
Design of worst spatial distribution of disturbances for a class of
parabolic partial differential equations

Michael A. Demetriou
Dept. of Mechanical Engineering
Worcester Polytechnic Institute

Worcester, MA 01609
Email: mdemetri@wpi.edu

Jeff Borggaard
Interdisciplinary Center for Applied Math

Virginia Tech
Blacksburg VA 24061-0531, USA

Email: jborggaard@vt.edu

Abstract

The aim of the present research study is to provide a com-
putational framework for computing worst-case distributed
disturbances for distributed parameter control problems.
This algorithm couples constrained optimization along
with robustness measures for the control problem. We de-
scribe the algorithm utilizing a parabolic partial differen-
tial equation with variable dissipation coefficients. Numer-
ical results demonstrate the ability of the algorithm to find
spatial locations where disturbances have maximal influ-
ence on the system.

1. Introduction

One of the design issues considered in the control of sys-
tems governed by partial differential equations, is the prob-
lem of actuator and sensor selection. Most work to date has
dealt with selecting actuator and sensor location (and pos-
sibly type) based on enhanced controllability/observability
criteria; for instance, actuator locations where chosen to
ensure that the first few (dominant) modes are rendered at
least controllable, and if possible, increase a certain con-
trollability index. Based on these enhanced controllability
notions, further work considers actuator locations that not
only guarantee a certain level of controllability of certain
modes, but also provide some measures of enhanced per-
formance. Specifically, a set of admissible actuator loca-
tions was chosen as the set of locations that ensure a certain
level of controllability of specific modes and an optimiza-
tion search was performed over this set that optimized an
associated cost of an LQR performance measure. This per-
formance measure was expressed in terms of the solution of
an Algebraic Riccati equation parameterized by the actua-
tor locations. However this performance measure had no
contribution from the spatial distribution of process distur-
bances. A remedy for that was the consideration of the H 2

control problem whose optimal solution was expressed in

terms of both the location-parameterized Riccati solution
and the disturbance distribution. However, this considered
an a priori assumed spatial distribution of process distur-
bances.

The effects of the spatial distribution of process distur-
bances on both the sensor and actuator locations was ob-
served in [3] and [4], respectively. In the latter, an associ-
ated norm of the estimation error was optimized in order to
provide the sensor location that would yield the “best” es-
timator subject to different spatial distributions of process
disturbances. A few “representative” spatial distributions
were considered, as for example based on a uniform dis-
tribution and on the first eigenfunction of the system, and
each resulted in different optimal actuator/sensor locations.
As a continuation of that effort, we undertake a study in
which a “worst” distribution of disturbances can be found
subject to a certain bound of the distribution “mass.” Once
such a worst spatial disturbance is found, one may then pro-
ceed with a performance-based placement of actuators and
sensors. The resulting distribution of disturbances would
provide a spatial robustness which when combined with
a standard H ∞ control/estimation scheme would result in
both spatial and temporal robustness of the actuator/sensor
placement scheme.

Motivated by the above, in the first stage of the opti-
mization procedure, we develop a computational scheme
for the estimation of the worst spatial distribution of dis-
turbances for a class of systems governed by parabolic par-
tial differential equations. Two different performance in-
dices are considered that minimize different norms of the
disturbance-to-distributed output transfer function. For the
special case of Riesz-spectral systems, one may utilize an
eigenfunction expansion and obtain closed-form solutions
to the associated norms. Utilizing the notion of spatial
H 2/H ∞ norms, one may subsequently arrive at computa-
tionally tractable schemes.

2005 American Control Conference
June 8-10, 2005. Portland, OR, USA

0-7803-9098-9/05/$25.00 ©2005 AACC

FrA15.3

3894



2. Mathematical Model

The class of systems under consideration is described by
the following SISO parabolic partial differential equation

∂x
∂t

(t,ξ) = A(ξ)x(t,ξ)+ b(ξ)u(t)+ e(ξ)w(t)

y(t) =

Z
Ω

c(ξ)x(t,ξ)dξ+ ν(t),
(1)

where A(ξ) is a strongly elliptic operator [2], ξ ∈ Ω ⊂ R
n

(n = 1,2,3) denotes the spatial variable, x(t,ξ) is the so-
lution, u(t) the control signal, b(ξ) the distribution func-
tion of the actuator, e(ξ) the distribution function of the
disturbance entering the system and w(t),ν(t) the tempo-
ral components of the process and output disturbances, re-
spectively. Associated with (1) are the boundary conditions
which may be taken as Dirichlet (x(t,ξ)|∂Ω = 0), Neumann
(∂x(t,ξ)/∂n = 0) or mixed.

