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Abstract— A nonlinear asymptotic observer for a
discrete-time nonlinear system is considered. The observer
is based on a Kalman filter that uses the state dependent
Riccati equation (SDRE) to obtain the filter gain. Unlike the
Extended Kalman Filter, the SDRE-based Kalman filter does
not involve the evaluation of a Jacobian at every time step. The
convergence properties of the SDRE-based Kalman filter when
used as an observer in a deterministic setting are analyzed.
A few simulation examples are provided to demonstrate the
performance and implementation of the SDRE-based observer
in both deterministic and stochastic settings.

I. INTRODUCTION

The problem of determining the states of a dy-
namic system using measurements of the plant output has
been widely studied for many decades. For linear time-
invariant systems in a deterministic stetting, the Ljungberg
observer [1] provides estimates of the state that asymp-
totically converge to the actual state of the system. In a
stochastic setting, the classical Kalman filter [2] provides
optimal least-squares estimates of all of the states of a
linear time-varying system under process and measurement
noise. Although some results on optimal and suboptimal
filtering of continuous-time processes do exist, for example,
[3] and [4], respectively, the theory of observers and Kalman
filtering for estimating the states of a nonlinear system is
still not well developed.

Despite the dearth in results on exact optimal
nonlinear filters, a wide variety of approximate filters that
are not optimal have been developed to estimate the state
of nonlinear systems. The extended Kalman filter uses the
Jacobian of the nonlinearity in the dynamics and applies
linear Kalman filtering techniques to the nonlinear system
[5,6]. In a deterministic setting, the extended Kalman filter
can be used as an observer and results that guarantee the
convergence of the state estimates to the actual state are
available [7,8]. The extended Kalman filter requires that
the covariance of the error be propagated at every time step
which is computationally expensive for large scale systems.
The ensemble Kalman filter [9] and unscented Kalman
filter [10] do not explicitly propagate the error covariance,
but instead construct the error covariance by averaging the
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estimates from a number of state estimators (ensemble) that
are initialized with different initial conditions. Furthermore,
these methods do not require that the Jacobian of the
nonlinearity in the dynamics be known.

A completely different “adhoc” approach to state
estimation of nonlinear systems is the SDRE (state de-
pendent Riccati equation) based Kalman filter [11]. The
nonlinear system is viewed as a frozen-in-time linear time
varying system, and the Riccati equations used in the state
estimation of linear systems are used to determine the
Kalman filter gain. In [11], an algebraic Riccati equation
is solved at every time step to obtain the Kalman filter
gain which can be computationally expensive for large scale
systems. Furthermore, if loss of observability occurs during
certain time-intervals, then the algebraic Riccati equation
may not have a solution and the algebraic Riccati equation
based SDRE Kalman filter cannot be used during these
time-intervals.

In this paper we consider a SDRE based Kalman
filter that uses the Riccati update equation to propagate the
error-covariance and determine the filter gain. We apply
the SDRE based Kalman filter in a deterministic setting
and analyze its performance as an observer. We modify
the results obtained in [7] to provide proof of convergence
of the error between the state estimates and the actual
states of a discrete-time nonlinear system. Finally, we
provide simulation examples that demonstrate the use of
the SDRE based Kalman filter as an asymptotic observer
in a deterministic setting and state estimator in a noisy
environment, for nonlinear discrete-time systems.

II. SDRE BASED OBSERVER

Consider the discrete-time nonlinear system

= f(ag), 2.1

Th+1
with output
2.2)
where z; € R™ and y; € RP. Consider an observer of the
form

yr = Crak,

Er = f(&]), (2.3)
Ok = Cry, (2.4)
where
&5 =25+ Fr (yk — On) - (2.5)
The observer gain Fj, € R"*P is given by
-1
Fi = QuCF (CLQkCF +V2) (2.6)
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where @), € R™ " is updated using the state dependent
Riccati equation (SDRE)

Qi = (I — FrCy)Qr, 2.7)
Qry1 = AQF AL + W1, (2.8)

and Ay £ A(2]) € R™*", where A(z) is chosen such that
for all z € R"

A(x)z = f(z). (2.9)

The input uy has been ignored in (2.1)-(2.4) for simplicity.

