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Abstract—Based on a novel robust integral sliding mode
surface (RISM), method of designing nonlinear robust sliding
mode control is presented. Firstly, the closed-loop system
under the sliding mode is proved to be asymptotically stable by
using Lyapunov stability theories. Then variable structure
control (VSC) is constructed to ensure the reachability of the
sliding surface. Robustness of the closed-loop system in the
whole state space is obtained. Finally, numerical simulation
results are proposed to test the validity and feasibility of the
method.

[. INTRODUCTION

S LIDING mode control (SMC) as the dominant method in
theories of variable structure control system (VSS) is an
excellent robust control approaches to resolve the control
problems of nonlinear systems[1]-[2]. However, for some
nonlinear dynamic systems, the designing process of sliding
mode control may be not easy. Thus switching surface in
nonlinear form is a better way to deal with this difficulty.
Generally, sliding mode surfaces are in linear forms. If we
consider designing a sliding surface in nonlinear form, there
may be some difficulties, such as the determinations of the
mathematic form (of the sliding mode), the dynamic orders,
and the structure etc. For example we analyze two local
problems during SMC synthesis process. Firstly, the system
behaviors under the sliding mode must be stable. This point
may be easy if the sliding surface is in linear form, but for the
sliding surface in nonlinear form, the process of verifying its
stability must be proposed strictly. Secondly, the controller
designing becomes not easy because of the nonlinear
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mathematic form of the sliding surface. Nevertheless many
sliding surfaces in nonlinear forms are presented from
1990s[3]-[13], such as the three-segment nonlinear sliding
mode (TSNSM)[3], the integral sliding mode (ISM)[4]-[10]
and the time varying sliding mode (TVSM)[11]-[14] etc.

In this paper a novel robust integral sliding mode surface
(RISM) is developed. The mathematic form of the surface is
very concise and easy for implementation. Moreover the
uncertainties are not required to satisfy the matching
condition. The variable structure control (VSC) which
satisfies the reaching condition is easy to be designed.
Furthermore, the method is suitable for many nonlinear
systems with approximative mathematics model, especially
with unmatched uncertainty or external disturbance.

The paper is organized as the following. In section 2,
problem formulations are presented. In section 3, a robust
integral sliding mode surface is constructed and the system
stability in the sliding surface is verified. In section 4, the
SMC controller is constructed and the reaching condition is
proved to be satisfied. Numerical simulation examples are
shown in section 5 and finally, conclusions are generalized
in section 6.

II. PROBLEM FORMULATION
Consider nonlinear system with single-input described as
x=f(x0)+g(x,0u (1)
where x=[x, x,|" is the state vector and u is the

single control input of the system.
According to Taylor series of an arbitrary function, there is
the equation
0
Fen =12 vonk @)
Ox x=0
where x=0 is the quilibrium position of the system (1) and
O(x,t) represents the residual series. Thereby the following
assumptions are natural.
Assumption 1. f(x,)e R™, f(x,t) =[A, + 44(x,t)]x ,where
A, is a constant matrix and AA4(x,r) e R™" satisfies that
|4A(x,1)|, <= with ¢ is aknown positive scalar. Here |, is

induce norm operator of matrices.
Assumption 2. g(x,)= B, +4B(x,t)E, e R™ and the
uncertainty 4B satisfies n <|4B(x.1)|, <y , where 5, y are
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suitable positive scalar quantities and B, , E, are all

constant matrices.
Define the nonlinear sliding surface s as the following,

s(t) = Cox — [{CyA, — K}xdt (3)

where C, =|c, ¢,]e R™ is the coefficient vector of the

linear part of the sliding mode with C B, =0 and the

parameter vector K € R™ is to be designed later. In order to
guarantee the existence of the sliding surface s and the
synthesis process, the next assumption is necessary.
Assumption 3. The uncertainty 4B(x,t) also satisfies that
|Co4BE, |, <|CyBy|.

The problem: A proper control u should be constructed to
impel the state variable x of the closed-loop system moving
to the surface defined by (3) from an arbitrary initial point in
the state space. Furthermore, the system states converge to
the origin after the system stepped into the sliding mode
surface.

For the convenience of the analysis in the following
section, several lemmas are introduced.

