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Explicit Forwarding Controllers—Beyond Linearizable Class

MIROSLAV KRSTIC
University of California, San Diego

Abstract—Following an explicit design for linearizable
feedforward systems in [Krstic, “Integrator forwarding... ,”
ACC’04], we find closed form control laws for several classes
of systems that are not linearizable, including some in the
feedforward form and ‘block-feedforward’ form.

I. INTRODUCTION

Their “true nonlinear” nature, their intolerance to aggres-
sive controls, and the pioneering work done in the early—
mid 1990’s by Teel [19], [20], Mazenc and Praly [12],
and Sepulchre, Jankovic, and Kokotovic [15], [16], have
made feedforward systems one of the most intriguing,
challenging, and active research topics in nonlinear control.
A stream of contributions over the past ten years [1], [3],
[81, [9], [10], [11], [13], [14], [17], [18], [21] has addressed
a wide range of problems.

While it was believed that feedforward systems are
“generically not feedback linearizable,” in [5] we revealed
a subclass linearizable by coordinate transformation. The
control methods in [12], [16] require analytical solution
of a series of nonlinear ODEs and integrals w.r.t. time.
For two subclasses of feedforward systems, we generated
explicit linearizing coordinate transformations, control laws,
and even closed-loop solutions [6].

In this paper we develop control formulas for two classes
of feedforward systems that are not linearizable, followed,
in Section III, by an example similar to (but more chal-
lenging than) the Kokotovic-Teel third-order ‘benchmark’
example. The forwarding design procedure is extended
to a class of ‘block-feedforward’ systems in Section IV,
where closed-form feedback laws are also developed for
two subclasses. Following an idea in [15], interlacing of
forwarding and backstepping is pursued for two classes of
systems for which feedback linearization formulas are given
in Section V. Block-forwarding and interlacing are then
all illustrated on an example (which is not linearizable) in
Section VI.

II. ALGORITHMS FOR FEEDFORWARD SYSTEMS THAT
ARE NOT LINEARIZABLE

In this section we expand upon the Type I and II feed-
forward systems [6], to develop algorithms for feedforward
systems that are not linearizable.

Consider the following extension of the Type I strict-

feedforward systems:
Xo = x1+Wol(x)+do(x)u (1)
X1 = x +l§7tj(xj)xj+1 + 10, (X, )u 2)
% = x,~+1,1=2 i=2,...n—1 3)
Xn = W, 4)
where x = [x1,...,x,]7 (i.e., xo is not included in x),

Wo(0) = (0) =m;(0) =0,

and a%go) =0,i =1,...,n. The subsystem (2)—(4) is lin-
earizable. This makes it possible to develop a closed-form
control law.

Design algorithm. Start by computing the expressions
(110)—(112) in the Appendix. Then, calculate

j=2...n (5

By = — [ e +vo En)
+00(§(1.0) 6 (e.0)]d ©
@ = o) B ) - B
u = do(xo,x) '

—Z( i1 )xf+i/0xim(s)ds. ®)

i=1

Theorem 1: The feedback system (1)—(4), (8) is globally
asymptotically stable at the origin.
Proof: Lengthy calculations verify that % 02
—w3d =3 22— (wozo + 30 z)%, where wo(0) =1, z0 =
xo — B1, and

L n—i L
Zi_z( j—i )xj_Si’I%A TI:j(S)dS (9)

j=i

2
;=

fori=1,...,n. |
Next, consider the following extension of the Type II
strict-feedforward systems:

Xo = x1+Wo(x)+do(x)u (10)
xi = xi+1+¢i(£i+])uv l:17 ,l’l*l (11)
X o= u, (12)
where the ¢;’s satisfy the condition
n—1
¢i(£i+l) = Z 'iji(xn)x/'—‘r(]),’((),...,O,xn) (13)
j=it1
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Vx,i=1,...,n—2, where
Xn
Pn(Xn) = %71() (14)
Xn
1 Xn
lui(-xn) = - [¢i—1(07 '7O7S)
Xn JO
- 2 1 (5)0i4n—j(0,...,0,8) | ds (15)
Jj=i+1
fori=n—1,n—2,...,2, and
V() = () (16)
k—1
d, _x(x
Vo) = X W1l + k) )
= dx,
fork=2,....n—2.

