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Observer design for a class of stochastic
bilinear systems with multiplicative noise

H. Souley Ali, H. Rafaralahy, M. Zasadzinski, S. Halabi and M. Darouach

Abstract—In this paper, the purpose is to design an observer
for a stochastic bilinear system such that the estimation error
is mean-square stable. The bilinear system is bilinear in control
and with multiplicative noise. The approach is based on the
resolution of LMI and is then easily implementable.

Index Terms— Observer, Stochastic systems, Bilinear systems,
It6 equation, Lyapunov stochastic function.

INTRODUCTION

The bilinear system is sometimes a good mean to represent
system when the linear representation is not sufficiently
significant. The stochastic systems get a great importance
the last decades as shown by numerous references [1], [2],
[3], [4]. Generally, the bilinear stochastic system designs
a stochastic system with multiplicative noise instead of
additive one [1]. In this paper, the bilinearity is also between
the state and the control input. The challenge is to design a
full order observer for such a system. The approach is based
on a change of variable on the control input to transform
the problem into a robust stochastic filtering one. Then the
Itd formula and LMI method permit to get a condition to
verify for the existence of the observer gains.

I. PROBLEM STATEMENT
Let us consider the It6 stochastic bilinear system [3], [2]
da(t) = (Ac(t)+u(t)Nox(t))d t+Nx(t) dp(t) (la)
y(t) = Ca(t) (1b)
where z(t) € IR™ is the state vector, y(t) € IR? is the

output and u(t) € R is the control input. p(¢) is a zero
mean scalar Wiener process verifying [3]

E(dp(t)) = 0 and E(d p?(t)) = dt. (2)
To simplify the notation and without loss of generality, we
consider only the single input case.
As in the most cases for physical processes, we assume
that the stochastic bilinear system (1) has known bounded
control input, i.e. u(t) € Q C IR, where

Q:={u(t) € R | tmin < u(t) < Umax}- 3)
We want to design a state observer in the following form
d&(t) = (Az(t) + u(t)Noz(t)) d t+
K(y(t) — C2(t))dt + Ku(t)(y(t) — C2(t))dt (4)
where K and K are the gains to design in order to ensure

that the estimation error x — % is mean-square stable.
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For this, the following definition and assumption are used.
Definition 1: [3] The stochastic system (1) is said to be
mean-square stable if all initial states x(0) yield
Jlim B [lz()]* = 0. 5)
Assumption 1: The stochastic bilinear system (1) is as-
sumed to be mean-square stable.
Notice that the estimation error z(¢)—Z(t) has the following
dynamics
de(t) =dz(t) — di(t) = (Ae(t) + u(t)Nae(t)

— KCe(t) —u(t)KCe(t))dt + Nx(t)d p(t). (6)
Let us consider the augmented state vector £ = [ zT el ]T
Then the dynamics of the augmented system is given by

A (1) = (AL(t) + u(t)NE®)) dt+ MER) dp(t)  (7)

with
}N:[Nz 0 7M:[N o} ®

e |A 0
"o A-KC 0 N;—KC N 0

II. ANALYSIS OF THE MEAN-SQUARE STABILITY

We study the conditions to ensure the mean-square stability
of system (7). The gains K and K are considered to be
known to avoid bilinearity in the derivation of the stability
condition. Consider the following Lyapunov function

V(&) =¢"Pe. 9)

Using the Itd’s formula [3] we have

dV(E@)) = LV dt+ 26T () PMedp(t)  (10)
with LV (£(t)) = 267 (t)PAL(t)+
ETOuWNTP +PN)ER) + EL(MTPMER). (1)

To study the stability of this system, we introduce a change
of variable on the control u(t) in order to reduce the
conservatism introduced by the assumption that wu(t) is
bounded (see (3)). We have

u(t) = a +oe(t) (12)
where oo € IR and o € IR are given by
a = 0~5(umin + umax)s g = 0-5(Umax - Umin)- (13)

The new “uncertain” variable is e(t) € Q C R where the
polytope € is defined by

Qi={c(t) €ER | cmin = —1 <e(t) < emax = 1}. (14)
Equation (10) is rewritten as
AV (E(t) = " (O{PA + AT P + MTPM+

PAA(t) + AAR)TPIE() dt 4+ 26T (1) PMEd p(t)  (15)
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where
Ar = (A+aN), AA(t) = HiA¢(e(t)) Ha
H1 = UN Ag( ( )) E(t) Ild HQ = Ign

From (14), we have [|Ag(e(t))] <
lemma [4] gives

26TPAA)E < ET [p1 + py ' PoNNToP] €.
So,
AV (&) < ETO{PA + A/ P+ MTPM + Iy,
+p ' PONNToPYE(t)dt+267 ())PME)d p(t).  (19)
Then the following theorem is given to ensure the mean-
square stability of the augmented system (7)

Theorem 1: If the following LMI is verified with P > 0
and pp a given positive real,

PA+AT P+ MIPM+HI Hy PH
AP THaL "1 <0 o)
HIP —p1la,
then the system (7) is mean-square stable.
Proof: Using the Schur lemma, theorem 1 gives

PA + AP+ MTPM 4 iy HY Haot
p'PH HIP = —K <0. (1)

Note that Apin(K) > 0 where Ay, is the smallest eigen-
value of /C. This and (19) yield to

AVIE(E) < Amin ONE@) A tH2ET ()P ME()dp (). (22)

Let 8 > 0 be given, using the integration-by-part formula
[4], we obtain

d [ ﬁtv(f( ))] < eﬁt([_ﬁ/\max(lp)
min (KIS @)][*)d t+2676T () PME()dp(t).