Lemma 1. For arbitrary matrix A4eR™", if |4 <1, then

N
|

Lemma 2. For arbitrary matrix 4e R™ and B, C with

I-A is not singular and satisfies that ||(I —A)’1|| <

suitable dimensions, if 4 and I+CA™'B are all not
singular, then (4+BC)' =A™ —A'BU+CA™'B)'CA™" .
U,V with suitable
dimensions, there exists the matrix inequality equation
vv+v'uT <vv +uu’.

Here I is unit matrix with suitable dimensions.

Lemma 3. For arbitrary matrix

III. ROBUST SLIDING MODE SURFACE

The sliding mode (3) is expected to be converging to zero.
However, once it converged to zero, the movements of
closed-loop system under the sliding mode must be studied.
Thereby the system behaviors under the sliding mode are
firstly analyzed in this section. By using the equation (1), (3)
and s =0, we have the system equations under sliding mode,

i=(Ag+AA)x + (B, + ABE)u,, A
CoAAx+Cy(By + ABE,)u,, + Kx =0 @

where u,, is equivalent control. From the second line in the

q

equation (4), the equivalent control can be achieved easily,
U, =—-[CyBy + C,ABE, ] '[CyAAx + Kx] (5)

Then according to the Assumption 3 and Lemma 1,

I+C,(CyB,)"" 4BE, is not singular and satisfies that

1

= (6)
1-|CyBy| ||C0ABE,,||2

||(1 +C,(C,B,) " 4BE,)" ||2 <

Well then according to Lemma 2 the system equation under
sliding mode becomes

% = (Ay + AA)x — (B, + ABE,)[CyB, + C,ABE,]"'[C,AAx + Kx]
= (Ay + A4)x — (B, + ABE,)(C,B,) ™" - {I - C,[I +
C,(C,B,) ' ABE," ABE,(C,B,)™" } {CodAx + Kx}
= (A, + AA)x — (B, + ABE,)(C,B,) (I - M){CyAAx + Kx}
where M =C,[I+C,(C)B,) ' ABE,]"' ABE,(C,B,)"" and I

is unit matrix with suitable dimensions. Continuing to
deduce the state equation, we have

% = (A, + AA)x — {BO(COBO)’I + ABE,(C,B,)" +
B,(C,B,)"'M + ABE,(C,B,)"' M}{COAAx + Kx}
= (Ay + AA4)x - {BO(COBO)’I + N}{COAAx + Kx}
where N = ABE,(C,B,)™" + B,(C,B,)"'M + ABE,(C,B,)"'M .
Then the equation
% =[A4y—B,(CyBy) ' Kx+[I -

B,(C,B,)" C,14Ax— NCyAAx— NKx  (7)
= Ayx+CyAAx— NCyAAx — NKx
is obtained where
1:10 =4, - B, (COBOT1 K (®)
éo :I_Bo(CoBo)ilco &)

According to the equation (6) and the Assumption 2, the
bounds of the matrix M, N can be estimated as,

v[CoEs],
M|< 0 g 10
i (CoBol-lCoEs ], ™ 1o
||N||SV/(1+Mmax)Eb||+||BO||Mmax :Nmax (11)

Now select a Lyapunov function V =x"Px , where
P=P" P>0. Seek the time derivate of ¥ along the
trajectory of the system (7),

V = x"{AT P+ PA, + 44"[C, - NC,] P+

P[C, - NC,]4A~[NK]' P - P[NK]}x
Then because of Lemma 3, there is the inequality
V< xT{ﬁ()TP+P1:10 + 44" A4+ K"K +
[C, - NC, 1" P"P[C, - NC,]+ NTPTPN}X

<x' {21§P+ PA,+CIP'PC,+ K"K +7% +
& e+ Nawle
<x' {210TP+ PA,+CIPTPCy+ K"K +7° +
EAC o+ 0+l PN L
Thereby the following theorem 1 can be acquired.

Theorem 1. The state vector of the nonlinear system
described by the equation (4), (5) is asymptotically robust

[C; NTNC, +2N,

max

stable if there exist matrix P=P7, P>0 and the sliding
mode parameter vectors C,, K in the equation (3) which

satisfy the following inequality
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AP+ PA+CIPTPCy+ K"K +7* +
RICuL- ol + [ PIN2 HE <0

Here it is verified that the sliding mode surface (3) is a
robust integral sliding mode (RISM) if its parameters are
selected as those depicted by the theorem 1. The
uncertainties do not satisfy the matching condition.
Following the reaching property of the RISM (3) will be
analyzed.

