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Generalized State Scaling-Based Robust Control of
Nonlinear Systems and Applications to Triangular Systems

P. Krishnamurthy and F. Khorrami

Abstract—In this paper, we propose a high-gain scaling based
controller to achieve global state-feedback stabilization of a general
class of nonlinear systems which are allowed to contain uncertain
functions of all the states and the control input as long as polynomial
bounds on ratios of some uncertain system terms are available. The
design is based on a high-gain scaling involving appropriate powers
of a high-gain scaling parameter which is a dynamic signal driven
by the state. The designed controller has a very simple structure
being essentially a dynamic extension and a linear feedback with state-
dependent dynamic gains. The obtained results are applicable to both
lower triangular (strict-feedback) and upper triangular (feedforward)
structures and also to systems without any triangular structure as long
as a set of inequalities involving powers of the polynomial bounds
on the ratios of the uncertain system terms and scaling orders is
solvable. The stability analysis is based on our recent results on
uniform solvability of coupled state-dependent Lyapunov equations.

1. INTRODUCTION

We consider a high-gain scaling based state-feedback controller
design for the class of systems given by

T = PGz + @it zu), i=1,...,n—1
B = plt,z,w)ut on(t, z,u) )]
where z = [x1,...,%,]" is the system state and u the input. p,

@(i,i+1)» and ¢; are uncertain time-varying functions.

High-gain techniques for controller and observer designs have
been investigated in the literature. The basic adaptive high-gain
controller given by u = —ry, i =1 provides global stabilization
under the assumption that the system is minimum-phase and of
relative-degree one ([1-3] and references therein). A semiglobal
observer design based on static high-gain scaling (using observer
gains r,...,7" with a constant r) was considered in [4 5]. The
observer analysis utilizes scaled observer errors —+ (or —+ Zi) with
e; being the estimation error of the i*" state. A global hlgh gain
observer and controller with gains being powers of f vy (T)dr
were proposed in [6] for linear systems with appen?ied stable
nonlinear zero dynamics and input-matched nonlinearities. In [7],
a high-gain observer and a backstepping based controller were
designed for systems of form (1) under the assumptions that
Guiv1) = L,i = 1,...,n — 1, and with the terms ¢;,i =
1,...,n, being known functions of zi,...,x; incrementally
linear in unmeasured states in the sense that |¢;(x1,...,2;) —
¢i($17i27 ey i’z)l < F(:cl) 22:2 |Cﬁj — Jijl with F(l’l) being a
known function. The dynamics of the high-gain scaling parameter
were a scalar differential Riccati equation driven by y.

In [8], it was shown that the high-gain scaling proposed in
[7] essentially amplifies the upper diagonal terms (¢(; ;1)) thus
inducing the Cascading Upper Diagonal Dominance (CUDD) con-
dition introduced in [9,10]. Motivated by duality considerations, a
dynamic high-gain scaling based state-feedback controller and a
dual high-gain observer/controller based output-feedback solution
for strict-feedback (lower triangular, i.e., functions in dynamics
of " state can be bounded as functions of ZT1,...,x;) systems
were proposed in [11]. The dual high-gain design in [11] was
based on the solution of a pair of coupled Lyapunov equations.
The state-feedback controller in [11] requires the upper diagonal
terms to satisfy the cascading dominance condition (which, in the
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controller context, requires the ratios [¢;—1,4)|/[P(,i+1)| to be
upper bounded by a positive constant) and also requires the terms
¢i to be bounded as || < T'(z1) Y " b(i,j|as| with T'(z1) and
¢(,j) being known continuous nonnegative functions such that
the ratios |9, |/|¢¢i—1,5)|; $2)/0@9)l and di/|6a.2)]
are upper bounded by positive constants. These assumptions
which essentially require that the upper diagonal terms should
be dominant in the system and that there should be a cascading
dominance relation between the upper diagonal terms such that
the terms nearer to the control input are larger (in the sense that
the ratios |¢(;—1,5)|/|¢(,i+1)| are bounded above) comprise the
CUDD condition in the controller context. The output-feedback
result in [11] provides a dual high-gain observer and controller
for strict-feedback systems assuming that the upper diagonal terms
also satisty the observer-context cascading dominance condition
(ratios |¢(; s4+1)|/|®(i—1,:)| bounded above). The functions ¢;,i =
1,...,n, were allowed to contain functional and parametric un-
certainties coupled with all the states.