Note that the parametrization A(x) is not unique.
If A;(z) and As(x), are two distinct parametrizations of
f(x), that is,

then, for all matrix function M (z) € R"*™, A(x) is also a
parametrization of f(xz), where
A(z) = M(2)Ay(z) + (I — M(x))Ag(z).  (2.11)

Note that there are two common formulations of
the extended Kalman filter, namely, the two-step recursive
update and the one-step recursive update, respectively.
Similarly, the SDRE-based observer also has a two-step
recursive formulation and a one-step recursive formulation.
The two-step recursive formulation of the SDRE-based
observer is given by (2.3)-(2.8). The one-step recursive
update formulation of the SDRE-based observer is given
by

(2.12)
(2.13)
The observer gain for the one-step formulation is given by
— -1
Fr = AxQiCy (CrQrCi +V2) (2.14)

where () is updated using the state dependent Riccati
equation

Qi1 = ARQRAL — AQuCL V5 ChQi AT + Vi, (2.15)
and V2,k = CrQrCr + Vo.

Zra1 = f(@r) + Frlyr — 1),
Ik = Cply.

III. BOUNDS ON THE RICCATI EQUATION

The nonlinear discrete-time equation (2.1) can be
viewed as a frozen-in-time linear equation

@3.1)

Note that (3.1) is not a linear time-varying system. However,
we view A, = A(2;) appearing in the discrete-time Riccati
update equation (2.8) as a time varying matrix and ignore
the fact that A, was obtained using the state 4} . Next, we
use the results presented in [7] and [12] to obtain a priori
bounds on QZ and @ that are updated using the state
dependent Riccati equations (2.7) and (2.8). We denote the
Euclidean norm of a vector by | - |, and the induced norm
of a matrix (maximum singular value) by || - ||

Lemma 3.1: Assume there exists v > 0 such that
for all z € R™, the parametrization A(z) that satisfies (2.9)
is chosen such that A(x)™ A(z) > vI. Furthermore, assume

Th+1 — A(l’k).’tk

that V5 is positive definite. If there exist o, g, 581, B2 > 0,
and an integer M > 0 such that, for all £k > M,
k—1
al < Y ®ki+ VIO (ki+1) <aol, (32)
i=k—M

k
BI< Y & Tk )OFVy  Cu®(k, i)t < B,

i=k—M
3.3)
then
2
s () e
where
O(k,i) = Ay 1 Ap_o--- Ay (3.5)

Proof of this lemma can be found in [7].
It follows from (2.7) and (3.4) that, for all £ > 0

2 1
1Qul < (M@SQ ; —) A+l G
By 51

Note that (3.2) holds if there exists o € R such that for
all z, € R, ||A(z)]] € « and V; is positive definite.
Furthermore, it can be shown that (3.3) holds if the follow-
ing observability condition is satisfied, namely, there exist
Y1,7Y2 > 0 such that

NI <O (k= M,k)O(k — M, k) <I,  (3.7)
where
Cr—nm
N Cr—m+1A4k—m
Ok — M, k)= 3.8)

CkAkfl e Aka

IV. CONVERGENCE OF THE ERROR IN THE ESTIMATES

Next, we use the bounds on @5 and Qz in (3.4)
and (3.6) to determine sufficient conditions that guarantee
asymptotic stability of the error dynamics. First, we make
the following assumptions for setting up the error analysis.

