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Delay-Independent Sliding Mode Control
of Nonlinear Time-Delay Systems

F. Hong, S. S. Ge, and T. H. Lee

Abstract—In this paper, adaptive sliding mode control is
presented for a class of parametric-strict-feedback nonlin-
ear systems with unknown time delays. Using appropriate
Lyapunov-Krasovskii functionals, the uncertainties from un-
known time delays are compensated for so that the proposed
control scheme is delay-independent. Controller singularity
problems are solved by employing practical control and
regrouping unknown parameters. By using novel differentiable
approximation, sliding mode control and practical control can
be carried out in the backstepping design. It is proved that
the proposed systematic backstepping design method is able
to guarantee global uniformly ultimately boundedness of all
the signals in the closed-loop system and the tracking error is
proven to converge to a small neighborhood of the origin.

I. INTRODUCTION

The sliding mode control (SMC) has a large histori-
cal background, belonging to the framework of variable
structure systems. In a finite-dimension framework (without
delay), it is known that if a complex system can be written
in a so-called “normal form”, then an appropriate sliding
mode strategy can be designed so as to dominate the non-
linear terms and the disturbances, provided the disturbance
satisfies appropriate “matching condition”. The combination
of delay phenomena with relay actuators or sensors makes
the situation much more complex.

Robust control of systems with time delays has at-
tracted much attention due to the great challenge in the
mathematical complexity and the application demand in
real-time control systems. The existence of time delays
may make the stabilization problem become more difficult.
Lyapunov-Krasovskii functionals [1] combined with the
LMI technique [2] has been used to establish a framework
for the stability and control of time-delay systems. For the
tremendous work contributed to this area, please refer to
the two latest monograph [3] [4] and the references therein.
For nonlinear systems with delay in the state, few results
are reported. In [5] and [6], the authors have studied a class
of nonlinear time-delay systems in strict-feedback form
and systematic and practical backstepping design has been
presented. Under the mild assumption on the upper bound
of the unknown time-delay, the proposed design based on
the Lyapunov stability is delay-independent in the sense that
the design is totally free of unknown delays. The controller
singularity problem is solved by introducing the practical
design. The problem of differentiation of the control func-
tions at the discontinuous points can be solved by simply
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setting the finite value at these points. However, the control
functions are not smooth at all. In this paper, we present
a practical adaptive sliding mode control for a class of
nonlinear time-delay systems in parametric-strict-feedback
form. A novel smooth approximation is introduced to solve
the differentiability problem for the control functions, while
the stability of the closed-loop systems remains.

In this paper, decoupled backstepping design [7], [5], [6]
is utilized in the practical design, where the coupling term
siS;+1 1n each step is decoupled by elegantly using the
Young’s inequality rather than leaving to it to be cancelled
in the next step as classic backstepping design usually
does. The residual set of each state in s; coordinate can
be iteratively determined individually. The last but never
the least, as the practical control (intermediate and final
control) will be only activated in the unbounded region Qg
and the compact region Qﬁi, while there is no control effort
in the other bounded region, i.e., {25,. The stability of the
proposed control methodology can only be guaranteed using
decoupled backstepping design, which will be remarked
later.

II. PROBLEM FORMULATION AND
PRELIMINARIES

Consider a class of single-input-single-output (SISO)
nonlinear time-delay systems

i(t) = giwir1(t) + 07 fi(@i(t)) + ha(zi(t — 72))

@ (t) = gnu(t) + 05 fa(2(t) + hn(2(t = 70)) (D)
where 1 < i < n—1, % = [v1,22, -, 2], @ =
[z1, %9, -, 2,]T € R", u € R are the state variables and
system input respectively, f;(-) € R™: are known vector
fields, §; € R™: are unknown constant vectors, h;(-) are
unknown smooth functions, g; are unknown constants, and
7; are unknown time delays of the states, ¢ = 1,---,n. The
control objective is to design a controller for system (1) such
that the state x4 (¢) follows a desired reference signal y4(t),
while all signals in the closed-loop system are bounded.
Define the desired trajectory Za(i11) = [Yd,Yd," - ,y((;)]T
t = 1,---,n — 1, which is a vector of y4 up to its ith
time derivative yt(;). We have the following assumptions for
the system functions, unknown time delays and reference
signals.

