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Abstract— This paper presents a multiple model/controller
scheme for robust tracking of a class of nonlinear systems
in the presence of large plant uncertainties and disturbance.
Each model is associated with a sliding mode controller, and a
switching logic is designed to pick the model that best approx-
imates the plant at each instant. Theoretically, it is shown that
the proposed control scheme achieves perfect tracking despite
the existence of disturbance, whereas simulation results verify
the improvement in the transient performance in terms of
reduced control input, chattering and oscillations.

I. INTRODUCTION

Sliding mode control is an effective way of controlling
uncertain nonlinear systems, because the technique not only
stabilizes the system but also provides disturbance rejection
and low sensitivity to plant parameter variations [1]. One
drawback that has limited the practical applicability of this
technique is the chattering phenomenon. Another is the
necessity to apply large control inputs to the system in the
presence of large plant uncertainties.

The objective of this paper is to reduce these undesired
effects by employing a multiple model/controller (MMC)
architecture. MMC methods have been previously used in
adaptive control of both linear [2], [3], [4], [5], [6], and
nonlinear [7], [8], [9] systems. In MMC design, a set of
models is identified, one of which is close to the plant
in some sense. Each model has its own controller, and
depending on the identification errors, the controller for
the closest model is chosen, and its output is applied not
only to the plant but also to the identification models. What
distinguishes our MMC scheme from others [2]–[9] is the
consideration of a class of nonlinear systems in the presence
of disturbance. The models are chosen so that they cover
the allowable parameter space. The controllers are designed
using sliding mode techniques. A similar approach was
taken by Corradini et al. in [7], [8]. However, their work
does not take disturbance into account, and moreover, the
model states as constructed in [7], [8] may diverge, which
we demonstrate in this paper using a simple example.

The rest of the paper is organized as follows. In Section
II, the robust tracking problem is stated, and the motivation
for the paper is discussed. In Section III, a solution to the
tracking problem is proposed using a single sliding mode
controller and a single model. Results of Section III are
extended to multiple models and controllers in Section IV.
Finally, Section V concludes the paper.
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II. PROBLEM STATEMENT

Consider the nonlinear continuous–time plant

ẋ1 = x2

ẋ2 = x3

...
ẋn = f(x, θ) + b(x)(u + d)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(1)

where x = [x1, x2, . . . , xn]T ∈ �n is the measurable
state vector, u ∈ � is the control input, d ∈ � is the
unmeasurable disturbance, and θ ∈ �p is the vector of
uncertain parameters. We have the following assumption
on the system description in (1).

Assumption 1: (i) b(x) is nonzero for all x ∈ �n.
(ii) The disturbance term is bounded, i.e., |d(x, t)| < d0,

for some known positive constant d0
1.

Given the above assumptions, the objective of the present
paper is to determine a controller for the system in (1) so
that its state tracks the state of the reference system

ẋr,1 = xr,2

ẋr,2 = xr,3

...
ẋr,n = kT xr + r(t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(2)

where xr = [xr,1, xr,2, . . . , xr,n]T ∈ �n is the desired state
vector, r(t) ∈ � is a piecewise continuous reference input,
and k ∈ �n is a vector of constants.

A simplified version of the system (1) was considered
in [9] with the additional assumptions d(t) = 0 (i.e., no
disturbance term), b(x) = 1, and f(x, θ) = f̄T (x)θ, (i.e.,
f(x, θ) is linear in θ), and an indirect adaptive controller
was designed as u = kT x + r − f̄T (x)θ̂, where θ̂ is the
estimate of the unknown parameter θ that can be computed
adaptively using

˙̂
θ = −f̄(x)BT P (x̂ − x)T . (3)

In (3), x̂ is the state variable of the model ˙̂x = Amx̂ + Br,
and P is the solution of the Lyapunov equation AT

mP +
PAm = −I , for the matrix Am in companion form with
the last row consisting of kT and B = [0, 0, . . . , 0, 1]T .

In order to examine the performance of this adap-
tive controller numerically, as in [9], we let f(x, θ) =
[x2

2, x1x
2
2, x

3
3]θ, where the initial value of the unknown

parameter θ is taken to be θ̂(0) = [0, 0, 0]T . The other

1This assumption can be relaxed by letting d0 to be a function of the
state x.
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Fig. 1. State variables using a single model and an adaptive controller
(no disturbance)
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Fig. 2. Input to the plant when using a single model and an adaptive
controller (no disturbance)

parameters that are used in the simulation are k =
[−3,−5,−4]T , x(0) = x̂(0) = [2, 2, 2]T , xr(0) = [0, 0, 0]T

and θ = [2,−3, 4]T . The reference input is r(t) = 5 sin(t)+
4 sin(2t) + 4 sin(3t).