Assumption 4.1:

i.) Vi is positive definite

ii.) @ and Qz, propagated using (2.7) and (2.8), are
uniformly bounded, that is, there exist ¢, g+ > 0 such
that, for all k > 0, ||Q|| < ¢ and [|(Q})~] < ¢*.

iii.) a2 sup ||Ax|| < oo.

iv.) C} is bounded, that is, there exists ¢ > 0 such that,
forall £ >0, |C]| < c.

v.) The parametrization A(z) of f(x) is chosen such that,
there exists L > 0, such that, for all 1,2, € R",
[[A(z1) — A(z2)[| < Llzy — 22|

vi.) Assume that there exists ¢ > 0, such that, for all
k>0, |z <o
Note that Lemma 3.1 provides a condition when
ii.) of Assumption 4.1 is satisfied. Define P, € R™"*"™ by

Py 2 Q" 4.1)
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It follows from (2.6) and (2.7) that
Loy —1
Py = (Qﬁ) — TV iy
Hence, ii.) of Assumption 4.1, (4.1) and (4.2) imply that

1
g SRl <p,

4.2)

(4.3)
where p £ ¢t +c?||V, ! ||. Furthermore, it follows from i.),
ii.), and iii.) of Assumption 4.1 that
—1 _
(@) +Aevi Al < (44

where r £ ¢ + o2||V;"!||. Finally, it follows from (2.7)
and (4.1) that

(I - FCy) = Qi Q' = QL P
which implies that
11 = F.Crll < pg™

4.5)

(4.6)

Theorem 4.1: Consider the nonlinear discrete-
time system (2.1)-(2.2) and the associated SDRE based
observer (2.3)-(2.9). Suppose that Assumption 4.1 holds,
then, if
1
q*
then the SDRE based observer is an asymptotic observer for
the deterministic system (2.1)-(2.2), that is, xx — 2 — 0
asymptotically as £ — oo.

oLrp?(¢t)*(2a+oL) < 4.7)

Proof Let e, £ x), — #j. Then

exr1 = flap) — f(&). (4.8)
Next, define é; € R" by
éx = &y — 27 (4.9)

Substituting (2.5) into (4.9) and using (2.2) and (2.4) yields

ér = — & — Fr(yx — x),

=z — Tk — FrCy (z — T1) (4.10)
= (I — Fka)ek.
Note that (4.8) can be expressed as
exy1 = flan) — Ardy. (4.11)

Adding and subtracting Apxy to the right hand side of
(4.11) yields

Crp+1 = Ak (:L‘k — ‘%Zr) + f($k) — Ak$k7

= Apér + [f(zr) — Axzi], (4.12)
= Ay (I — F,Cy) e, + by,
where
bk é f(xk) — Akxk- (4.13)
Define V (P, e) € R by
V(Py,er) = e} Pre, (4.14)

where Py, is defined in (4.1). Define AV (P, ey) by

AV (Py,e) £ ejy1 Peyieri1 — ef Prey. (4.15)

Substituting (4.12) into (4.15) yields
V(Pr,ex) = ep (I — FuCi)" Af P A (I — FuCp) ey

+ bEPk+1Ak (I — FCg)er + ka’H»le (416)
+ EE (I - chk)T AEPk+1bk - engekA
It follows from [7] that
et (I — FuCr)T AL Pii1 Ay (I — FCy) ey, — e} Prey,
“4.17)

1 -1
<—efQpt ((Q;) +A}£V;1Ak> Q; ten
Note that (4.16) and (4.17) imply that
_ —1
AV (Py,ex) < — ej, Py ((Qﬁ) = A;folAk> Pyer,
+ by, Pry1 As (I — FpCr)ex (4.18)
+ex (I — FCOx) A} Pii1bi + b Preyiby .
It follows from Assumption 4.1 and (4.6) that
b;kaJrlAk (I — chk) (2%
+ex (I — FC)" AR Pygiby + by Poyiby,

(4.19)
< [ Petallbr] CIIARIIT = FiCr|llex| + [bx])
< plo| (20pq " lex| + [brl) -
Note that b defined by (4.13) can be expressed as
b = f(xk) — Ak,
= A(zp)zr — A@] )y, (4.20)