Assumption 1: The signs of g; are known, and there exist
constants gmax > Jmin > 0 such that 9min S ‘gl‘ S 9max-

Assumption 2: The unknown functions h;(-) satisfy the
following properties

|hi(Z:(1))] < p;oi(Ti(t)) 2

i
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where ¢;(-) are known positive functions, p} are unknown
constants.

Assumption 3: The size of the unknown time delays is
bounded by a known constants, i.e., T;
1,---,n.

Assumption 4: The desired trajectory vectors Zg; €
Qg C R, i =2,---,n are continuous and available with
Q4; known compact set.

Lemma 1: Even function ¢;(z) : R — R

17 “Tl > )\az + >\bz

< Tmax, T =

Cqi f)\ Abl (0= Aai — At )2 do,
gi(z) = /\m < T < )\m + Api
i Cai ITI—AM'[(%)Q _ (0_ + i + %)Q]"_ida,
= (Mai + i) <7 < =g
07 ‘$| S >\ai
[2(n—12)+1]!

where ¢y = [81, Aui, Api > 0 and integer
bi

i € RT, is (n — 4)th differentiable, i.e., ¢;(x) € C"~* and
bounded by 1.
Proof: The derivative of ¢;(z) w.rt. x is
Oa |l’| > )\ai + )\bi )
cqil(T = Aai) Aai + Aoi — )",

NI

dgi(z) Aai < T < Agi + A @)
dx o _qu[_(x + )\ai)(m + )\ai + )\bi)]niiv
— (i + i) < < =Agi
O, |l‘| S )\ai

From (4), we have that
d

d
——q; =0, ——gq =0
Similarly, we have
d? &’
dxd %:(x) |#|=Xas dxJ %(z) || =Xai+Abs
dn—i+1 dn—i-i—l

Sa— 0, ——q ’ 0
dgn—i+11 (x)‘mzxm- 70 G 6@ |2 =Xai+A: 7

from which we know that %qi(:c), j=1,--,n—1,is
continuous while %qi(:c), j > m — ¢ is not continuous.
Thus, ¢;(z) € C™". [ ]

Corollary 1: The function ¢f(z): R — R
q; (z) = qi(x)sgn(z) (5)

with sgn(-) being the sign function, is (n — 4)th differen-
tiable, i.e., ¢i(z) € C"7%

ITII. SMC DESIGN FOR FIRST-ORDER SYSTEMS

To illustrate the design methodology clearly, let us first
consider the tracking problem of a first-order system

i1 (t) = gru(t) + 07 fi(z1(t) + ha(z1(t — 7)) (6)

with u(t) being the control input. Defining the sliding
surface as s1(t) = o1 — yq, we have

s1(t)51(t) < gis1(t)[u(t) +

1 2 1
+§S%(t)P1 + ?ﬁ(ﬂcl(t —71))

ifﬁ@ﬁ»—iw@]

Though the function ¢ (-) is known, it could not be used
for the construction of control laws as x4 (¢t — 71) is not
obtainable due to the unknown time-delay ;. To tackle
this problem, let us introduce the following Lyapunov-
Krasovskii functional

Vi / Gl (r ™
The time derivative of Vi, (t) is

Vi, (1) = 5631(0)) - 563 a(t = 1)

3yin which, the non-positive term —2¢3(z1(t — 1)) can be

used to compensate for the terms with unknown time delay.
Accordingly, we have

s1(t)$1(t) + Vo, (t) < gis1(®)[u(t) + 0%  Far ()] (®)

where 0,1 € R™*2 is unknown parameter vector and
Foi1 € R™*2 is known function vector defined as

2

for = [-0F, -, 2" ©
9 91 g
Faa(t) = [fi(a1(8), ~iul®) + 563 (6). 551]7 (10)

It can be seen from F, ;(¢) that singularity problems may
occur when s1(t) = 0. Thus, the boundedness of the control
should be taken into account. For convenience of notation,
let us define the compact set Q, = {s1 € R | |s1] < a1}

Lemma 2: For the first-order system (6), if the practical
adaptive control law is chosen as

S1 ¢ Qsl

0T F,, — sgn(sy)e

t) = a1 ’ 11
wn={ mEO
where € > 0 is a design constant, and the parameters are

updated by

a1 = 51Ta1Fan (12)

with Top = T2, > 0, then for any initial conditions
z1(t) = (t) = 0, Vt € [—71,0] and ,1(0), all signals
in the closed-loop systems are bounded, and the tracking
error s; = x1 — yq will converge to the bounded compact
set Qsl = {81 €ER I |81| < )\a,l}~
Proof: To show (), to be a domain of attraction, let
us first consider s; ¢ Q,, ie., «1. Consider the
Lyapunov function candidate V;(t) as
1