Design algorithm. Start by computing the expressions in
(113)—(114) in the Appendix. Then, calculate

Bt = — [ B0+ v E)
+o (&(T’x)) o (T’x)] dt (13)
n—1 X X
) = 00— % B )~ B,
i=1 i n
u = op(xp,x)
= —wo(x)(xo —P1(x me

) f ( it )uﬁunm(xn)] (20)

« ( n
m—1 =

Theorem 2: The feedback system (10)—(12), (20) is glob-
ally asymptotically stable at the origin.
Proof: Same as proof of Theorem 1, except that

e ()
_i< e )/«lj+1+n m(xn)]

-1 |

21

fori=1,...,n
III. 3RD ORDER EXAMPLE (NOT FEEDBACK
LINEARIZABLE)

To illustrate the construction in Section II, consider the
following example

)51 = X2+ x% (22)
X = x3+x3u (23)
X3 = Uu. 24)

The second order (x;,x3) subsystem is linearizable and is
of both Type I and Type II. Like the “benchmark problem”
¥ = X2 +x3,% = x3,X3 = u, the overall system (22)—(24) is
not feedback linearizable.

While the “benchmark”™ requires only two steps of for-
warding because the (xz,x3) subsystem is linear, the system

(22)—(24) requires three steps. The first two steps are already
precomputed in Theorem 2 in [6],

2
E_,g = (x3—‘c(x2+x3—23)>e_T (25)
2
& = ((1+T) <x2+x3—23> —x3>eT
1 X3 2
+§ <X3—’C<XZ—|-X3—23>> e 2t (26)
b — E, £ 8
and 0p = —& — &3+ 3

The third step of forwarding is to calculate (6), (7),

5, 3 2\2
B = 2x2x3+8x§8<z;), 27)
3
wp = I+ZX3, (28)

and the final control law
3
_wl(xl — Bz) — <x2 +x3— 2) —X3

3 3
gx% + 3% (—x

2
1oy 5, 1, 3 x3
—_— - = - = 2
ant Ty tgs g ley) |
In the remainder of this section we indicate one way to

make the designs from the previous section applicable to a
broader class of systems. Consider the example

= —X1—3XQ—3X3— —2X2

X1 = x4 (30)
Xy = sinhxz+x3u 3D
X3 = u. (32)

which, although only a slight variation from (22)—(24),
is not represented in the class (1)—(4). The difference in
(31) is easily accommodated by the coordinate/pre-feedback
change X3 = sinhxz,v = 1/1 4+ (sinhx3)2u, which converts
(30)—(32) into

i = x4 (sinh'(X3))’ (33)
inh ! (X,
b = Xy SmhT (X)) (34)
\/1+X3
X3 = V. (35)
This system fits the forms in Section II.
However, the system
X = sin(xi), i=1,....,n—1 (36)
Xo = u, (37

suggested to us by Teel, motivated by the ball-and-beam
problem [19], cannot be brought into those forms, except
in the case n =2 where the resulting control is

s (o[ r)

(38)
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IV. BLOCK-FORWARDING

In this section we extend the class of systems to which the
SJK forwarding procedure is applicable. Then we present
our explicit controllers for this class of systems.

Consider the block-strict-feedforward systems'

1) +0i (“Xiﬂ’giﬂ) u

,n, each x; is scalar valued, each g; is

Xit1 + Vi (ém ' (42)

Aigi+o; (&’QHI)

where i = 1,2,...
ri-vector valued,

5 =

Qi = (43)

X = [X[, xi+la"'7-xn]T (44)
9; = [CI1Tﬂ qL17...7qZ]T’ (45)
A; is a Hurwitz matrix for all i = 1,2,...,n, X4 =
U,gnit = 0,0, = 0, and a‘gzl, = %:(0) = @;(0) = 0 for
i=12,....n—1,j=1i+1,...,n. This class of systems

should be understood as a dual of the block-strict-feedback
systems in Section 4.5.2 of [7].
The control law is designed as follows. Let