= [A(C(Jk) — A(,@;)] T -
Hence, it follows from Assumption 4.1 and (4.6) that
o] < | A(zr) — AGED)|l]ak|
< Loley|
< Lo|lI = FipClllex|
< Lopg™ex].
Substituting (4.21) into (4.19) yields
b Pos1 Ay (I — FrCh) ex
+ep (I — FrCy)" AL Pyy1by + b Poiaby
< NP ll[on] I ARINT = FiCrlllex| + [k ])
<oLp’(q")*(2a+oL)lel”.
Furthermore, it follows from (4.3) and (4.4) that

4.21)

(4.22)

_ B —1 1
ex Py ((Qz) ! + ALV 1Ak> Prer > ;\Pkek\Z
1 ) (4.23)

= E\GH .

Hence, it follows from (4.18), (4.22) and (4.23) that

AV (Py,er) < —d(lex]?), (4.24)

where
T 1
¢(|ek|2) = {qz—r — ULp3(q+)2(2a + O'L):| |ek|2. (4.25)

Note that since Py is positive definite V (P, ef) is positive
definite and hence if ¢(|ex|?) is a class-K function, it
then follows from (4.24) that e, — 0 asymptotically as
k — oo. Furthermore, (4.7) implies that ¢(|ex|?) is a
class-XC function. Hence, if (4.7) is satisfied then e — 0
asymptotically as £ — oo and (2.3) is an asymptotic
observer for (2.1). O
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V. SIMULATION EXAMPLE

Consider the following discrete-time nonlinear sys-
. A T .
tem with state x = [ T T2 ] and dynamics

T1,k+1 . O-lel,k — T2k (5 ])
Toktr | | Tk —0.00323 :
and output
T1,k
=10 ' 5.2
w=[1 0]| m 62

so that for all k > 0, C,, = [ 1 0 |. Consider the
following parametrization A(x)
0.01 -1
Alz) = [ 1 —0.003z2 }
so that (5.1) can be expressed as xy1 = A(xk)xk. Hence,
it follows from (5.3) that for all x, 2 € R"™,

(5.3)

- 0 0
Alw) = A@) = [ 0 —0.003(zs — &») } - G4
Hence, (5.4) implies that
[A(z) = A@)|| < Llz — ], (5.5)

where L = 0.003. The system (5.1) is simulated from an
initial condition xg. The SDRE based observer is simulated
using (2.3)-(2.7) with initial condition Zy # x¢. We choose
Vi = 101 and Vo = I. The values of p, ¢+, 7, ¢, and o
are evaluated after the entire simulation has been performed
and are listed in Table 1. Hence, it can be seen from Table

Bound Value
D 0.06

q 70.67
qt 1.06

T 1.11

a 1

o 0.66

L 0.003
oLrp*(qt)2(2a + oL) — qiz -0.0001

TABLE I
VALUES OF VARIOUS BOUNDS USED IN THEOREM 4.1.

1 that (4.7) is satisfied which implies that ¢(|ex|?) defined
in (4.25) is a class-XC function for this example and hence
er — 0 asymptotically as k& — oo. Figure 1 shows the
actual state z; and the estimates obtained from the SDRE
based observer. Figure 2 shows the norm of the error in
the estimates. The norm of the error in the estimates when
Fi, = 0 is also shown by dotted lines in Figure 2. Figure 3
shows a plot of V' (Py, ex) when the SDRE-based estimator
is used.

VI. SIMULATION EXAMPLE : VAN DER POL
OSCILLATOR

Next, consider the following discrete-time model
of the Van der Pol Oscillator

Tlk+1 | _ L1k + haa g
T2 k41 To g+ h

{(1 —af )Tk — xl’k} ] ,(6.1)

actual
~ = estimate from SDRE observer
T T T

Fig. 1. The actual state xj, is shown as solid lines. The state estimates
obtained from the SDRE based observer are plotted using dashed lines.