S0+ Vi (6 + 507, ()

with Vy, given in (7) and (-) = (A) -
of Vi (t) along (8), (11) and (12) is

Vi(t) < —gilsi(t)]e < 0

Vi(t) = I 100, (t)

(+). The time derivative

13)

which establishes that domain €, is attractive in the sense
that s; will be driven onto compact set {25, in a finite
time, and then after stay within. In fact, from (13), we
know that $s7(t) < Vi(t) < V4(0) and Vi(t) < V4(0) —
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fg g1]s1(7)|edr, ie., s1 and éml are bounded. For s; € Q,,
ie., |s1] < Aa1, since s; = 1 — x4 and x4 are bounded,
we know that z; is also bounded. In addition, as éa,l =0
for |s1] < Aa1, e, éa,l is kept unchanged in a bounded
value, it is bounded as well. [ |
The key point of the proposed design lies in two as-
pects. Firstly, the Lyapunov-Krasovskii functional is utilized
such that the design difficulties from unknown time delay
has been removed. Secondly, the practical sliding mode
control scheme has employed to avoid possible controller
singularity. It is well known in [9][10] that the above
discontinuous control scheme should be avoided as it will
cause chattering phenomena and excite high-frequency un-
modeled dynamics. Furthermore, we would like to extend
the methodology described in this section from first-order
systems to more general nth-order systems. To achieve
this objective, the iterative backstepping design can be
used, which requires the differentiation of the control w at
each step. Therefore, appropriate smooth control functions
shall be used, and at the same time the controller should
guarantee the boundedness of all the signals in the closed-
loop and s; will still stay in certain domain of attraction.

IV. SMC DESIGN FOR NTH-ORDER SYSTEMS

The backstepping design of both the control laws and the
adaptive laws are based on the following change of coor-
dinates: s1 = x1 — Yq, S; = T; — qj—1, 1 = 2,...,n, where
s; is also the sliding surface in the sliding mode control
framework, and «;(t) is an intermediate control function.
It is noted that the extension is not straightforward and is
very much involved as the SMC scheme proposed in Section
IIT is discontinuous and does not satisfy the differentiable
condition required by the backstepping design. Thus, the
discontinuous control scheme shall be modified accordingly,
while the closed-loop stability should be guaranteed as well.

For ease of notation, the following sets are defined 2,5, :=
{si€ R|[si] < Xai}t, QL :=={si € R| Xai < |si|] <
Aai + Api}, and QO = {57 <R | 1si] > Aai + Api} with
Aaiy i > being small design constants. Note that in each
design step, the stability analysis is carried out in the three
regions defined by these sets respectively.

Define the quadratic function Vj,(t), the Lyapunov-
Krasovskii functional Vi, (t), and the Lyapunov function
candidate V;(t) as

Vi, (t) = 2255(1?) (14)
1 <~ [t )

Vo) = g2 [ st 15)

Vilt) = Vo) + Vi, (8) + 207 (0T 8,4(1) (16)

2(11

where 0,; = 6,,; — 0, is the parameter estimation error

of constant vector ¢, ; € R™ with m; = 23:1 mj + 21,

which is defined by

2
L 9¢T P gi-1
oa,’i - [77 ) )
gi Y 9i 9i

Jizlgr T (17)

Let us consider the following adaptive sliding mode
control scheme

o = ql(sq)[ ki(t)s; éT F,; sgn(sz)el}(IS)

kit = ki + — Z/ )dr (19)
’L t Tmax

éa,i = q;(si)Ti(Fa,isi — Uiea,i) (20)

where g;(-) is defined in (3), constants k;g, €; > 0 are design
parameters, constant matrix I'; = Fi_l > 0, o; > 0is
a small constant to introduce the o—modification for the
closed-loop system, and F,; € R™ is a known function
vector defined as