Following [1], the above system may be placed in an
abstract form via the general evolution equation

ẋ(t) = Ax(t)+ B1w(t)+ B2u(t)

y(t) = C x(t)+ ν(t),
(2)

where x ∈ X (= L2(Ω)) is the state of the system, X the
state space (Hilbert space), u denotes the control signal, w
denotes the system disturbance, y ∈ Y the measured output
signal and ν the measurement noise. The state is given by
the mild solution of (2)

x(t) = T (t)x0 +

Z t

0
T (t − τ)

[
B1w(τ)+ B2u(τ)

]
dτ. (3)

Please note that the operators B1,B2,C are given by

〈B1w,ϕ〉 =

Z
Ω

e(ξ)ϕ(ξ)dξw(t),

〈B2u,ϕ〉 =
Z

Ω
b(ξ)ϕ(ξ)dξu(t)

C x(t) =

Z
Ω

c(ξ)x(t,ξ)dξ.

and T (t) denotes the exponentially C0 semigroup generated
by the infinitesimal generator A . The design goal here is to
choose the worst distribution of disturbances e(ξ) subject
to some “mass” constraints. The rationale for such a design
is to generate the worst such distribution subject to some
design criteria so that the resulting system would exhibit
spatial robustness. Indeed, when the worst disturbance op-
erator B1 is found, then combining with the worst temporal
component of the disturbances w(t), an H ∞ control formu-
lation would yield a truly robust (worst temporal and worst

spatial components of the disturbance input) controller sig-
nal u(t). Continuing, when combined with an optimal actu-
ator selection scheme, one may obtain an actuator location
that has the property of providing enhanced performance
and exhibiting robustness to worst spatiotemporal distur-
bances.

3. Design Criteria

In order to proceed with the design of the worst such
e(ξ) one must consider a performance index. We con-
sider different performance indices reflecting key system-
theoretic properties. Prior to this, we revisit the above sys-
tem and by taking advantage of the properties of the system
operator, we consider a closed form solution to (2). Using
the fact that the Riesz-spectral operator is self-adjoint and
the generator of an exponentially stable C0 semigroup, we
have

x(t,ξ) =
∞

∑
i=1

xi(t)ϕi(ξ), Ax(t,ξ) = −
∞

∑
i=1

λixi(t)ϕi(ξ).

(4)
Then the Laplace transform of x(t,ξ) is given by

X(s,ξ) =
∞

∑
i=1

Ei

s+ λi
ϕi(ξ) W (s), (5)

where
Ei �

Z
Ω

e(ξ)ϕi(ξ)dξ = 〈e,ϕi〉L2(Ω). (6)

Therefore, the associated transfer function from the distur-
bance w(t) to the infinite dimensional (distributed) output
x(t,ξ) is given by

G(s,ξ) =
∞

∑
i=1

Ei

s+ λi
ϕi(ξ). (7)

Since we will be considering spatial distributions with
“finite mass,” we now define the space of admissible func-
tions Θad via

Θad =

{
e ∈ C (Ω) :

Z
Ω

e(ξ) dξ ≤ Me

}
.

The optimization will be restricted to the admissible set
Θad and thus one will consider a constrained optimization
problem. Two approaches will be concerned with optimiz-
ing the impulse response of the system.

3.1. H 2 norm optimization-enhanced controllabil-
ity

The design objective is to find an admissible e ∈ Θad

such that the optimal e(ξ) makes the system “more” con-
trollable. Recall from [1] that the controllability Gramian
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Lc for the system under examination is the unique self-
adjoint solution to the Lyapunov operator equation

〈Lcφ,A∗ψ〉+ 〈A∗φ,Lcψ〉 = −〈B1φ,B1ψ〉, φ,ψ ∈ D(A).
(8)

The above equation satisfies

〈Lcφ,φ〉 ≥ γ(e)‖φ‖2. (9)

Therefore, the criterion now becomes that of finding e ∈
Θad such that the coercivity bound γ is maximized:

(P2) max
e∈Θad

γ(e). (10)

Alternatively, one may consider optimizing the H 2 norm
of the system

(P2) max
e∈Θad

‖(Is−A)−1B1‖2. (11)

Remark 3.1 In the finite dimensional case, the H 2 norm
is in fact given by the trace of the controllability Gramian.
Thus one has

‖(Ins−An)−1Bn
1‖2 =

√
trace(Ln

c), where (12)

Ln
c(A

n)T + AnLn
c = −Bn

1 (Bn
1 )T . (13)

3.2. H ∞ norm optimization

In this case, one chooses the spatial distribution that
maximizes the effect of the disturbances on the output, and
specifically the peak of the singular values of the transfer
function, and therefore

(P∞) max
e∈Θad

‖(s−A)−1B1‖∞. (14)

4. Computational Considerations for Riesz-
spectral Systems Using Spatial Norms

For the special case where one has a Riesz-spectral sys-
tem with the single input-infinite output transfer function
given by G(s,ξ), one may utilize the H 2 and H ∞ spatial
norms of the system. We summarize here the definition of
these spatial norms as taken from [5, 6].