Figs. 1 and 2 depict the state and the input values
respectively, when d(t) = 0 (no disturbance). Although the
model states track the reference states fairly quickly, a large
transient error exists between the states of the reference
and those of the plant. Furthermore, as can be noted from
Fig. 2, a large control effort is needed initially. We further
examined the performance of this controller when the plant
is subject to the periodic disturbance

d(t) = sin(4t) + cos(5t). (4)

Figs. 3 and 4 summarize the simulation results. Aside that
the controlled system will never be able to achieve perfect
tracking, we note that a larger control effort is needed
initially (compare Figs. 2 and 4).
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Fig. 3. State variables using a single model and an adaptive controller
(d(t) as in (4))
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Fig. 4. Input to the plant when using a single model and an adaptive
controller (d(t) as in (4))

One method to overcome the disturbance effect is to use
a sliding mode controller [1]. With known bounds on the
parameter θ, we can design a sliding mode controller to
solve the problem discussed in this paper [1]. However, as
we demonstrate in the sequel, this controller suffers from
chattering and the necessity to apply large control input
values in the presence of large plant uncertainties. With the
motivation to reduce these undesired effects, Corradini et al.
recently proposed a multiple model/controller structure [7],
[8]. In their proposed scheme, the inputs to the identification
models and the plant itself are the same. However, there is
no guarantee that their intelligent switching scheme will
function properly in general.

To illustrate this fact, consider the same example above.
Although reference tracking is not studied in [7], [8],
their scheme can be easily modified to incorporate it. As
in [9], let the unknown parameter, θ, lie in the compact set
[−2, 2] × [−3, 3] × [−4, 4]. Following [8] and assuming a
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Fig. 5. Plant and reference states when using a single model and the
approach in [8].
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Fig. 6. Plant input when using a single model and the approach in [8].

single model at θ = [0, 0, 0]T , one can design the sliding
mode controller

u =−6ec,2 − 5ec,3 + kT xr + r

−(d0 + 2x2
2 + 3|x1|x2

2 + 4|x3
3|)sgn(s), (5)

where ec = x − xr = [ec,1, ec,2, ec,3]T is the control error;
s = 6ec,1 + 5ec,2 + ec,3 = 0 is the sliding manifold, and
d0 = 2 is the upper-bound for the disturbance term in (4).
Since the maximum value of d(t) is approximately equal
to 1.97, this further implies that ṡs < −0.02|s|, i.e., sliding
motion exists on s = 0 [1]. Indeed, as shown in Fig. 5, the
sliding mode controller in (5) ensures that the plant states
track those of the reference system, albeit a large initial
error and the necessity to apply large inputs as shown in
Fig 6 (despite an unmeasurable disturbance term).

Now, let us examine the behavior of a single model that
is constructed as in [8]. Following [8], this single model is
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Fig. 7. Model states when using a single model and the approach in [8].

characterized by (for θm = [0, 0, 0]T )

ẋm,1 = xm,2

ẋm,2 = xm,3

ẋm,3 = f(xm, θm) + u = u

⎫⎬
⎭ (6)

where x(m) = [xm,1, xm,2, xm,3]T is the model state, and
u is the model input as described by (5). Let x̃ = x(m) −x
denote the identification error. Since there is a single model,
we expect x̃ to converge to the origin. From (1) and (6),
the dynamics for the identification error is described by

˙̃x1 = x̃2

˙̃x2 = x̃3

˙̃x3 = −f(x, θ) − d

⎫⎬
⎭ . (7)

There is no guarantee that the dynamics in (7) will be stable
in general. In fact, by taking f(x, θ) = 0 and d = 1 it is
easy to note theoretically that it is going to be unstable.
Indeed, as shown in Fig. 7, the states of the model diverge
(for the set of parameters used in earlier simulations). This
implies that the intelligent scheme proposed in [8] cannot
be reliably used in a multiple model extension.

III. SLIDING MODE CONTROL USING A SINGLE MODEL

In order to extend the multiple model/controller approach
in robust tracking of nonlinear control systems, the problem
is viewed as an indirect control problem in the sequel with
a single model. Let this single model be described by

ẋm,1 = xm,2

ẋm,2 = xm,3

...
ẋm,n = f(x, θm) + b(x)v

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(8)

where x(m) = [xm,1, xm,2, . . . , xm,n]T ∈ �n is the state,
v ∈ � is the control input, and θm ∈ �p is the estimate of
the parameter for the model. Let x̃ = x(m) − x denote
the identification error. Our MMC approach consists of
applying different inputs to the plant and the model.
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In particular, the model input v is chosen as

v =
(
r − f(x, θm) + kT x(m)

)
/b(x) (9)

to ensure that the model tracks the reference. On the other
hand, the input to the plant is a sliding mode controller

u = v + d0sgn(s)sgn(b(x))

+

[
n−1∑
i=1

cix̃i+1 + |f(x, θ) − f(x, θm)|sgn(s)

]
/b(x),(10)

where s =
∑n−1

i=1 cix̃i + x̃n, and the coefficients ci, i =
1, . . . , n − 1 are chosen so that the polynomial

qn−1 + cn−1q
n−2 + . . . + c2q + c1 = 0, (11)

has roots in the left half plane. Then, we have the following
result.