1 (904‘_1 (904‘_1
Fypi =1 (x), =siy ———i, ——— fL
4 [fL (.’13 )a 28 ) (9&0,-,133 ) axli i—1>
1 8041 1.2 8047;,1 (90[1 1,7
2 (8@ 1 ’ aﬁCi_Q Tinty 8 f -2
1 8&1 1.2 60(,'_1 80&1 1
2 (8%2)’”.’_{%1 2 fl’
1 60[1‘_1 2 1 : 2/ —
— — — wj;_ 21
3 ga ) gy W) —el” @D
. Oa; i—1 day—
with w;_; = Mdll di t D 0 19 In ad-
dition, let us define the positive constants c =
mln{nglnk’LO?nglnv ﬁ} and \; Unga,iH2~

Step 1: Let us firstly consider the S1- subsystem as

$1(t) = glsa2(t) + ar ()] + 67 fr(21(t)) + ha (21 (t — 7))
—9a(t) (22)

Following the same procedure as in Section III and consid-
ering Vs, (t) and Vy, given in (14) and (15) respectively,
we obtain

Vo (8) + Vi, (1) < suso + su(an + 603, Fan) - (23)
where 6,1 and F, ;(t) are defined in (9) and (10) respec-
tively.

As stated in Section III, to avoid the control singularity
problem, the control objective is now relaxed to show the
convergence of s1(¢) to certain domain of attraction rather
than the origin. At the same time, the control functions
shall be smooth or at least differentiable to certain degree
required by the backstepping design.

Considering the Lyapunov function candidate V;(t) given
in (16) and the adaptive SMC scheme (18)-(20), the stability
analysis is carried out in the following three regions defined
by the compact sets 2,,, QL and QF respectively.
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(i) Region 1: s; € Q?l. As ¢i1(s1) = 1 when s; € Qg,
the time derivative of Vi (¢) along (23), (18)-(20) is
t

TA(t) < s15 — kros? — / 03 (a1 ())dr

t—Tmax
.
*|51|€1 - Ulaa,lea,l
Using the inequalities —tkios? + s1s3 < k—iosg and
AT H 1 0 2 1 2
T B < b1 [0 |2 + 5010 |7, we e

) 3 t 1
Vi(t) < *Zklosf */ ¢ (z1(r))dr + T S5
10

2 (24)

t—Tmax

1
2
— 01104
+ 501l

1 .
—501”9@,1

Since 71 < Tmax according to Assumption 3, it holds that

j;t_ﬁ 2 (x1(7))dr < f:_me ¢2(x1(7))dr. Accordingly,
(24) becomes

. 1
Vi(t) € —eiVi(t) + Ay + —s3
k1o
where constants ¢; > 0 and A\; > 0 are defined before. In

this case, if sy can be regulated as bounded, i.e., |s3| <
So2max With Somax being finite, we have

‘/1(75) < -1V (t) + 5\1

(25)

with Ay = M\ + k—igs%max, then s;, x1, and éa’l are
guaranteed to be bounded. The regulation of sy will be
conducted in the next steps.

(ii) Region 2: s1 € le. As Ag1 < Is1] < Aa1 + A
in this region, s; is bounded. Thus, z; = s1 + y4 is also
bounded. Considering the quadratic functions Vj, (¢) and
Vu, (t), we know that Vg, (¢) and Vi, (t) are bounded. Let
us define positive function Vp, (t) := éil(t)FfléaJ(t).
Its time derivation along (20) is

Vo, (t) = q(51)07  (Fans1 — 0104,1)

Applying  the inequalities ql(sl)éleaJsl <
a1 (s)0anll> + *tqi(s))FhFusi, ke > 0,
eq. (26) becomes

1
2

(26)

. 1 1 -
Vor(t) < —saq1(s1) (01 — )60 1]
2 ko1

1
—&-56]1 (s1)(01]|0a,1

For s1 € QL , we know that ¢i(s1) € (0,1), and F,,
is smooth and bounded. Choosing ky; such that of :=
o1 — ﬁ > 0, and letting Ag; := Supsleslgl{anga,lHQ +
ko1 F Fa 157}, we have

>+ ko1 F) Faxs?) (27)

. 1 ~ 1
Voi(t) < —§q1(81)01k||9a,1||2 + §Q1(81)>\01

1
< —Q1($1)ﬁvm(ﬂ + 5@1(81)/\91 (28)
max (1 1

Letting cj, := q1(s1) PYIRES %ql(sl))\gl, and

o7
Amax (T 1)’

1 _ *
Po1 = N1/ Ch = §A01)‘maX(F1 /o 29)

it follows from (28) that
0 < Vo (t) < [Var(0) — pfyle 0" + pfy < Vir (0) + pf,

from which, we can conclude that Vp;(t) is bounded, and
hence éa,l is bounded. Consider the Lyapunov function
candidate V;(t) defined in (16). As it has been already
shown that V;, (t), Vi, (t), and 6, are bounded, we can
conclude that V4 (¢) is bounded for s; € le.

