
Abstract—Based on a novel robust integral sliding mode 
surface (RISM), method of designing nonlinear robust sliding 
mode control is presented. Firstly, the closed-loop system 
under the sliding mode is proved to be asymptotically stable by 
using Lyapunov stability theories. Then variable structure 
control (VSC) is constructed to ensure the reachability of the 
sliding surface. Robustness of the closed-loop system in the 
whole state space is obtained. Finally, numerical simulation 
results are proposed to test the validity and feasibility of the 
method.

I. INTRODUCTION

LIDING mode control (SMC) as the dominant method in 
theories of variable structure control system (VSS) is an 

excellent robust control approaches to resolve the control 
problems of nonlinear systems[1]-[2]. However, for some 
nonlinear dynamic systems, the designing process of sliding 
mode control may be not easy. Thus switching surface in 
nonlinear form is a better way to deal with this difficulty.  

Generally, sliding mode surfaces are in linear forms. If we 
consider designing a sliding surface in nonlinear form, there 
may be some difficulties, such as the determinations of the 
mathematic form (of the sliding mode), the dynamic orders, 
and the structure etc. For example we analyze two local 
problems during SMC synthesis process. Firstly, the system 
behaviors under the sliding mode must be stable. This point 
may be easy if the sliding surface is in linear form, but for the 
sliding surface in nonlinear form, the process of verifying its 
stability must be proposed strictly. Secondly, the controller 
designing becomes not easy because of the nonlinear 
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mathematic form of the sliding surface. Nevertheless many 
sliding surfaces in nonlinear forms are presented from 
1990s[3]-[13], such as the three-segment nonlinear sliding 
mode (TSNSM)[3], the integral sliding mode (ISM)[4]-[10] 
and the time varying sliding mode (TVSM)[11]-[14] etc.  

In this paper a novel robust integral sliding mode surface 
(RISM) is developed. The mathematic form of the surface is 
very concise and easy for implementation. Moreover the 
uncertainties are not required to satisfy the matching 
condition. The variable structure control (VSC) which 
satisfies the reaching condition is easy to be designed. 
Furthermore, the method is suitable for many nonlinear 
systems with approximative mathematics model, especially 
with unmatched uncertainty or external disturbance.  

The paper is organized as the following. In section 2, 
problem formulations are presented. In section 3, a robust 
integral sliding mode surface is constructed and the system 
stability in the sliding surface is verified. In section 4, the 
SMC controller is constructed and the reaching condition is 
proved to be satisfied. Numerical simulation examples are 
shown in section 5 and finally, conclusions are generalized 
in section 6.  

II. PROBLEM FORMULATION

Consider nonlinear system with single-input described as 
utxgtxfx ),(),(                             (1) 

where T
nxxx 1  is the state vector and u  is the 

single control input of the system. 
According to Taylor series of an arbitrary function, there is 

the equation 

xtx
x
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txf
x
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                     (2) 

where 0x  is the quilibrium position of the system (1) and 
),( tx represents the residual series. Thereby the following 

assumptions are natural.  
Assumption 1. 1),( nRtxf , xtxtxf )],([),( 0 AA ,where

0A  is a constant matrix and nnRtx ),(A  satisfies that 
tx

2
),(A  with  is a known positive scalar. Here 

2
 is 

induce norm operator of matrices.  
Assumption 2. 1

0 ),(),( n
b Rtxtxg EBB  and the 

uncertainty B  satisfies tx
2

),(B , where , are
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suitable positive scalar quantities and 0B , bE  are all 
constant matrices.  

Define the nonlinear sliding surface s  as the following,  
t xdtxts 0 000 }{)( KACC                   (3) 

where n
n Rcc 1

10C  is the coefficient vector of the 
linear part of the sliding mode with 000BC  and the 

parameter vector nR1K  is to be designed later. In order to 
guarantee the existence of the sliding surface s  and the 
synthesis process, the next assumption is necessary.  
Assumption 3. The uncertainty ),( txB  also satisfies that 

0020 BCBEC b .
The problem: A proper control u  should be constructed to 

impel the state variable x  of the closed-loop system moving 
to the surface defined by (3) from an arbitrary initial point in 
the state space. Furthermore, the system states converge to 
the origin after the system stepped into the sliding mode 
surface.

For the convenience of the analysis in the following 
section, several lemmas are introduced. 
Lemma 1. For arbitrary matrix nnRA , if 1A , then 

AI  is not singular and satisfies that 
A
I

AI
1

)( 1 .