- - Fz0
—— SDRE based observer|
05

Fig. 2. The norm of the error in the estimates is plotted in this figure. Note
that e, — 0 as k becomes large. The norm of the error in the estimates
when Fj = 0 for all £ > 0 is also shown in this figure.

where h = 0.15 is the sampling time. Let the output y; be
given by
Yk = T1,k, (6.2)

so that C), = [ 1 0 ] for all k£ > 0. Consider the following
parametrization of A(zx)

1 h
A(I) o —h(l + $1.’1?2> 1+h |’ (6.3)
so that zx11 = A(zk)zk. Note that it is difficult to

analytically determine L that satisfies v.) of Assumption
4.1. However, we still use the SDRE-based observer (2.3)-
(2.8) to obtain the estimate zj, of the state zj in (6.1).
We choose V; = 101 and V5, = I, and choose
initial conditions so that o # x(. The state estimates and
the actual state of the Van der Pol Oscillator are shown in
Figure 4 and the norm of error between the state estimates
and the actual state is shown in Figure 5. It can be seen from
Figure 5 that the error e;, — 0 asymptotically, as k — 0.
The result in this paper provides sufficient conditions to
guarantee the asymptotic convergence of the error to O,
and as seen in Figure 5, they are not necessary conditions.
Furthermore, since the bounds obtained using the norm
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0.015

Vike,)

0.005

Fig. 3. Potential function V' (k, ey, ) for the example in Section 5. Note that
V (Pg, ex) is always decreasing and thus for all k > 0, AV (P, ex) < 0.

actual
aF - ~ - estimate from SDRE-based observer| |

Fig. 4. The actual state and the estimates obtained using the SDRE-based
observer are plotted for the Van der Pol oscillator. Although Theorem 4.1
cannot be used to guarantee the asymptotic convergence of the estimates
to the actual state, it can be seen from the figure that the state estimates
do converge to the actual states.

operators are conservative, the sufficient conditions cannot
be satisfied easily.

VII. SIMULATION EXAMPLE : ONE-DIMENSIONAL
HyYDRODYNAMIC FLOW

Consider a compressible and inviscid fluid flowing
across a one-dimensional channel. The flow dynamics are
given by Euler’s equations which contains coupled PDE’s.
However, a finite-volume discrete-time model of the hy-
drodynamic flow can be obtained using the upwind Roe’s
scheme. If Neumman boundary conditions are used at the
first cell and Dirichlet boundary condition are used at the
last cell, it then follows from [13] that the state update
equation is

Tpt1 = f(xp, uBc,k + WBC,E), (7.1
where 2 € R3"~2) and ugc € R? is defined by
T
T .
UBCé[Ql my & }
and for ¢ = 4,...,n, 9;, m;, and & € R are the

density, momentum, and energy, at the center of the ith
cell (indicated by black dots in Figure 6), respectively. The
entries and structure of f(-) in (7.1) depend on the flow

Fig. 5. The norm of the error in the estimates is plotted for the Van
der Pol oscillator. Even though the assumptions in theorem 4.1 are not
satisfied, the error does converge to 0 asymptotically.

1 2 -1 n

Fig. 6. One-dimensional grid used in the finite volume scheme

variables at the cell interface (indicated by circles in Figure
4) and are defined in [13]. Note that upc,x is the boundary
condition at the first cell and is assumed to be known,
however wpc,i € R3 represents the unmodeled drivers and
is unavailable for all £ > 0. The nonlinear discrete-time
update equation (7.1) can be expressed as

(7.3)

so that (7.3) resembles a frozen-in-time state dependent
linear equation. Note that the parametrization of A(xy)
and B(zp,uBc,kr + wpc,k) is not unique. Let y; be the
measurement of density, momentum and energy at certain
cells so that

1 = A(zw)zk + B(xk, uBc,kr + WBC k),

(7.4)

where w;, is the sensor noise with zero-mean and unit
covariance. Note that entries of C' are either 1’s or 0’s
depending on the cells where measurements are available.

