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H., Measurement Feedback Control for Time Delay Systems via

Krein Space

Mei Liu, Huanshui Zhang and Guangren Duan

Abstract— H . control problem for linear discrete-time sys-
tems with instantaneous and delayed measurements is studied.
A sufficient and necessary condition for the existence of the
H controller is derived by applying re-organized innovation
analysis approach. The measurement-feedback controller is
designed by performing two Riccati equations. The presented
approach does not require the state augmentation.

I. INTRODUCTION

H, control has been one of the most important topics in
control theory and has attracted much attention of numerous
researchers in the past two decades. In 1981, Zames [1]
originally proposed the H., control problem in an input-
output setting. It was an important advantage that Doyle
introduced the state space method to H, control problem
and gave the state space solutions according to two Riccati
equations for time-invariant system. Tadmor [4] extended
the H., control problem to the time-vary, finite horizon
case by maximum principle. Plenty of results in frequency
domain [1], [5], [6] and time domain [2]-[4] have been
achieved.

Recently, increasing attention has been paid to the prob-
lem of H, control for delay systems. Delays may exist in
the state [8], [13], the control input [9], [10] and the mea-
surements [14]-[16]. Such problems have been encountered
in many practical control problems, such as process control.
A lot of interesting results for this problem have been
presented in [17]-[20] and references therein. However, only
sufficient condition for the existence of the controller is
given in most of the previous works.

In this paper, we study the H., measurement feedback
control problem for the systems with delayed measurement.
A new approach is applied to derive the H, controller. With
the using of a re-organization innovation, we convert the
delayed measurements into measurement delay-free. The
H,, control problem is equivalent to an H, estimation
problem in Krein space.

This paper is organized as follows: the problem statement
is presented in Section II. The main results via indefinite
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quadratic form and the re-organized innovation analysis
approach in Krein space are proposed in Section III. Some
concluding remarks end the paper.

II. PROBLEM STATEMENT AND PRELIMINARIES
A. Problem Statement

Consider the time-variant state-space model with instan-
taneous and delayed measurements

z(t + 1)=Fz(t) + Gy w(t) + G2 u(t) (1)
y(t)=Hpx(t) + v(t) (2)
zi—a(t)=Mi_qz(t — d) + v, (t) 3)
s(t)=Lyx(t) 4)

where z(t) € R", w(t) € RY wu(t) € R", yt) €
R™, z_q(t) € RP and s(t) € R? are respectively the
state, process noise, control inputs, instantaneous measure-
ment, delayed measurement and signals, v(t) € R™ and
v.(t) € RP are the measurement noises. The matrices
Fy,G14,Goy, Hy, M;_q and L, are known matrices of
appropriate dimensions. For convenience, t; denotes ¢ — d
(d > 0) and * stands for the transpose throughout this paper.
Let @(t) be a control strategy, we denote

A
ITAI = sw 3, (5)
2(0),w,v,v, Ehs
where
N
A=a2*(N+ 1P a(N +1) + 3 a* (1) Qealt)
t=0
+ X " (t)Ris(t)
t=0
N
B = 2" (0)T1; (0) + 3 w ()Q¢w(t)

N =0 N
+ Eo vt (H)(RY) " () + gj v () Ri;v-(t)

The matrices Iy, Py, Q, Qf, Ry, Rf and R/ are posi-
tive (semi) definite weighting matrices.

Now we formulate the problem which will be addressed
in this paper.

Problem 1: Consider the system (1)-(4), find a subop-
timal measurement-feedback H,, control strategy w(t) =
Fi(y(0), -+ ,y(t),z0(d), -, zt—q(t)) that achieves

1T (F)lle <

where 7 is a given positive scalar.
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B. Preliminaries

In view of (5), it is not difficulty to observe that Problem
1 is equivalent to Jy which has a minimum J3} over the
variables {z(0),w(0),--- ,w(NN)} and @(t) can be chosen
such that J3' > 0, where

N
Iy =2 (0T, '2(0) + ) w* (H)Qp w(t)
t=0
N
+ > (y(t) — Hw(1))"(RY) ™ (y(t) — Hya(t))
t;o
+ > (2, () = Myy(ta))” (Ry;) ™"
t=d N
X (204(t) = My,a(ta)) =~ (Z s* (1) Rys(t)
t=0