Definition 4.1 (Spatial H 2 norm) The spatial H 2 norm
of a system is defined as

‖G(s,ξ)‖2
H2

�
1

2π

Z ∞

−∞

Z
Ω

G∗( jω,ξ)G( jω,ξ)dξdω. (15)

Definition 4.2 (Spatial H ∞ norm) The spatial H ∞ norm
of a system is defined as

‖G(s,ξ)‖H∞ � sup
ω∈R

√Z
Ω

G∗( jω,ξ)G( jω,ξ)dξ. (16)

Using the properties of the Riesz-spectral system and
specifically the orthonormality of the eigenfunctions, one
has

‖G(s,ξ)‖2
H2

=
∞

∑
i=1

∥∥∥ Ei

s+ λi

∥∥∥2

2

=
∞

∑
i=1

|Ei|
2

2λi
,

(17)

and

‖G(s,ξ)‖H∞ = sup
ω∈R

∞

∑
i=1

Ei

jω+ λi

=
∞

∑
i=1

∥∥∥ Ei

s+ λi

∥∥∥
∞

(18)

Based on the above, the two optimization criteria be-
come

(P2) max
e∈Θad

∞

∑
i=1

|Ei|
2

2λi
, (19)

and, with λi real and s of the form jω, we pose

(P∞) max
e∈Θad

∞

∑
i=1

∣∣∣Ei

λi

∣∣∣. (20)

Remark 4.1 In the event that one chooses the expansion

e(ξ) =
∞

∑
i=1

εiφi(ξ) (21)

then

Ei =
Z

Ω

( ∞

∑
j=1

ε jφ j(ξ)
)

φi(ξ)dξ = εi. (22)

When truncated sums are considered, then this simplifies
the optimization to

(P2)

⎧⎪⎨
⎪⎩

max
Ei

n

∑
i=1

|Ei|
2

2λi
,

subject to ΦT
n E < Me

(23)

and

(P∞)

⎧⎪⎨
⎪⎩

max
Ei

n

∑
i=1

∣∣∣∣Ei

λi

∣∣∣∣ ,
subject to ΦT

n E < Me

(24)

where

ΦT
n =

[ Z
Ω

φ1(ξ)dξ . . .
Z

Ω
φn(ξ)dξ

]

ET =
[

E1 . . . En
]
.
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5. Numerical results

We consider the 1-D parabolic PDE where the as-
sumption of readily available eigenfunctions/eigenvalues
no longer holds

∂x
∂t

(t,ξ) =
∂
∂ξ

(
κ(ξ)

∂x
∂ξ

(t,ξ)
)

+ e(ξ)w(t),

x(t,0) = 0 = x(t,Ł).

We thus use Galerkin approximation and consider an ap-
proximate solution of the form

x(t,ξ) =
n

∑
i=1

xi(t)ψn
i (ξ) (25)

where ψn
i ∈V n are the trial functions and we define the fi-

nite dimensional subspace V n = span {ψn
i ,1 ≤ i ≤ n}. By

considering the PDE in variational form with the test func-
tion taken as ψn

j yields

Mnẋn(t) = −Knxn + Enmθw(t) (26)

where the spatial distribution of disturbances is parameter-
ized as a piecewise constant function over m subintervals

e(ξ) =
m

∑
i=1

θi χ(ξi−1,ξi)(ξ). (27)

The weights θi represent the distribution over the ith subin-
terval of size ∆ξ = ξi − ξi−1 = L

m . The set of admissible
functions then becomes

Θad =

{
θ ∈ R

m : −2 ≤ θi ≤ 2 and
m

∑
i=1

θi

( L
m

)
≤ 2

}
.

The matrices in the above finite dimensional dynamical
system are given by

Mn
i j =

Z L

0
ψn

i (ξ)ψn
j(ξ)dξ, i, j = 1, . . . ,n,

Kn
i j =

Z L

0
κ(ξ)(ψn

i )
′
(ξ)(ψn

j)
′
(ξ)dξ, i, j = 1, . . . ,n,

Enm
ik =

Z L

0
ψn

i (ξ)χ(ξk−1,ξk)(ξ)dξ, k = 1, . . . ,m.