Remark 1: In this region, it is noted that though the func-
tion ¢1(s1) is not of fixed value, the ultimate boundedness
of the closed-loop signals is independent of ¢;(s1) as can
be seen from the definition of Vp1(0) and p, .

(iii) Region 3: s1 € (1s,. In this region, s; is already
bounded as |51| < Xg1. For s; € Qg,, we know that
q1(s1) =0, and HAGJ = 0. Hence, x1 = s1 +yq is bounded,
and 6, is kept unchanged in bounded values. As V,, (t)
and Vy, (t) are smooth functions, we know that for bounded
x1 and s1, Vi, (t) and Vi, (t) are bounded, and Vi(t) is
bounded.

From the stability analysis in the three regions, we can
conclude that (i) the boundedness of the closed-loop signals
in Region 2 (s; € Qﬁl) and Region 3 (s1 € (g,) is
guaranteed and independent of the signal so; (ii) the bound-
edness of the closed-loop signals in Region 1 (s1 € Qsol)
is dependent on the boundedness of the signal sy, who will
be regulated in the next steps.

Remark 2: According to Lemma 1 and Corollary 1, it is
noted that both the intermediate control function (18) and
the updating laws (20) are differentiable to certain degree,
which makes it possible to carry out the backstepping design
in the next steps.

Step i (2 <14 < n—1): Similar procedures are taken for
each steps when ¢ = 2,---,n — 1 as in Step 1. The time
derivative of s;(t) is given by

8(t) :_gi[siﬂ(t) + a;(t)] + 0 fi(Z:(t)) + hi(Zi(t — 7))
- Z % [gjxj+1 + 07 £5(25) + hy(z;(t — 77))
—wi_1(t)

Consider the sliding surface as s;(t), the quadratic function
Vs, (t) given in (14), and the Lyapunov-Krasovskii func-
tional Vi, (t) given in (15). Applying Assumption 2 and
using Young’s Inequality, we have

Ve, + Vi, < si8i41 + si(aq + 02 i Fas) (30)

where 0, ; and F, ; are defined in (17) and (21) respectively.

Similarly, the adaptive sliding mode control law (18)-(20)
is proposed. Considering the Lyapunov function candidate
V; given in (16), similar as in Steps 1 and 2, the stability
analysis is carried out in the three regions defined by
the compact sets €., ng and Qg respectively and we
can conclude that: (i) For s; € Qsoi, we have V;(t) <
—c;Vi(t) + N\ + k—iosfﬂ with ¢; and )\; defined before,
from which it can be seen that the stability of s;-subsystem
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in this case is dependent on s;;, which will be dealt with
in the next steps. (ii) For s; € QS , §; 1s bounded, from
which, it can be derived backwards that s;_1, ..., s; are all
bounded so that the boundedness of x;,z;_1,..,21 can be
guaranteed as well. The boundedness of ém can be obtained
from the similar analysis carried out in Region 1 of Step
1. (iii) For s; € €Q,, the boundedness of s;, z; and éa,
directly follows.

Step n: This is the final step, since the actual control u
appears in the derivative of s, (¢) as given in

n(t) = gnu( )+ onn( (t) + hn(z(t — 7))
- Z aa" = [gjijrl +07 f5(z;) + Ry (Z,(t — Tj))}

—wn_l(t) (€20

Consider the quadratic function V; (t) (14) and the
Lyapunov-Krasovskii functional Vi, (t) (15). Applying As-
sumption 2 and using Young’s Inequality, it has

Vi, + Vu, < sn(u+ 0L Foy) 32)

where 0, ,, and Fj, ,, are defined in (17) and (21) respec-
tively.