Brt1=0uy1 =0. (46)
Fori=nn—-1,...,2,1
zi = Xxi—PBiyi (47)
"« aBH—l ~ IPBis1
Wi(‘li—}—l’glurl) - ]%l ax] axn (48)
(X g, ) = g1 —wizi (49)
Bi(&iaﬂ) = _/ |:&.IH(T an)
i 1( (t,x;,9,). M (x, X,,q))
+¢i I(E_v ‘Cx,,q l](T xmq))
X 0 (&,[’](T X9l (1.2, ))] dr,
(50)

where the notation in the integrand of (50) refers to the
solutions of the (sub)system(s)

dell _ ¢l [ ol
& = Garw(Ell)
i ] i
+¢J(§]+1’ [/]+1) (éz ’nz[L) G
d i l
)= Am o (gl ) (52)

IThe blocks considered here are less general than those in [20], [12],
[4]. We can generalize the idea we are presenting (even somewhat beyond
the classes considered [20], [12], [4]), to include blocks ¢; that are merely

input-to-state stable with respect to X4, ) rather than being linear in
gi. A simple example is the system

i = —¢+n (39)

X = x2+4qu (40)

B = u. (41)

This generalization would, however, preclude closed-form solvability of
the problem; the result would be only an extension of [16].

for j =i—1,i,...,n, at time 7T, starting from the initial
condition (x;,¢,). The control law is

u=0o,. (53)

Theorem 3: The feedback system (42), (43), (53) is
globally asymptotically stable at the origin.
Proof: The Lyapunov function V = %Zl 122, has a
negative definite derivative,

1 n 22 1 n 2
—= E Wiz — = E wi | .
2,’:1 2 i=2

This implies that x,(¢) converges to zero. Since ®,(0) =0,
we have that o, (x,(t)) converges to zero. Because A, is
Hurwitz, g,(t) converges to zero. One can show recur-
sively that w;(0) = 1 and B;(0) = 0. It then follows that
Wn—1(x,(¢),gn(t)) converges to one. Since (54) guarantees
that w,,_1z,—1 goes to zero, z,_ (¢) also goes to zero. Hence,
Xn—1(t) = zy—1(t) + Bn (x4(1),gn(¢)) converges to zero. Con-
tinuing in the same fashion, one shows that x(z),q(t) — 0
as t — oo. This establishes that the equilibrium x =0, =0
is (uniformly) attractive. Global stability is argued in a
similar, recursive fashion, using (54) and the fact that the
subsystems (43) are input-to-state stable. In conclusion, the
origin is globally asymptotically stable. [ ]

(54)

The solution (Ej,l[.i] (T, Q,»)vn,[-l] (T,x;, Q,»)), needed in the
integral (50), is impossible to obtain analytically. Hence, we
consider two classes of block-feedforward systems, inspired
by systems of Types I and II, for which a closed-form
controller can be obtained.

Consider the class of systems we refer to as Type I block-
feedforward systems:

Xo = x1+Wo(x,q)+do(x,q)u (55)
go = Aogo+wo(xo,x,q) (56)
n—1
X1 = x+ z (%)X j41 + T (X1t (57)
j=2
g = A1+ (x,gz) (58)
fC,’ = Xi+1, i:2,...,n71 (59)
g = Aigito; (&nﬂm) (60)
i = u 61)
gn = Angntoy (xn) > (62)
where x denotes [x1,...,x,]7, g denotes [¢],...,¢7]T (.e.,
it does not include go), Wo(0) = ¢o(0) = 0 (0) = ;(0) =

®;(0) =7;(0)=0,j=2,....n and 220 —0,i=1,....n
The subsystem (x,...,x,) is linearizable, which makes it
possible to develop a closed-form formula. The first step in
the design algorithm is to compute the expressions in (110)—
(111). It is worth noting that &(t,x) and &, (t,x) are both
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independent of g. Then, for i =n,n—1,...,2 we calculate

T
n; (r,qﬁx) = Mg+ / eti(™0)
- 0

X ; (éi(c,x),niﬂ (G,qu,x)) do,

(63)
Biiva) = — [ B0+ o (E(r0).n(rg.0)
+¢0 (&(T’x)’n(Tanx))al (Tax)]dT (64)
i) = oo LD () - PG g5
u = OL()(X(),)C,(])

= —wo(x,q)(xo—Bl(xa‘I))

n n n Xj
Z{( . >Xi+,-=2§/0 m;(s)ds. (66)

Theorem 4: The feedback system (55)—(62), (66) is glob-
ally asymptotically stable at the origin.