The resulting finite dimensional system is then given by

ẋn(t) = −(Mn)−1Knxn +(Mn)−1Enmθw(t)

= Anxn(t)+ Bn
1θw(t)

and the optimization seeks to find the entries of the vector
θ = {θ1, . . . ,θm} ∈ Θad such that the norm∥∥∥In(sIn −An)−1Bn

1θ
∥∥∥

p
, p = 2 or ∞,

is maximized.
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Figure 1. �2 Constrained: Initial and Final Worst-Case Dis-
turbance

5.1. Preliminary Studies

In this section, we compute the optimum distributed dis-
turbances using very coarse discretizations of e. To obtain
meaningful results, we place some natural constraints on e
(by constraining the coefficients in the optimization). We
note that a simple Lin f ty constraint on e always produced a
constant function at those bounds regardless of our choice
of κ(·) as expected. More interesting disturbances were ob-
tained with L1 and L2 norm constraints.

We first consider the computed disturbances for a uni-
form dissipation function κ = 1. When constraining the �2-
norm of en, we find the usual (first mode) disturbance dis-
tribution (see Figure 1). With this disturbance fixed, we use
the techniques developed in [4] (with b a short unit patch
centered at the actuator location) to solve the optimal actu-
ator placement problem. This disturbance leads to the usual
optimal actuator placement in the center of the domain, cf.
Figure 2, when minimizing the norm of the Riccati opera-
tor.

Similarly intuitive results hold when constraints are
placed on the �1-norm, namely, that an approximation to
the delta function at the center is found as shown in Fig-
ures 3 and 4. Note that the asymmetry of the initial guess
decides which minimum is found.

More interesting results are obtained once we consider
more general dissipation functions. Here, we present the
worst-case disturbance for κ(ξ) = 1− .75sin(2πξ) with �2

constraints in Figures 5 and 6. Note that the disturbance is
concentrated in the region where the dissipation is smaller.
Since the solution decays slower here, disturbances in this
region persist for a longer time. It is natural that the optimal
LQR cost would be minimized by locating the actuator in
this region.
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Figure 2. �2 Constrained: Optimal LQR Cost
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Figure 3. �1 Constrained: Initial and Final Worst-Case Dis-
turbance
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Figure 4. �1 Constrained: Optimal LQR Cost
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Figure 5. �2 Constrained: Worst-Case Disturbance with
Varying κ
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Figure 6. �2 Constrained: Optimal LQR Cost with Varying κ
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6. Conclusions

We point out that the use of the �2 constraints actually
lead to faster converging optimization algorithms due to the
smoothness in the constraint. The �1 constraint does pin-
point the optimal location of the actuator mass, predicting
a delta function for a disturbance with a sharper LQR cost
function. We note that there is a strong correlation with
the maximum value of e and the optimal actuator location.
This optimal disturbance may be used to place multiple ac-
tuators (trying to position these actuators by, for instance,
considering the disturbance to be a weighting function in
some integration scheme). There exists an analogous ap-
proach for computing sensor locations by considering func-
tional gains.

Acknowledgments

This work was supported in part by the Air Force Office
of Scientific Research under grant F49620-00-1-0299.

References

[1] R. F. CURTAIN AND H. J. ZWART, An Introduction to In-
finite Dimensional Linear Systems Theory, Texts in Applied
Mathematics, Vol. 21, Springer-Verlag, Berlin, 1995.

[2] R. DAUTRAY AND J.-L. LIONS, Mathematical Analysis
and Numerical Methods for Science and Technology, vol. 2:
Functional and Variational Methods, Springer Verlag, Berlin
Heidelberg New York, 2000.

[3] M. A. DEMETRIOU AND J. BORGGAARD, Optimization of
a joint sensor placement and robust estimation scheme for
distributed parameter processes subject to worst case spatial
disturbance distributions, in Proceedings of the 2004 Ameri-
can Control Conference, Boston, MA, June 30-July 1, 2004.

[4] , Optimization of an integrated actuator placement and
robust control scheme for distributed parameter processes
subject to worst case spatial disturbance distribution, in Pro-
ceedings of the 2003 American Control Conference, Denver,
CO, June 4-6, 2003.

[5] D. HALIM AND S. O. R. MOHEIMANI, An optimization ap-
proach to optimal placement of collocated piezoelectric actu-
ators and sensors on a thin plate, Mechatronics, 13 (2003),
pp. 27–47.

[6] S. O. R. MOHEIMANI AND W. P. HEATH, Model correction
for a class of spatio-temporal systems, in Proceedings of the
American Control Conference, Chicago, IL, June 2000.

3899


	MAIN MENU
	Go to Previous Document
	CD-ROM Help
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ArialNarrow-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Oblique
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