The dual high-gain technique introduced in [11] was extended
to the case of state-feedback and output-feedback control for
feedforward (upper triangular, i.e, functions in dynamics of x; can
be bounded as functions of x;y2,...,ZTn,u) systems in [12,13].
Previously available controller design techniques for feedforward
systems include saturation-based designs [14—17] and forwarding
[18]. Nested saturation designs rely on the use of small inputs
(making the scheme sensitive to additive disturbances) and require
¢; to involve only quadratic or higher powers in their arguments.
Forwarding is a recursive passivation scheme which proceeds
by adding one integrator at a time through the design of cross
terms (which, due to computational complexity, often need to be
approximated numerically). However, due to a lack of robustness
to additive disturbances in these designs [14—18], the extension
to the output-feedback case was not feasible. In contrast, the
dual high-gain approach in [12,13] provided a robustly stabilizing
controller and enabled an output-feedback solution. The state-
feedback controller in [12] required the upper diagonal terms
@(i,i+1) to satisfy the controller-context cascading dominance
condition and also required the ¢; terms to be bounded linearly
(up to a factor of ¢(1,2) and a polynomial function of x,) in the
states and input.

In [19], a generalized high-gain scaling involving arbitrary
powers of the high-gain scaling parameter was proposed for strict-
feedback systems. The standard scaling z;/r***® with constants
a and b can scale functions ¢; relative to the upper diagonal terms
®(i,i+1) as shown in [8], but can not modify relative magnitudes
of upper diagonal terms since all upper diagonal terms are scaled
by 7. Furthermore, this scaling requires CUDD-like assumptions
as noted above and only attenuates arbitrary functions of xi
(in the strict-feedback case) or z, (in the feedforward case). In
[19], it was seen that scaling using arbitrary powers of the high-
gain scaling parameter can scale relative magnitudes of upper
diagonal terms and also provides a technique to take into account
the form of (polynomial) bounds on ratios of system terms and
introduce a scaling specifically tailored to induce CUDD in the
scaled system. In [19], a state-feedback controller was provided for
strict-feedback systems with polynomial bounds on certain ratios
of unknown system terms and an output-feedback controller was
obtained without requiring cascading dominance.
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In this paper, we extend the results of [19] to state-feedback
controller design for the general class of systems (1) without re-
quiring a triangular structure. Furthermore, we allow ¢;, @(; i41),
and p to be uncertain functions of time, state, and input while all
the earlier designs required upper diagonal terms ¢; ;1) to be
known functions of the state. The results are applicable to both
lower triangular and upper triangular systems and also to non-
triangular systems as long as a set of linear inequalities involving
powers of the polynomial bounds and scaling orders is solvable.
We show that this set of inequalities is always solvable in the
case of strict-feedback systems (recovering the result of [19])
and solvable in the case of feedforward systems under certain
assumptions. Moreover, the solvability of the set of inequalities can
be easily checked numerically even for non-triangular systems and
the proposed design yields a globally asymptotically stabilizing
state-feedback controller whenever a solution exists.

The required assumptions are listed in Section II. The state
scaling and dynamic extension are explained in Section III. The
controller design is provided in Section IV. The stability analysis
is contained in Section V. The application of the results to strict-
feedback and feedforward systems are illustrated in Sections VI
and VII, respectively. An illustrative example is provided in
Section VIIIL.

II. ASSUMPTIONS AND PROBLEM STATEMENT

Definition 1: A function f: R X R X ... X R — R is said to
be a multinomial if it is of the form

Zka Jem @)

i=1
where N is a positive 1nteger and Xt and Byt =

1,...,0,k = 1,..., N, are nonnegative real numbers. A multi-
nomial f(z1,...,2;) is said to be proper if a continuous non-
negative function f (called its bounding function) exists such that

flzt,-2

[f(z1,...,2)] < f(zl,...,zl)\/Zi L %7 A real number ¢ is
said to dominate f relative to real numbers Ciy..., ¢ if
¢ > QBawt---+4Bux » k=1,...,N. 3)

To denote that ¢ dominates f relative to (i,...,(;, we use the
notation ¢ > f|(c,,....c,)- It can be shown that the multinomial in

(2) is proper if and only if Zi’:l Buw =1L, k=1,...,N.

Lemma 1: If f(21,..., %) is a multinomial and ¢ > f|c¢,.....c;),

then for all » > 1, and all real numbers z1, ..., 2,
<1 L,nS
Mo < fagal @
Proof of Lemma 1: Using (2) and (3),
l
iz > 141% k)
ntz) szc

H ,3(7 k)
ZXk H el 60 )
k=1 =1

f(nStz1,. ..
’[74-

IN

yielding (4). ¢

The control objective in this paper is to regulate the state =
of system (1) to the origin using dynamic state feedback in the
presence of the uncertain terms ¢;, ¢(;,i4+1), and p. The design
will be carried out under the following assumptions.

Assumption Al: (Controllability of system (1)) A positive con-
stant o is known such that for all ¢ > 0, z € R", and u € R,
|¢(7L,i+l)(t7x7u)| >0 > 0 ) 1= 15 s, — 1 and |,u(t,:v,u)| >
o > 0. The sign of each ¢; ;41),2 =1,...,n—1, is independent
of its argument and known. Furthermore, continuous nonnegative
functions ®¢iv1y:t = 1,...,n — 1, and [t are known such that

|Bei,it1)(t 2, u)| < 5(i,z-+1)(~’v7U) and |p(t, , u)| < a(z).