Proof: The same expressions hold as in the proof

of Theorem 1. Convergence to the origin is proved in

the following order: X,,X;—1,---,X1,Gn,qgn—1,--->41,%X0540-
Global stability is argued similarly. Hence, xo = gop = 0,x =
0,9 =0 is globally asymptotically stable. [ ]

Finally, consider the class of systems we refer to as Type
II block-feedforward systems:

Xo = x1+Wo(x,q)+do(x,q)u (67)
Ggo = Aoqo+wo(xo,x,q) (68)
Xi o= X+ 0 (xip)u, i=1,...,n—=1 (69)
4 = Aigi+o (&iagiﬂ) (70)
i o= u 71)
Gn = Angn+On(xn), (72)

where the ¢;’s satisfy the conditions (13)—(17) With &(t,x)
and &;(t,x) calculated as in (112)—(114), n;’s and B,
calculated as in (63), (64), respectively, the algorithm’s final
step is to calculate

n—1 X X
wo(x,q) = do(x) — D %x;q)q’i@i“) B %x,;q)

i=1

(73)

u = OC()(XO,)C,C])

— w0 q)(x0—Bi (x.q)) 31 — izxm

. [(m’i 1) —g (J.f 1) uHHnm(xn)} 4)

Theorem 5: The feedback system (67)—(72), (74) is glob-
ally asymptotically stable at the origin.

V. INTERLACED FEEDFORWARD-FEEDBACK SYSTEMS

The ability to stabilize systems that are neither in the
strict-feedback nor in the strict-feedforward form was il-
lustrated in [15]. We present designs for two classes of
systems obtained by interlacing strict-feedback systems [7]
with feedforward systems of Type I and II.

First, consider the interlaced systems of Type I:

n—1

X1 = x+ an(xj)xj+1+nn(xn)u (75)
j=2

X,' = Xi+1, i:2,...,n (76)
Ynil = X2+ (X Xer1) 77)
Yngj = Xnpjr1 +fi(x, X0t ), j=2,...,N (78)
where X, ny1 = u. In this system, Xx,; denotes
[Xnt1y-- ,xn+_,-]T, and, as before, x; denotes
[xj, Xjt1,---,%,)7 (which means, in particular, that
x; = [x1,-..,x,)7). Tt is clear from the above notation
that the overall system order is n + N, where

the feedforward part (top) is of order n and the

feedback part (bottom) is of order N. We assume

that m;(0) = 0,i = 2,...,n,£;(0) = 0,i = 1,...,N. The

control synthesis is given in the following theorem.
Theorem 6: The control law given by

4= x+ X <’;_; )x,-—si,l_zz/o’nj(s)ds (79)
j=

Jj=i+1
n
o(z) = — Xz (80)
i=1
fori=1,...,n,
Znpl = Xpgl — O (81)
n
125 2n41) = _(”+1)Zn+1+2(”_l)zl
=1
—f1(x1,Xn11) (82)
Intj = Xntj = Ongj—1(2y52nrj-1) (83)
Opyj = —Zntj1—Zntj— fi(x1,%nt))

C aocnJrjfl 4
Ty
0z =1

=1

Boc . n+1
Jrle ( z Zk + Zn+2
k=1

aZn—H
=130 1
+ a"i (=241 + Zn141)
=2 Zn+1
(34)
for j=2,...,n, and
U = Opn (85)

globally asymp. stabilizes (75)—(78) at the origin.
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Proof: 1t can be verified that the closed loop system
in the z coordinates is

i
=Y %+,

i = i=1,...,n (86)

k=1

n
ntl = — 2 Zk = Znt1 T Zng2 (87)

k=1
2n+j = _Zn+j+zn+j+lv ]:2,,N (88)
where z,:n11 = 0. The Lyapunov function V = ¥V 2
satisfies V = 72?:11\/1[2 — Z?:,ﬁz(zl‘ — Zl;l)2 - (2?:1 Zi)z:
which proves the result. [ ]

Next, consider interlaced systems of Type II

X1 o= x4+ ¢i(x)u, i=1,....n—-2 (89)
xnfl = X+ ¢n71 ()Cn)l/t (90)
Xn = Xnpl oD
Ynr1 = X2+ f1(XgXne1) 92)
er»j = xn+j+1+fj(llaxn+j)7 ]:2a7N 93)

where x,,y41 = u. We assume that ¢;(0) = f;(0) = and the
0;’s satisfy the conditions (13)—(17).
Theorem 7: The control law given by z, = x,,

2 n—i
= gel()

m=i+1
-y ( I ) Mt (xn)l (94)
Jj=i

fori=1,...,n—1, and (80)-(85) globally asymptotically
stabilizes the system (89)—(93) at the origin.