(12)

IV. ROBUST INTEGRAL SLIDING MODE CONTROL

In this section, a just control u# will be constructed to
ensure that from arbitrary initial values, the state variable of
closed-loop system steps into the sliding mode defined by
the equation (3).

Firstly the control u is constructed as the following,

u=—(CyBy) '[Kx+k &l $(0)]

o (9
where k satisfies that
_leulele, vl 1D .

1=y[Cofl-[E4]

and then the following theorem 2 will be proofed.
Theorem 2. For nonlinear systems described by the
equation (1) which dynamics satisfy the assumptions 1,2 and
3, the state variable of the closed-loop system steps into the
sliding mode surface defined by the equation (3) if the
control is designed as the equations (13),(14).

Proof: by considering the time derivate of the sliding mode
surface s, we can obtain that

5§ = s{CyAAx +(CyBy + CyABE, )u + Kx}
= s{COAAx— CyABE,(CyB,)™ Kx—

-1 "x"
[1+Cy4BE,(CyB,) Ik ||s(t)|| s(t)}
Y|Coll- [ E || 1K
-1 "x"
[1+Cy4BE,(CyB,) 1k "s(l)" s(2)

wl||E,||-| K 1-=y||Coll-IE X
SS{(H_ "|C};|L(|)| by - HI' g "S"(t")" s@}

C,|(z|CoB, E,|-|[K]
|- SIS Dl o
dcl 2

15

Obviously, ss<0 when s=0 . So the sliding mode
surface s must be reachable.

In the next section, a numerical example is proposed to
validate the controller design.

V. NUMERICAL EXAMPLE

Consider a concrete nonlinear system described as the
equation (16). For this system, its canonical form is that
X =A(x)+B(x)u where the matrix A(x)=A,+4A4 and the
matrix B(x)=B,+4B . Obviously, the system dynamics
satisfy the Assumption 1-3 (in section 2). Thus a robust
integral sliding mode surface (RISM) can be designed
according to theorem 1. Then supposing that the initial

value of the state is x, =[2 —0.8 1 0.5]", the sliding mode
parameter vector C, is designed as C, =[0.25 1.25 0 1].

0 1 sinxyy 0 sinx,
sin, 0 0 4 1+exp(-cosx
_| S|y . pC 2) " (16)
cos, 0 0 1 0
0 3 -12 0 1.01

After the simulation, the response results of the state
vector and the control input signal are shown in Fig 1 and
Fig 2. The value of the sliding mode is shown in Fig 3.

From Fig 3, it can be seen that although the unmatched
uncertainties exist, the system state vector rests on the
sliding surface. Notice that the value of the sliding mode is
always very small initially. This point owes to the selection
of the parameter C,, because we can let s, =Cyx, =0. The

sliding mode value is limited in the neighbor region of the
origin by the control law. And then the state variables
converge to the origin along.

the state response

T T T T T T

—
— ®
—-- ¥ H
- wd

05

-D.

(_71
T
.
L

i) 1 1 1 1 1 1 1 1 1

time tfs

Fig 1. The state response of the system (16) which controller is designed
based on RISM depicted by the theorem 1.
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the control input signal
5 T T T T T T T

contral input

i 2 4 B 8 10 12 14 16 18 il

time s
Fig 2. The control input signal of the closed-loop system (16).

4 the sliding mode value
T T T

100
5

the sliding mode
g=)

time ts

Fig 3. The value of the RISM of the closed-loop system (16). Note that the
value is less than 10™*. This point owes to the selection of the parameter G

which leads to 5 =Gy, =0-

VI. CONCLUSION

A robust integral sliding mode control (RISM) is designed
firstly and then the variable structure control (VSC) is
constructed based on it. The state vector of the closed-loop
system under the sliding mode moves to the origin along the
switching surface, and furthermore the RISM is robust while
the uncertainties are not required to satisfy the matching
condition. The sliding mode can be reached from the initial
point by selecting the sliding mode parameters according to
the proposed theorem. Systemic designed approach
provided in the two theorems is easy for implementation.

Finally numerical example validates the performance of the
controller design.
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