forz =1, ...,n then A = N, A;.
a?(-1) = [ 1 0]

: A generalization of Cohn’s sufficient stability criterion is

The requirements of Theorem 2 are fulfilled for the obtained in terms of reflection vectors of special stable

polynomial a(z). So the inner points of the polytope polynomials .
B’C’D’F of reflection vectors are stable. It is easy to
see that for the vertices a’!(1) and a’'(—1) the Cohn
stability condition (6) does not hold because ACKNOWLEDGEMENTS
Z |CL11 ()] =2>1. The research presented in this paper was supported in
i part by the Estonian Science Foundation grants No. 5170
and 5405.

2) For the polynomial a/(z) = 22 + 0.5z (point A” in
Fig.1b) with reflection coefficients k;(a”) = —0.5,
ka2(a’) = 0 the requirements of Theorem 3 are ful-
filled. So the inner points of the polytope B”C”D”F
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4153



	MAIN MENU
	Go to Previous Document
	CD-ROM Help
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ArialNarrow-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Oblique
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