Lemma 2.  For arbitrary matrix nnRA  and B , C  with 
suitable dimensions, if A  and BCAI 1  are all not 
singular, then 111111 )()( CABCAIBAABCA .
Lemma 3. For arbitrary matrix  VU ,  with suitable 
dimensions, there exists the matrix inequality equation 

TTTT UUVVUVUV .
Here I  is unit matrix with suitable dimensions.  

III. ROBUST SLIDING MODE SURFACE

The sliding mode (3) is expected to be converging to zero. 
However, once it converged to zero, the movements of 
closed-loop system under the sliding mode must be studied. 
Thereby the system behaviors under the sliding mode are 
firstly analyzed in this section. By using the equation (1), (3) 
and 0s , we have the system equations under sliding mode,  
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where equ  is equivalent control. From the second line in the 
equation (4), the equivalent control can be achieved easily, 

][][ 0
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Then according to the Assumption 3 and Lemma 1,
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000 )(  is not singular and satisfies that 
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Well then according to Lemma 2 the system equation under 
sliding mode becomes 
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where 1
00

11
0000 )(])([ BCBEBEBCCICM bb  and I

is unit matrix with suitable dimensions. Continuing to 
deduce the state equation, we have 
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is obtained where 
KBCBAA 1

00000 )(ˆ                         (8) 

0
1

0000 )(ˆ CBCBIC                          (9) 
  According to the equation (6) and the Assumption 2, the 

bounds of the matrix M , N  can be estimated as, 
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  Now select a Lyapunov function PxxV T , where 
0, PPP T . Seek the time derivate of V  along the 

trajectory of the system (7),  
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Then because of Lemma 3, there is the inequality 
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Thereby the following theorem 1 can be acquired. 
Theorem 1.  The state vector of the nonlinear system 
described by the equation (4), (5) is asymptotically robust 
stable if there exist matrix TPP , 0P and the sliding 
mode parameter vectors 0C , K  in the equation (3) which 
satisfy the following inequality  
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Here it is verified that the sliding mode surface (3) is a 
robust integral sliding mode (RISM) if its parameters are 
selected as those depicted by the theorem 1. The 
uncertainties do not satisfy the matching condition. 
Following the reaching property of the RISM (3) will be 
analyzed.

IV. ROBUST INTEGRAL SLIDING MODE CONTROL

In this section, a just control u  will be constructed to 
ensure that from arbitrary initial values, the state variable of 
closed-loop system steps into the sliding mode defined by 
the equation (3).  

Firstly the control u is constructed as the following,  
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where k  satisfies that  
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and then the following theorem 2 will be proofed.  
Theorem 2.  For  nonlinear systems described by the 
equation (1) which dynamics satisfy the assumptions 1,2 and 
3, the state variable of the closed-loop system steps into the 
sliding mode surface defined by the equation (3) if the 
control is designed as the equations (13),(14).  
Proof: by considering the time derivate of the sliding mode 
surface s , we can obtain that 
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Obviously, 0ss  when 0s . So the sliding mode 
surface s  must be reachable.  

In the next section, a numerical example is proposed to 
validate the controller design.  

V. NUMERICAL EXAMPLE

Consider a concrete nonlinear system described as the 
equation (16). For this system, its canonical form is that 

uxxx )()( BA  where the matrix AAA x 0)( and the 
matrix BBB x 0)( . Obviously, the system dynamics 
satisfy the Assumption 1-3 (in section 2). Thus a robust 
integral sliding mode surface (RISM) can be designed 
according to theorem 1. Then supposing that the initial 
value of the state is Tx 5.018.020 , the sliding mode 
parameter vector 0C  is designed as 1025.125.00C .

u
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2

1

1

1
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              (16) 

After the simulation, the response results of the state 
vector and the control input signal are shown in Fig 1 and 
Fig 2. The value of the sliding mode is shown in Fig 3.  

From Fig 3, it can be seen that although the unmatched 
uncertainties exist, the system state vector rests on the 
sliding surface. Notice that the value of the sliding mode is 
always very small initially. This point owes to the selection 
of the parameter 0C , because we can let 0000 xs C . The 
sliding mode value is limited in the neighbor region of the 
origin by the control law. And then the state variables 
converge to the origin along.  

Fig 1. The state response of the system (16) which controller is designed 
based on RISM depicted by the theorem 1.  
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Fig 2. The control input signal of the closed-loop system (16).  