Similarly, the adaptive sliding mode control law (18)-(20)
is proposed. Considering the following Lyapunov function
candidate V,,(t) (16), similar as in the previous steps, the
stability analysis is carried out in the three regions defined
by the compact sets €., Q! and Qf respectively as
follows: (i) For s,, € Q¢ , ¢, (s,) = 1, the final control u(t)
is invoked and the time derivative of V,,(¢) along (32) and
(18)-(20) is Vn(t) < —¢, Vi (t) + Ay, with positive constants
¢y, and \,, defined before, from which we can conclude that
V,.(t) is bounded, hence s,,, éa’n are bounded. (ii) For s,, €
Q! | sy is already bounded. It can be derived backwards
that all the previous s;th-subsystem, ¢ = 1,...,n — 1, are
stable, i.e., s;, éa,i, i =1,...,n—1, are all bounded. As x; =
sitoa;i—1,1=2,...n,x1=851+yqand o;, 1 =1,...,n—1
are smooth functions, we know that «; are bounded, and
hence z;, ¢ = 1,...,n are bounded. The boundedness of
éa,n can be obtained from the similar analysis carried out
in Region 1 of Step 1. (iii) For s,, € {5, , s, is bounded.
Hence, s;, x; .and HAW, i =1,...,n — 1 are bounded. As
gn(sn) = 0, éayn =0, éayn is kept fixed in a bounded
value.

Theorem 1: Consider the closed-loop system consisting
of the plant (1) under Assumptions 1-3. If we apply
the controller (18)-(20), we can guarantee the following
properties under bounded initial conditions: (i) s;, éa,i
and x;, i = 1,...,n, are bounded; (ii) the signal s(t) =
[51,...,8,]T € R™ converges to the compact set defined by

Q= {s | sl < u}
where H = maX{ V 2gmdx Zz 1 Pis \/Z] 1 az +)\bz) }

_ 2gz+1p1+1
=N+ " )/ ci,i=1,...,

with p, = A\ /cn, pi n—1,

and the compact set {25 can be made as small as desired by
an appropriate choice of the design parameters.

Proof: Consider the following Lyapunov function
candidate

V()= [V, (t) + Vi, (t) + 2951( )T
i=1
where Vi, (t), Vi, (t), i = 1,---,n, and 6, are defined
before. The following three cases are considered.
Case 1): All s; € Q? i =1,...,n. In this case, ¢;(s;) =
1, as all the control effort including «;(t), ¢ = 1,...,n — 1
and u(t) are invoked, from the previous analysis, we have

10,01 (33)

Vi(t) < —eiVilt) + A+ — k_ $2 i =1,..,n—1(34)

V(1) < —caVi(t) + An (35)

where c¢;, A;, i = 1,...,n have been defined before. Let
Pn = Apn/Cp, it follows from (35) that

0 < Vi(t) < [Vi(0) — pnle " + pp < Vi (0) + pn (36)

from which we know that V,,(¢) is bounded, so are s,, and
6. by noting the definition of V,,(¢). In addition, it directly
follows from (36) that

Si(t) S 2971 [Vn(o) - pn]e

tlim [sn(t)] < /29npn

As s, is bounded, using (34) backwards from n — 1 to 1,
we can conclude that s; and éa,z" i =1,...,n—1 are all
bounded.

Substituting (37) into (34) for ¢ = n — 1 yields

anl(t) g _Cnflvnfl(t) + )\nfl
{QQn[Vn(O) — pale” " + 29npn}

b+ 20,05 (37)
(38)

n 1
kn—1,0
If ¢,,_1 # ¢, we have

2
)\_’L 1+ kgnp”

n— 10(1

Cn—1

— Pnl (eicnt -

Otherwise, if ¢,,_1 = ¢,,, we have

Vi_1(t) < Vo1 (0)ecn—1t 4
29n [Vn(())

kn—1,0(cn—1—cn)

_ e—Cn—lt)

e o) (39)

Vi—1(t) < Vi—1(0)een—1t
Ao 1+k29npn

n— 10(1

Cn—1
Both (39) and (40) can lead to lim; .o [sn—1(t)] <
: A
2Gn—1pn—1 With pu1 = (A1 + £2222) [y,

1—1,0

Similarly, we have lim;_ o |s; ()] < v/2g;p; with p; =
(A + 205220y o, = 1, — 1. Thus, limy_s ||| =

v/ 20max Z?:l p;. Since the above analysis is carried out
for all s; € QY i, [s;] > Aai + Apin @ = 1, ..., n, we have
that

Jim [[s] = max {y/2gmax iy i /iy Chai + A0i)?}

(40)