N
+w%N+1ﬂ@meﬁ%n+§:wﬁxxmw>4@
t=0

Let us rewrite Jy in the following fashion

N
Iy =" (0)g ' 2(0) + ) (y(t) — Hy(t)" (By)™
t=0
N
X (y(t) = Hiz(8)) + ) (z0,(t) = My,(ta))”
t=d
<(Ri5) Mty () = My,a(ta) = vy )

where

Iy = a*(N +1)P§qz(N +1)
e resn S [P0 [4201 0] fu)
+;s (t)Rts(t)+§ Lz(t)} { 0 Q?} {a(t)}(&
According to the discussion in [7], we get
Jn = 2*(0)P5x(0)
o~ [w() = B(O]" e [w(t) — @(t)
t2 [w) a(t)] Fe [a(t) a(t)} O
where w(t) and @(t) are given by
[Z((f))] = K. (t) = - {%’j o) (10)
with .
Koy = (RS ,)™ {G;] PR (11)

_’YZQ%U + GT,tPtilGl,t

RE, = GT,tPtc+1G2,t
et G’2‘7tPtC+1G17t

Qf + G5, Pl Gay
(12)

and Pf,t =
equation as

0,---, N satisfies the backwards Riccati

Py =FPi Fi+ LiR{ Ly — K. R¢ K, Pyiqp. (13)

Now (9) allows us to write Jy as follows

In =z (0)(Ilg" — 72 P§)z(0)

*

t=0 Ht t)
Ztq (t) - Mtd‘r(td)
T [RS(L)R,(1,2)
T R O 0
0 (RV)"! 0
i 0 0 (R
[ w(t) — ()
a(t) — a(t)
“| yt) - Hat) | 19
| %t (t> - Mtdx(td)

where the R ,(i,j),(i,j = 1,2) denote the (4,7) block
entries of R¢ ; and 2, (t) = My, = R/; =0for 0 <t < d.

Note that Jy is an indefinite quadratic form and includes
the information of instantaneous and delayed measurement.
A new approach termed as re-organized innovation analysis
in Krein space shall be developed to deal with such a
problem in the following discussion.

ITII. MAIN RESULTS

Denote
z(t),0<t<d y(t),0<t <d
T(t) = | =) Ys(t) =4 | w(®)
t>d t>d
Lc(td) = 2z, (B)| 7T
(15)
and
[A_f S, ] _ [Rz,tu, 1>Rz,t<1,2>] T e
Si (A~ RE,(2,1)RE,(2,2))
Then (14) is easily rewritten as
Iy =" (0)(Ig " —~ *F5)z(0)
N w(t) — w(t) .
+ Z ﬂ(t) _Ku,t _
t=0 Lfs(t) B [ H, z(t)
(23]
St QY
w(t) —w(t)
X a(t) —Koyp| - , a7
o) [
where
Ko Ku: 0<t<d
WP [Kug0]t>d 0
Hy, 0<t<d
Ht — Ht 0 ) 7tﬂ = _’7_2At_1a
[ 0 M, } iz d

g [ S 0], 0<t<d
e 215 0 0], t>d
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_VQ(At)_l 0

<
0 R | 0<t<d
Qf = —(A)™ 00
0 RV 0 |,t>d
0 0 Ry

Note that Y;(t) is the observation of the system (1)-(4) at
time ¢, which is given as

Hx(t) + vs(t), 0<t<d
Yi(t) = H, 0 =t s
where o oeres
vs(t) = v(t) (19
[vza)} t2d

For the convenience of discussion, we introduce the
Krein space state-space model associated with estimation
quadratic form (17)

X(t+ 1)=(F; — G1,1 Ky 1)x(t) + G1(w(t) — W(t))
+ Ci2,tﬁ(t) (20)

Hl( 8)} = [_gﬂ R(t) + 94(1)

where
Vs(t) = [‘;:Efﬂ

and x(0), w(t) — w(t) and V4(t), in bold face, are Krein
space variables with

x(0)
< w(t) — Ww(t)

21

7.(t) Fo(r
(' =~72P) = 0
= QY St:| (23)
0 * (U 67‘
S

Recalling the discussion in [12], the minimum of Jy is
given by

-1 U(t) + Kozt |t —1)
X Qu. () {Ys(t) — (] - 1)} 39
where
Et|t—1), 0<t<d
T(t|t—1)= 2t |t—1) , (25)
[i:(tﬂtl)} t2d

The value of Z(t | t—1) and & (¢4 | t—1) in (25) are obtained
from the projection of x(¢) and x(¢4) onto the linear space