Fig 3.  The value of the RISM of the closed-loop system (16). Note that the 
value is less than 10-4. This point owes to the selection of the parameter 0C

which leads to 0000 xs C .

VI. CONCLUSION

A robust integral sliding mode control (RISM) is designed 
firstly and then the variable structure control (VSC) is 
constructed based on it. The state vector of the closed-loop 
system under the sliding mode moves to the origin along the 
switching surface, and furthermore the RISM is robust while 
the uncertainties are not required to satisfy the matching 
condition. The sliding mode can be reached from the initial 
point by selecting the sliding mode parameters according to 
the proposed theorem. Systemic designed approach 
provided in the two theorems is easy for implementation. 

Finally numerical example validates the performance of the 
controller design. 

ACKNOWLEDGMENT

The authors thank Dr. Bin Liu and Dr. Xiaofu Ji for their 
incessant encouragement and many selfless helps in good 
time. The authors also show appreciation of helps from other 
colleagues.

REFERENCES

[1] V. I. Utkin, “Variable structure systems with sliding modes”, IEEE
Trans. Automatic Control, vol. 22, pp. 212-222, 1977. 

[2] C.Edwards and S.K.Spurgeon, Sliding Mode Control: Theory and 
Applications, London (UK): Taylor & Francis, 1998. 

[3] Man Zhihong and Palaniswami, “Decentralized Three-segment 
Nonlinear Sliding Mode Control For Robotic Manipulators”, IEEE Int. 
Work. Emerging Technologies and Factory Automation, pp. 607-612, 
1992.  

[4] J. H. Lee and J. S. Ko et al, “Continuous variable structure controller 
for BLDDSM position control with prescribed tracking performance”, 
IEEE Trans. Industrial Electronics, vol. 41, no. 5, pp. 483-491, 1994. 

[5] Vadim Utkin and Jingxin Shi, “Integral Sliding Mode in Systems 
Operating under Uncertainty Conditions”, Proceedings of the 35th

IEEE Conference on Decision and Control,  Kobe, Japan. vol. 4, pp. 
4591–4596, 1996. 

[6] Hsin Jang Shieh and Kuo Kai Shyu, “Nonlinear Sliding-Mode Torque 
Control with Adaptive Backstepping Approach for Induction Motor 
Drive”, IEEE Trans. Industrial Electronics, vol. 46, no. 2, pp. 380-389, 
1999. 

[7] I. Cheol Baik and K. Hwa Kim et al, “Robust nonlinear speed control 
of PM synchronous motor using boundary layer integral sliding mode 
control technique”, IEEE Trans.  Control Systems Technology, vol. 8, 
no. 1, pp. 47-54, 2000.  

[8] Tri-Tan Van Cao, Ley Chen and Fangpo He, “Adaptive integral 
sliding mode control for active vibration absorber design”, 
Proceedings of the 39th IEEE Conference on Decision and Control,
vol. 3,  pp. 2436-2437, 2000.  

[9] Bouri,M and Thomasset D, “Sliding Control of an Electropneumatic 
Actuator Using an Integral Switching Surface”, IEEE Trans.  Control 
Systems Technology, vol. 9, no. 2, pp. 368-375, 2001.  

[10] J. H. Lee and P. E. Allaire et al, “Integral sliding-mode control of a 
magnetically suspended balance beam: analysis, simulation and 
experiment”, IEEE /ASME Trans. Mechanical Electronics, vol. 6, no. 
3, pp. 338-346, 2001.  

[11] D. S. Lee et al, “Controller design of multivariable variable structure 
systems with nonlinear switching surfaces”, IEE. Proc.-D Control 
Theory and Applications, vol. 138, no. 5, pp. 493-499, 1991.  

[12] J. J. Lee and Yangsheng Xu, “A new method of switching surface 
design for multivariable variable structure systems”, IEEE Trans. 
Automatic Control, vol. 39, no. 2, pp. 414-419, 1994.  

[13] Choi S. B. and Park.D.W. et al, “A time-varying sliding surface for 
fast and robust tracking control of second-order uncertain systems”, 
Automatica, vol. 30, no. 5, pp. 899-904, 1994.

[14] Yan Weisheng, Xu Demin and Ren Zhang, “Global sliding-mode 
control for companion nonlinear system with bounded control”, 
Proceedings of the 1998 American Control Conference, vol. 6, pp. 
3884-3888.  

4077


	MAIN MENU
	Go to Previous Document
	CD-ROM Help
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ArialNarrow-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Oblique
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