Let n = 20 so that z € R%. For all & > 0, the
boundary condition at the first cell is given by

01,k 1
UBC,k = mik 12 + sin(20k)
E1k

87 4 0.5sin?(20k) + 12 sin(20k)

yr = Cxp + Dowy,

- (1.5)

The boundary condition at the first cell in (7.5) is chosen
such that the flow is supersonic at all the cells with Mach
number between 4 and 5. Assume that the unmodeled
driver wpc 1S zero-mean noise with unit covariance. Let
Y € RS be the measurements of density, momentum
and energy at the 5th and 10th cell. The objective is to
estimate the density, momentum and energy at the cells
where measurements of flow variables are unavailable.
Note that the SDRE observer discussed in the
previous sections was based on a deterministic setting but
the one-dimensional flow example (7.1) and (7.4) involve
nonlinear dynamics in a noisy-environment. Hence, Theo-
rem 4.1 cannot be applied to this example. However, we
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actual
15]| = = — SDRE base Kalman Filter est.
— — — Est. without data assimilation

Density (p) at Cell 15
1
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>
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Momentum (m ) at Cell 15
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Energy (E) at Cell 15
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I I I I
50 100 150 200 250 300 350 400 450 500
k

Fig. 7. The actual value of density, momentum and energy at Cell 15
is shown along with the estmates obtained from the SDRE based Kalman
filter. The estimates obtained if no data assimilation was performed is
shown as dashed lines.

use the SDRE based observer discussed in Section 2 as
an estimator to obtain an estimate Z; of the state xj. The
estimator dynamics are given by

= f(@} uck),
&5 =3+ Fe (v — ),
where Fj is obtained using (2.6) and (2.7). We let A, =

A(2}) in (2.7), where A(x) is a parametrization such that
for all x € R™

A(I)ZE + B(l‘, upc + ch) = f(:l?7 upc + ch). (71.7)
Furthermore, since the unmodeled driver wpc,i, enters the
system through B(zy, upc,k + wpc,k) in (7.3), we replace
Vi in (2.7) by Vi = B(&],upck)B(&],upck)’, and
choose D5 in (7.4) such that Vo, = DQD;F is positive
definite.

Tk+1 (1.6)

Figure 7 shows the actual density, momentum and
energy at the 15th cell along with the estimates obtained
using the SDRE based Kalman filter. The estimate when
no data assimilation is performed, that is, Fj, = 0 for all
k > 0, is also shown in Figure 1. The norm of the error in
the estimates ||z — Z|| for the two cases, the SDRE based
Kalman filter and when no data assimilation is performed
is shown in Figure 8.

VIII. CONCLUSION

In this paper, we develop an observer for discrete-
time nonlinear systems. The nonlinear dynamic equation
is viewed as a frozen-in-time linear equation and the state
dependent Riccati update equation is used to determine the
Kalman filter gain at every time step. An advantage of using
the SDRE-based observer over the extended Kalman filter
is that knowledge of the Jacobian of the nonlinearity in the

’ == without data assimilation
SDRE based Kalman Fier| |

ol
_ ==
=

Fig. 8. The error in the estimates when data assimilation is performed
using the SDRE based Kalman filter and when no data assimilation is
performed is shown in this figure. Even though the performance of the
SDRE based observer was analyzed in a deterministic setting, the SDRE
based Kalman filter also yields good estimates of the states in a noisy
environment.

dynamics, which may be difficult to evaluate for large scale
systems, is not necessary. We analyze the performance of
the SDRE based Kalman filter when used as an observer in
a deterministic setting. We provide sufficient conditions that
guarantee asymptotic convergence of the state estimates to
the actual state. Furthermore, we show by an example that
the conditions that guarantee asymptotic convergence are
only sufficient and not necessary. The SDRE-based Kalman
filter is then used as an estimator in a one-dimensional
hydrodynamic flow example.
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