L i1
L {[ 31(158) } }, respectively. In (24), Q. (t) is the

=0

covariance matrix of innovation Wy (), which is given as

) a(t|t—1)
Ws(t)= [m)} - {m [t 1>}
|:Ku,t 0 } x(t) = X(t [t - 1)}
0 Hy| |x(t)—%(t|t—1)
+94(t), 0<t<d
={ [~Kus 0 0 7 [ x(t) =%t |t —1)
0 H, 0 ] {x(t)—fc(tlt—l)
0 0 My, [x(ta) —%(ta |t 1)
+V5(t), t>d

(26)
where X(t | t — 1) (X(tq |t — 1)) is the projection of x(t)

i=0
be seen that the estimator Z(t | ¢ — 1) and innovation
covariance matrix Q.. (t) play important role for designing
a(i)
Y, (i)
time delay, the standard Kalman filtering formulation is
not applicable to compute Z(t | t — 1) and Q,,(t). To
deal with such problems we shall re-organize the delayed
measurements and define re-organization innovation. The
estimator (¢ | t — 1) and innovation covariance matrix
Quw,(t) can be calculated by using innovation analysis
method.
From (15), it is easy to verify that

N qi-1
. a(i)
(x(tq)) onto the linear space £ { [ Y., (i) } } It should

the controller. Note the observation contains

ﬁ{[;g” 0<t<d
= Lo L] @
Vs ) o) 2
where
ys(i) = {zi(};(j-)d)} = L\}ﬂ x(i)+vy(i),i=0,--- ,t—d
(28)
with
vili) = [V(Vz(fg d)] 0<i<t—d
When 0 < ¢ < d, we have the relationships
- o [

When t > d, we have the relationship for 0 < i < ¢t —d
andt—d<i<t

[3:‘((22))} - A%:“ x(i) + [:;8] : 31)
SOl ] o
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It should be noted that, after reorganizing the measure-
ments, the new observation y¢(4) contains measurements
of the state x(¢) at time instants ¢ and ¢ + d. In other word,
the delayed measurement has been applied to our design.

[ u(z? and [ u(z) are delay-free and termed as re-
¥ (@) y ()
organized observation. (20) and (30) or (20), (31) and (32)
give a standard state space model without delay. Now define
the innovation sequence associated with the re-organized
observations for ¢ > 0 and ¢ = 0:

B+ D] A ei- 1)
Wit +i,t)= _y(t—i—i)] N L"(tﬂ' | t+i_1»t)]
Ky ot 1 i Vu(t +1)
= m ] (t+ ’t)Jr{v(t—i-i)}?
(33)
_fa)]  [a]t—-1,6-1)
W(t,t)= _yf(t)] - [y(t [t —1,t— 1)}
B — Dot . Vu(t)
= j\}Z (t,t) + {vf(t)} )
a(0]-1,-1) | _
{ $¢(0]-1,-1) } - .
where

e(t+i,t)=x(t+1) -kt +i|t+i—1,t),s>0,
|t —1,t—1),

X (j|t+1i,t) (i > 0) is the estimate of x(j) given

{[ﬁ(()) [ﬁ(t)} [ﬁ(H—l)] [ﬁ(tﬂ')”

vy e+ 0] i) S

It is easy to verify that {W(-,)} is the mutually uncorre-

lated sequence [11]. {W(-,-)} is termed as re-organization

yiio) m [560)

A. Innovation Covariance Matrix and Optimal Estimator

innovation for observations

In this subsection, we shall present the general optimal
estimator & (¢; | t,t4) (I is a positive integer) and innovation
covariance matrix @Q.,, () by using the re-organized innova-
tion defined by (26). From (33)-(34), the covariance matrix
for re-organization innovation

Qult +i,t) = (W(t+i,t), W(t+i,1)),i>0
is calculated by

*Ku,t *Ku,t
Qw(tat): Hy Ptt,t—l Hy

M, M,

%600

(36)

o [FKuisi] o [~
Qw (t +1, t): |: Htj;r :l Pfiiit |:

e [250, 0,0

0 Qv(t+1) GD

with Qu,(t) = =772 g;)(*)l L Qult) = Ry, Qu.(t) =

Vs t O t+1
R{z, Qevy)(t) 6 Qv. (1) and P, =
(e(t +1i,t),e(t+1,t)) (¢« > 0) is the covariance matrix of
estimation error e(¢ + 4,t), which can be computed by the
following Lemma.