— e_cnflt)
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Case 2): All s; € ng 1 = 1,...,n. In this case, s;’s
are already bounded in [+),,, £(Aa, + Ao, )], Pe., ||s]| <
\/Z?ZI()\M- + Ap;)2. Since s; and y, are bounded, and
r1 = S$1 + Y4, we know that ;1 is also bounded. From the
analysis for Region 2 in Step 1, we have that
2[Vp1(0) + pg,]

Amin (Ffl)
with V51(0) = 267, (0)T'1 ' 0,,1(0) and pf, being defined in
(29), from which we know that éa,l is bounded. As « (1) is
a smooth function of x4, y4, ¥4, and ém, «q 1s guaranteed
as bounded. From z5 = s9 + a3, x2 is obviously bounded.
Following the same analysis for Region 2 in Step 1, we can
show that éa72 is bounded. Similarly, the boundedness of
all the other closed-loop signals zs, ..., x, and éa73, - éa,n
can be shown iteratively.

Case 3): All s; € Qg,, i = 1,...,n. In this case, as
|si| < Aai, all s;°s are bounded in [—Ags, Aail, ice., ||s]| <
\ /E;Zl A2.. In addition, as g;(s;) = 0, éa,i =0, 0;(t) =0

and u(t) = 0, it is known that f, ; are kept unchanged in
bounded values, and z; = s; + a;—1, ¢ = 2,...,n, and
r1 = S1 + yq are all bounded.

Case 4): Some s;’s are satisfying s; € Qg, while some
s;’s are satisfying s; € ng or s; € §),. For those s; € QSO
gi(s;) = 1, the corresponding control effort a;(t) or u(t)
and the parameter adaptation law for éaz are invoked and
from the previous analysis, we have that

16a.1]1? <

. 1
Vilt) < —eiVilt) + i + 1 (1)
Let us define Vi(t) = ), V;i(t), and positive constants
where C{ = min;{c;}, we have that

. 1
Vi) < —CiViit) + > N+ Y k—_osfﬂ

If s;+1 € Qs,, the problem becomes a subset of Case 1). If
Siy1 € ng or 541 € €1, then these s; is bounded as s;11
is already bounded. For those s; € ng ors; € Qs_j, as s; is
already bounded, it guarantees that the closed-loop signals
in the previous steps, i.e., Sk, Tk, ém, k=1,..,5—1,
are bounded, and the stability of the corresponding s;th-
subsystems is independent of the signals in future steps. As
aj—1 is a smooth function of xy, éa,k, k=1,....,7 —1,
aj_1 is bounded, hence x; = s; + ;1 is bounded. The
boundedness of éw» can be readily obtained following the
similar analysis in Region 2 of Step 1. Or more optimal, for
s; € Qsj, éa’j =0, éa,j is kept unchanged in a bounded
value.

Therefore, we can conclude from Cases 1), 2), 3), and 4)
that all the closed-loop signals are bounded and there exists
a compact set 25 such that s will eventually converge to.
This completes the proof. |

Remark 3: Theorem 1 shows that the system tracking er-
ror converges to a domain of attraction defined by compact
set €1, rather than the origin. This is due to the introduction

of the practical control and the o-modification for the pa-
rameter adaptation. Even though the size of the compact set
is unknown due to the unknown parameters gmin, gmax, and
04, = 1,...,n, it is possible to make it as small as possible
by appropriately choosing the design parameters. However,
parameters such as A,; or \p; cannot be made zero to void
possibly control singularity and computational singularity.
Therefore, in practical applications, the design parameters
should be adjusted carefully for achieving suitable transient
performance and control action.

Remark 4: The continuous function ¢;(-) introduced in
Lemma 1 is used to generate a sufficient smooth approxi-
mation of the practical control functions so that the back-
stepping design can be carried out. However, with the order
of the system increasing, the good control performance may
be obtained at the price of control effort in large magnitude.

V. CONCLUSION

An adaptive sliding mode control has been addressed for
a class of parametric-strict-feedback nonlinear systems with
unknown time delays. The uncertainty from unknown time
delays has been compensated through the use of appropriate
Lyapunov-Krasovskii functionals. The controller has made
to be delay-independent and free from singularity problem
by employing practical sliding mode control. Backstepping
design has been carried out by using differentiable ap-
proximation. The proposed systematic backstepping design
method has been proved to be able to guarantee global
uniformly ultimately boundedness of closed-loop signals.
In addition, the output of the system has been proven to
converge to an arbitrarily small neighborhood of the origin.
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