As [ BAmax (P) = Ain (K] (1)
(23) implies that

d [PV (£)] < 2ePET(MPME)dp(t).  (24)

Integrating both sides from O to ¢ > 0 and then taking
expectation give

PLE [T ()PE(E)] — O E [€7(0)P£(0))] <

T
| 2o memldpl @)
0

But due to (2), the right term of inequality (25) is given by

T
/ 2¢7¢T (P ME() B [d p(t)] = 0.
0
Then (25) can be rewritten as
Auin(PYE 6] < E[67(OPED)] < e @7)
where ¢ = E [¢T(0)P&(0))] is a given constant.
Finally, from (27) the following inequality

E €@ < mefﬁt

ensures that the system (7) is mean square stable. ]

(16)
a7
1 and the majoration

(18)

(23)
< 0 then inequality

Bx0

(26)

(28)

III. SYNTHESIS OF THE OBSERVER GAINS

From section II, the following theorem is then given for the
observer synthesis.

Theorem 2: The stochastic system (4) is a full order ob-
server for the bilinear stochastic system (1) such that the
estimation error (6) is mean square stable if there exist
matrices P, > 0, P, > 0, P3 > 0, Y5, Y, Y3 and Y3
such that the following LMI hold

(1,1)  (1,2) PiNay P3N2y —0Y3C
T T N
5\17;7;2;31 ]EZTZj;)'s ]}Miv;: e O_UYZC <0 @
1,47 (2,47 0 —u1l,
P = IJJ} 1;2 >0 (30)
where (1,1) = PLAq + ATP, + I, + NTPN
+ NTPIN + NTP3N + NT"P,N, (31a)
(1,2) = PsA, + AT P; — Y3C — Y3C,, (31b)
(272)::fEAu-+44£}E-—Y§C——?3CL
—CTY] — CTY) + ., Gle)

Ay=A+aN, , Co=aC , Noy=0Na, (31d)

Y,=PKandY,=PK i=23  (3le)
Proof: Consider the Lyapunov matrix P given by (30). As
in [S], we assume without loss of generality, that Ps is
nonsingular. Using inequality (20) of theorem 1 and putting

P as in (30) lead easily to the LMI (29) of the theorem. [J
The gains K and K are then obtained by solving the
following equation

[PQ} [K ?] = [YQ YQ} . (32)
Ps Y3 Y3

Note that K and K exist if and only if the following rank
condition is satisfied.

P Yo Y, P
rank[ 2] = rank|: 2 22 2. (33)
P

Ys Y3 P
This condition may be difficult to fulfill. We then present,
in the following section, a result which is somewhat
conservative but very useful to solve the problem under
consideration.

IV. CONCLUSION

In this paper, a method has been proposed to solve the
problem of observer design for bilinear stochastic system.

REFERENCES

[1] A. Germani, C. Manes, and P. Palumbo, “Linear fil-
tering for bilinear stochastic differential systems with
unknown inputs,” IEEE Trans. Aut. Contr, vol. 47,

pp. 1726-1730, 2002.
[2] P. Florchinger, “Lyapunov-like techniques for stochastic

stability,” SIAM J. Contr. Opt., vol. 33, pp. 1151-1169,

1995.
[3] F. Kozin, “A survey of stability of stochastic systems,”

Automatica, vol. 5, pp. 95-112, 19609.
[4] S. Xu and T. Chen, “Robust H, filtering for uncertain

impulsive stochastic systems under sampled measure-

ments,” Automatica, vol. 39, pp. 500-516, 2003.
[5] K. Sun and A. Packard, “Robust Hy and H, filters for

uncertain Ift systems,” in Proc. IEEE Conf. Decision &
Contr., (Las Vegas, USA), 2002.

3642



	MAIN MENU
	Go to Previous Document
	CD-ROM Help
	Search CD-ROM
	Search Results
	Print


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (None)
  /CalCMYKProfile (None)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveEPSInfo false
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /ArialNarrow-Italic
    /Courier
    /Courier-Bold
    /Courier-BoldOblique
    /Courier-Oblique
    /Helvetica
    /Helvetica-Bold
    /Helvetica-BoldOblique
    /Helvetica-Oblique
    /Times-Bold
    /Times-BoldItalic
    /Times-BoldOblique
    /Times-Oblique
    /Times-Roman
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 2.00333
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 2.00333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00167
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /JPN <FEFF3053306e8a2d5b9a306f300130d330b830cd30b9658766f8306e8868793a304a3088307353705237306b90693057305f00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /FRA <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <FEFF005500730065002000740068006500730065002000730065007400740069006e0067007300200074006f0020006300720065006100740065002000500044004600200064006f00630075006d0065006e007400730020007300750069007400610062006c006500200066006f007200200049004500450045002000580070006c006f00720065002e0020004300720065006100740065006400200031003500200044006500630065006d00620065007200200032003000300033002e>
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