Lemma 1: Let ¢r = Fi1—G1 1Ky +. The cross-covariance
matrix P/}, can be calculated as

1) For i = 1, P, is calculated recursively by the

following Riccati equation

Pttrll,t:(btptit—lgb: +G1QF

*

1+ G2,1Qu, ()G,

_Ku,t _Ku,t
_(btptt,tfl Hy Q;l(ta t) H,
M, M,
XPtt,t—l(b:a P(?,fl =gt —~v72P5) Y,
(33)
where Q,,(t,t) is the same as in (36).
2) Fori>1, Pttr;’t is calculated as
P =00 P 107y + G204 Qu, (E+ 1)
XG5 i+ G1epiQ Gy
A (O :
ot [T
Ko .
-1 . u,t+1 t+1 *
XQ, (t+1,t ’ P i
Qu ( ) [ Hypi } it Pit
(39
where Pfjfll’t and @, (t+1,t) are as in (38) and (37).
Proof: The proof is straightforward from [11]. |
Further, let
RitT 2 (x(t+j)e(t+i.1),5,5 >0 (40)

be the cross-covariance matrix of the state x(¢ + j) and the
state estimation error e(t + i,t), then we have following
result

g PELAT ) A i = L), >
et Graj—1- PPy i<j
(41)
where A(t+ k,t),k > 0 is given by
A(t + k,t) = ¢t+k¢
-K * K
_ pt+k u,t+k 1 u,t+k
X {In Pt+k,t[ Hyr } Qy (tJrk,t)[ Hirp ]}

For k <0, Pifyr, = PAEY, and At + k,t) = A(t +

k,t+ k), the matrix A(t+ k,t + k) is given by

_Ku,t-i-k
A+ kyt+ k) =n S In — P | Hern
My
_Ku,t—i-k
XQul(t+kt+k) | Hygp
My
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Next we will calculate the optimal estimator &(¢; | ¢,t4)
and innovation covariance matrix Q. (t).

Theorem 1: For the Krein space state space model (20)-
(21), the innovation covariance matrix @, (t) and the
optimal estimator &(¢; | t) = &(¢; | ¢,tq) (I is an integer)
are given by

1) The innovation covariance matrix @, (%)

(Ws(t), W(t)) is given by

Qu, (1,1)Qu,(1,2)

Qu, (2, ]-)Qw (2,2)]°
0<t<d,

Qws(t) = Qws( »1)Qws(1>2)Qw5(173)
Qu. (2. 1)Qu, (2.2)Qu. (2.3) | ,
Qu, (3,1)Qu, (3,2)Qu,(3,3)

t>d,
where

Qu,(1,1) = Ky Py, 1Ky — (A;)_17

Qws(la 2) - Ku,tPt,td_lHt*a

Qws (2a 1) = _HtPtt,td—lK;,t’

Qu,(2,2) = HtPttytdle* + RY,

Qws(l’ 3) = u,t (Riiitd 1) Mt*d7

Qw.(2,3) = H; (Rifittdfl) Mf*dv

Qws (3v 1) - _Mtht:itd 1K;t’

Qw.(3,2) = My, Ry, 1},

Qw.(3,3) = Mth(td)Mt*d + R}*

P( ) Pttdd tq—1 Z th—H ta— 1Ht*d+i

XQp' (ta+i,tq — )thH (R§d+i,td71>* .

2) The optimal estimator Z(¢; | ¢,%4) can be calculated
as:

a) For d > 1 > 0, the optimal estimator Z(¢; | t,t4)
is calculated by
A(tl |t td) A(tl |tl—17td)
K ) *
t w41
+ E RtiJrz tq { chji ]
_ . Ut + 4
wa (tl+l,td)(|: (t ;]

_ _Ku,tz-‘ri
Htl-‘r’i
where Z(t; 4+ | t;+i—1,t4),7=0,--- ,l in the
above equation is calculated recursively as
Gt +i+ 1]t +i,tq)
=gyt +i |t +1i—1,4)
t
+¢tl+1Ptlli'LZ tq

*

.f(tl+i|tl+i—l,td)),

_Ku ti+1 —1 . ﬂ(tl + ’L)
X ’ t;+1,t .
Hy i Qu (i +ista) y(t +1)
- _5“7““ Bty it +i— l,td)> ,
t1+1i
Eltg+1 | tarty), i=1,---,d=1,
and where Q. (t; + i,ty) and Pttllrftd
(i=2,---,d) are computed by (37) and (39)

respectively. The initial value &(ty + 1 | tq,tq)
can be computed recursively as:

f(td +1 ‘ td,td)
= ¢tdii(td | td Lta — 1) + ¢td td tg—1
_Ku,td ~
L e (2
Mtd Yrlld
_Ku,td
_ H;,
Mtd
#0]—-1,-1) =0,

where @, (t4,tq) and Pt;td
(38) respectively.

b) For | < 0, the optimal estimator &(t; | t,t4) is
given by

i(tl | t, td) = ¢tl—1 cee ¢t+1i(t+1 | t,td), 42)

where &(t + 1 | t,t4) has been given by a).

fi(td|td—1,td—1) ,

, are as in (36) and

Proof: The proof can be obtained by applying a similar
discussion as in [12] and [11]. [ |

B. Solution to H., Control Problem

Now we are in the position to present the main result of
this paper.