Theorem 1: Under Assumption 1, if we use the controller
in (9) for the model in (8) and the sliding mode con-
troller (10) for the plant in (1), then we have the following:

(i) The model tracks the reference system, i.e.,
x(m)(t) → xr(t) as t → ∞.

(ii) The sliding modes are achieved on the manifold s =
0, and the plant model tracks the reference system,
i.e., x(t) → xr(t) as t → ∞.

Proof: Using (9) in (8) leads to ẋ(m) = Amx(m) + Br,
which can be combined with (2) to obtain

ẋ(m) − ẋr = Am

(
x(m) − xr

)
.

Hence, x(m)(t) → xr(t) as t → ∞, which establishes (i)
in Theorem 1. For the second part, after some algebra, we
have sṡ ≤ −η|s|, for some positive constant η given by η =
d0 − supt d(t). This implies the existence of sliding modes
on the manifold s = 0. Furthermore, since the polynomial
in (11) has roots in the left half plane, the plant model tracks
the reference system, i.e., x(t) → xr(t) as t → ∞. (QED)
�

We reconsider the example system in the previous sec-
tion. Figs. 8 and 9 depict the simulation results. Using
the control laws proposed in this section, we note that
not only the plant but also its model is stabilized despite
the existence of the disturbance term. However, as seen
from Fig. 9, the control input to the plant takes large
values, and also results in a significant amount of chattering
and oscillations. The chattering can be reduced using the
boundary layer method [10] and higher order sliding mode
control [11], [12]. In the sequel, we study how the multiple
model/controller scheme can be employed to further im-
prove the transient performance of the controlled system, by
reducing chattering, the magnitude of control input values,
and oscillations.

IV. MULTIPLE MODEL AND CONTROLLER APPROACH

The general architecture of our MMC scheme is shown in
Fig. 10. In our case, the identification models are described
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Fig. 8. State variables using a single model and a sliding mode controller
(d(t) as in (4))
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Fig. 9. Input variables when using a single model and a sliding mode
controller (d(t) as in (4))

by the same form given in (8), and can be represented as

ẋm,1 = xm,2

ẋm,2 = xm,3

...
ẋm,n = f(x, θm) + b(x)v

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(12)

where x(m) = [xm,1, xm,2, . . . , xm,n]T ∈ �n is the state,
v ∈ � is the control input, and θm ∈ �p is the esti-
mate of the parameter for the m–th model, m ∈ M ∆=
{1, 2, . . . , M}. These M models are usually chosen so
that they are uniformly distributed in the parameter space,
and at least one of them with the corresponding controller
stabilizes the plant. Note that the disturbance term cannot
be included in the identification model description. Because
of this constraint, an alternate approach to MMC design is
necessary in contrast to previously proposed [2]–[9]. Before
we proceed any further, we state the following assumption.
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Assumption 2: There exists at least one model/controller
pair which achieves the objectives in Theorem 1.

Remark 1: Assumption 2 can be full–filled as follows.
Given the bounds on the parameter vector θ, the param-
eter space is partitioned into M non-overlapping regions.
Although non–uniform and overlapping partitions are also
possible so long as they cover up the whole parameter space,
it is advantageous to have uniformly partitioned regions
to maximize the benefits of the MMC approach, and to
minimize unnecessary computations. Once the partitions are
determined, the models can be placed at the center of each
partition. Note that in the case of non-overlapping covering
of the parameter space, there is exactly one model/controller
pair that achieves the objectives in Theorem 1. Hence
Assumption 2 is satisfied.

The following algorithm summarizes our MMC scheme.

MMC Algorithm
S1. (Initialization) Set N = 1, Mu = {1}, and ts = 0 2.
S2. Compute the control v to be applied to the models as

v =
(
r(t) − f(x, θN ) + kT x(N)

)
/b(x). (13)

S3. Compute the plant input u from

u = v + d0sgn(s)sgn(b(x)) +
1

b(x)

n−1∑
i=1

ci(xN,i − xi)

+
1

b(x)
|f(x, θ) − f(x, θN )|sgn(s), (14)

where

s =
n−1∑
i=1

ci(xN,i − xi) + xN,n − xn, (15)

2N denotes the model in use at time t; Mu is the set of models that
have been tried up to time t; and ts is the time instant at which the last
switching occurred.

and ci, i = 1, 2, . . . , n − 1, are constant coefficients
chosen such that the polynomial in (11) has roots in
the left half plane.