With the following result one can pursue a full-state feed-
back linearization design by conversion to the Brunovsky
form.

Theorem 8: The systems (75)—(78) and (89)—(93) are of
relative degree n+ N from u to the respective outputs

n xj

n o= w3 [Iwisds, 95)
=270
n

yr = xl_z,u2+nfj(xn)xj~ (96)

j=2

VI. EXAMPLE: COMBINING BLOCK-BACKSTEPPING
AND BLOCK-FORWARDING

In this section we show that block-backstepping and
block-forwarding can be combined in a similar manner
on an example that is outside of the forms considered in
Section V (and also outside of those in [15]):

i = —2q+x 97)
X1 = x+tgx3 (93)
X2 = x3+g¢q 99)
X3 = u+gx. (100)

This system is neither block-strict-ffwd (because of gx;
in the x3-equation) nor block-strict-fbk (because of gx3 in

the x;-equation). However, the x1,x;,g-subsystem is block-
strict-ffwd if one views x3 as control, and the x;,x3,q-
subsystem is block-strict-fbk with u as control. Hence,
we will derive a controller using one step of forwarding,
followed by one step of backstepping.

Following the design from Section IV, §[22] (T,x2) = xp€~
and 1% (1,x2,9) = (¢+1})e". Then we derive

T

2 2 3 4
qx) C])Cz q x2 X2
= x24T L7202 (01
B2(x2,9) X+ ATy gy (10D
2 X 2 3
wit,g) = 1+2¢-2_2_5 (102)

3 4 3 8
The system is converted from the x1,x,x3 coordinates into
21,X2,23 (note that x, is unaltered), where

(103)
(104)

21 = x—B

3 = x3t+tg+wizi+x2.

Note that (103) corresponds to one step of forwarding,
resulting in a ‘virtual control’ —g — wiz; —xp for x3 as
a control input, whereas (104) corresponds to one step of
backstepping. The control law

U = —z3—X2— Wiz fx1q+2qfx%—w%(x3 +q+x)

—(x+q)+a K};z - i) (—29+x3)

q 3
+ <4§x2+8x%) (x3+q)} (105)
results in the system being transformed into
i o= —wizn+wizn (1006)
X3 = —wizi—x+23 (107)
3 = Wiz — X233 (108)

The stability of this system follows from the Lyapunov
function V (x,q) = z1(x1,%2,9)* + 23 + z3(x1,%2,%3,9)* be-
cause

V=—wizl —x}— (wizi +x2)* —223. (109)

The convergence to zero can be seen in the following order:
x2 [from (109)], ¢ [from (97)], x; [from (103) and (101],
x3 [from (104)].
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APPENDIX

The following expressions, derived in [6, Thm. 2], are
used in the first control algorithm in Section II:

Gi(t,x) =

s

=i\ ST I=j—k
n—j+k x+(—1)i n—i
I—j+k )7 ]—1
n Xm
(Y T (s)ds (110)
m=2
fori=2,...,n,

and

j—1 k n .
7’5 —
x (kv) ) ( rll—]il]j >x’
=0 Sk J

(112)

/nm

The following expressions, derived in [6, Thm. 4], are
used in the second control algorithm in Section II:

s[5 S 8

k=0 I=j—k

m=2

n—j+k B <
X ( l—j+k ) X[ m:ziprlﬂl+l+n7m(-xn)xm

T3 (on)

n—1

+ 2 7\fi+1+n—p e 2

p=i+1
n n n_p
X\ X — Z M1 n—m(Xn) Xm 2( - >(_1)/—p
m=I[+1 J=pr J=pP
= Ml l—j+k
TR I (113)
m=I[+1
where i =1,...,n, and
n n .
~ - n n—i 1\j—i
OLl(T,x) - € ,':1<i_1 >]2,l<]_l>( 1)

i n—j+k
L gk

I=j

z Mi+14n— m(xn)xm
m=I[+1

(114)
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