Theorem 2: Consider the state-space model (1)-(4).
Then, for any given v > 0, a measurement-feedback H
controller @(t) = Fi(y(0), -+ ,y(t), z0(d), -, zt—a(t))
that achieves |7 (F)||,, < 7 exists if and only if

1) ;' —y72P5 >0,

2) Ay = *’Yth +G7 t+1G1 t— GT7tPtC+1G2,tR_}7t

XG5 Pe1Gre < 0, for allt=0,1,---,N and
3) the matrices QF —S; (QF) ~1S¥ and Q. (t) have the
same inertia for all £t =0,1,--- | N,
where Pf, ; satisfies (13) and
Rge = Qf + G5 Pf1Gay.
Then the central controller is given by
a() ~K 4zttt —1)— Ki,
w, (1) (Ys(t) — Hem(t | £ = 1)) . (44)
where
Ky :Ply, Hf, 0<t<d
Kiex = KuiPl, _Hi K, R M) t>d
[ utd g —1 wtd g1 td]7t_
(45)
and the optimal estimate Z(¢ | ¢ — 1) is given by
Ft|t—1), 0<t<d
T(t|t—1)= E(tt—1) . (46)
>
[is(tdt—l) =

while Z(t | ¢ — 1) and &(t4 | t — 1) can be calculated by
Theorem 1 for | = —1 and for [ = d — 1 respectively.
Proof: According to the preliminaries in Section II ,
we know that | 7(F)||,, < ~ is equivalent to Jy has a
minimum J} over the variables {z(0),w(0), - ,w(N)}
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and u(t) can be chosen such that J3' > 0. From (17), a
necessary condition for Jy to be positive for all variables
{z(0),w(0),--- ,w(N)}is 1), 2) and 3). The minimum of
the Jy is given by (24). By using UDL factorization of
Quw, (t), J§ can be written as

u(t))
t=0
N
+> (V) - HE(t | t— 1)) Q1)
t=0
x (Yo(t) — HiZ(t [t —1)), (47)
where
N -1
—v? (At> + Ku,tPtt,t—lK;,t - Ku,tptt,t—lHt*
XQ@}(t)HtPttt—lKZ s 05t <d,
N ,
Apy = -7 (At) + KuePly  KG

- {Ku,tptt,t—leKu,t (szltdq)* t*d]
~_1 HtPtt,thZ,t
X Q. (t) [Mthijitd_l . 1
A; =Qf + G§,tPtc+1G2,t - G§7tptc+1G1,t (R,Gc,t)
xXGY Py Ga,
Rge, = —7Q¢ + Gi (Pfi Gy,
HP{;, H + Ry,

201 |

], t>d,

0<t<d

I B ()
My, Ry, Hy My, P(ta) My, + Ry* ]’

t>d.

and where Ap; is the Schur complement of Q. (¢) in
Quw, (). We have

a(t) = —Ku ot |t —1) — Kpy
X Qu(t) (Ys(t) — HZ(t | t — 1))

with K, is as in (45). In view of condition 3) on Q,,, (¢),
we have Q. (t) > 0 and Agr; < 0.

Thus we choose the control signal to be () = @(t)
which renders J3' positive. At the same time, the above
necessary condition is also sufficient. From (25), we use re-
organized innovation sequence to calculate the value of Z(t |
t — 1) by Theorem 1. This control strategy () which sat-
isfies the H, performance requirement is referred to as the
central controller. ]

IV. CONCLUSION

The H., measurement-feedback control problem for lin-
ear discrete-time systems with delayed measurement has
been studied in this paper. By introducing a Krein space
state model, the delayed H., control problem has been
transformed into a full information control and an H, opti-
mal estimation problem for measurement delayed systems.
A necessary and sufficient condition is derived by using
the re-organized innovation analysis. The measurement-
feedback controller is calculated by performing two Ric-
cati equations with the same dimension as the original

(48)

system. The presented approach can be easily extended to
the H., control problems for the continuous-time systems
with multiple-time delays and for continuous-time systems
with delayed measurements. The necessary and sufficient
condition for the existence of the H., controller will be
derived by using a similar discussion.
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