S4. Compute the next state and the value of s.
S5. If |s| is non–increasing, go to S2. Otherwise, choose

the model which best approximates the plant using

N = arg min
i∈M\Mu

J(x, x(i)), (16)

where

J(x, x(i)) = ‖x(i)(t)−x(t)‖2 +α

∫ t

ts

‖x(i)(τ)−x(τ)‖2dτ,

(17)
where α is a non–negative design parameter3. Let
Mu = Mu ∪ {N}, ts = t, increment t, and go to
step S2. �

Theorem 2: The MMC Algorithm converges under As-
sumptions 1 and 2, and the plant tracks the reference system,
i.e., x(t) → xr(t) as t → ∞.

Proof: In the MMC algorithm, M models are assumed
to cover the parameter space (Assumption 2); therefore it
follows from Theorem 1 that there is one model/controller
pair which makes the plant to track the reference system.
MMC algorithm starts with the first model, N = 1 (step
S1).

If N = 1 is the correct model, then the choice of the
controllers in steps S2 and S3 will ensure that the value of
s defined in step S4 will be non–increasing (from Theorem
1). Hence, there won’t be any switching, and the plant tracks
the reference system, i.e., x(t) → xr(t) as t → ∞.

If N = 1 is not the closest model, then the controllers
used in steps S2 and S3 cannot ensure sliding motion,
i.e., |s| is increasing, and this will be determined in step
S5. Therefore, the model that is currently in use will be
discarded, and a new model will be chosen according to (16)
using the performance metric given in (17). In the algorithm,
Mu denotes the set of models that have been tried up to
the present time; hence cyclic switching is not possible.
Therefore, the correct model will be identified in finite time,
and sliding modes occur. This implies that x(t) → xr(t) as
t → ∞. (QED) �

A. Performance evaluation of the MMC algorithm

We consider the same example discussed previously.
The compact set [−2, 2] × [−3, 3] × [−4, 4], in which the
unknown parameter θ is assumed to lie, is partitioned
uniformly into 1000 sub–cubes whose centers are the fixed
parameters for the identification models. Hence the set of
θm, m = 1, . . . , 1000, is given by {[−2+0.2(2i−1),−3+
0.3(2j − 1),−4 + 0.4(2k − 1)]T : i, j, k = 1, . . . , 10}. Note
that there is at least one model/controller pair which will
ensure that the plant tracks the reference system.

Figs. 11 and 12 depict the simulation results for the case
when the actual value of the unknown parameter is θ =

3For a detailed discussion on the tradeoffs involved in the choice of α,
please see [3]. In this paper, α = 1 is used for the simulations.
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Fig. 11. State variables using the MMC approach
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Fig. 12. Input variables using the MMC approach

[2,−3, 4]T . From Figs. 8 and 11, we note that chattering is
reduced (in particular, compare the third states). Moreover,
from Figs. 9 and 12, we observe that the magnitude of the
input to the plant and the magnitude of the oscillations are
also reduced substantially. In our extensive simulations, we
have also confirmed that the MMC algorithm successfully
chose the model closest to the plant.

The reported performance gains by the MMC algorithm
can be better understood by examining the term |f(x, θ)−
f(x, θN )| in (14) more closely. With a single model at θN =
[0, 0, 0]T , the aforementioned term is equal to

|f(x, θ) − f(x, θN )| = |f(x, θ)| = |2x2
2 − 3x1x

2
2 + 4x3

3|.
With the 1000 models considered above, the closest parame-
ter vector to the actual value of θ is θN = [1.8,−2.7, 3.6]T .
Hence, we obtain

|f(x, θ) − f(x, θN )| = |0.2x2
2 − 0.3x1x

2
2 + 0.4x3

3|,
which is one-tenth of its value for the single model case.

This simple computation demonstrates the source of achiev-
able gains via the MMC algorithm.

V. CONCLUSION

A switching controller using multiple models and sliding
mode controllers has been studied for robust tracking of
a class of nonlinear systems with disturbance. Simulation
results indicate that the closest model can indeed be iden-
tified, and the proposed scheme leads to improvement in
performance in terms of reduced control effort, chattering
and oscillations. The design procedure studied in this paper
can be extended to multi–input nonlinear systems by follow-
ing the two–step design procedure developed in Section III.
Hence the proposed methodology has wide applications in
robust control of nonlinear systems under large parametric
uncertainties and disturbance.
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