Assumption A2 The functions ¢;,7 = 1,...,n can be bounded

as |¢i(t,z,u)| < ZJ L Ot u)\mj| + ¢i(t, x,u) with
b6t = 1,...,m,5 = 1,...,4, and ¢>1,z = 1,...,n, being
continuous nonnegative functions. Furthermore,
o proper multinomials f;,i =1,...,n,
o (not necessarily proper) multinomials fa,i=1,...,n—
1,5=1,...,¢,and f;,i=2,...,n—1,and
« continuous nonnegative functions -y, and ¢, ;y,J
1,...,n,
are known such that!
< filforl,. el e @)l i = 1, ©
[#1,2)]
P
(1) < fap (@l el yu@)lul)
V0G0 lloG-1,5]
i=1,...,n—1,5=1,...,i @)
¢(n,j) < ¢(nd)(l',u)7 j=1...,n 3)
|19 )
SO < F (o, el v @)lul) i =2, n1 )
|¢(z z+1)|

with ¢0,1) = P1,2)-

Assumption A3: A continuous positive function fi(z), a positive

constant 1*, and a multinomial f, are known such that for all
t>0,z€R", and u € R,

pa)yu(z) < pt (10)
‘¢(n—l,n) (tv z, ’lL)l

~ < Fn (2l fznl u(@)lul) . (1)
()|t z,u)| " e
Assumption A4: Positive constants ¢;,¢ = 1,...,n, and a
constant g, 41 exist such that
qi+q2—q1 >f1‘(q1 ,,,,, An+41) ,i=1,...,n (12)

qi+1+ ¢ —q¢j —gj—1

” f(i,j)l(q1,~»~7qn+1) 1=2,.,m—1

2
J=2,...,1 (13)
gi+1+¢i+92—3q1 ;
BALBLBEI0 gm0 =hsnl (19
qi+1+qi—1 — 2¢; > fi‘(ql,_“,qn+1) ;E=2,0,m. (15)

If any of the multinomials among f;,7 = 1,...,n, are zero, the
corresponding inequalities in (12) can be dropped. Note that none
of the f; can be a non-zero constant since f;,i = 1,...,n, are
required to be proper multinomials. If any of fagpi=1,...,n—
1,7 =1,...,4, or f;,5 = 2,...,n, are non-zero constants, the
nght hand 51des of the correspondmg inequalities in (13), (14) and
(15) reduce to zero. If any of f(; ;,i=1,...,n—1,7 =1,.

are zero, the corresponding 1nequa11t1es in (13) and (14) can be
dropped. None of the f; can be zero since ¢(; i41),4 = 1,...,n—
1, are lower bounded in magnitude by o.

Remark 1: The conditions (12) - (15) form a finite set of strict
linear inequalities. Hence, if Assumption A4 is satisfied, a positive
constant ¢ exists such that the inequalities (12) - (15) also hold
with c subtracted from the left hand side of the inequalities. It will
be seen in Section III that Assumption A4 implies the existence of
a high-gain state scaling that can attenuate system uncertainties.

Remark 2: The decomposition of ¢; in Assumption A2 allows
considerable freedom in incorporating a term in a known bound
on ¢; into one of the ¢; ;) or ¢; terms. For instance, given ¢3 =
x1T2 + o3, $3 can be decomposed in a variety of ways 1nclud1ng
@) ¢i1) = |22], P3,2) = b3, 5) = =0, ¢3 = 23; (b) Pp3,1) =
b3 = 0, d,2) = |T1], ¢3 =a3; and (c) d3,1) = 93,2 = 0,

!For notational convenience, we drop the arguments of functions when
no confusion will result.
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b (3,3 =|z3], $3=|z1||2z2|. This freedom can be exploited to aid
the feasibility of (12)-(15).
III. A DYNAMIC EXTENSION AND A STATE SCALING
The control input u is designed as

rIntlfi(z)En+1 (16)

where &,41 is a new state variable with the dynamics

u =

. T
nt1 = v—by ;£n+1 (17)

with v being the new control input, b, a positive constant, and r a
dynamic scaling parameter. The design of the dynamics of r will
ensure that 7(¢) > 1 for all ¢ > 0. The control input transformation
(16) and (17) corresponds to a dynamic extension of the state so
that, in the extended system, the bounds on ratios of uncertain
system terms in Assumption A2 are functions of the states x and
&n+1 and do not involve the new input v.

A state scaling is introduced as

G = —oi=loani €= [ )T (8)
The scaled dynamics can be written in matrix form as
£ = A(t,az,u,r)ﬁJrBv+<1>(t,m,u,r)f;Df (19)
where
B = [0,...,0,1]T (20)
B(t,z,0,r) = [ d1(6,2,0), s =ty 007 @)
D = diag(qy,-.-,qn,bv) (22)

and A(t,z,u,r) is the (n 4 1) x (n + 1) matrix with (4,5)"
element
A(’L,i+1)(t7xvu7r) = Tqi+17qi¢(i,i+1)(t7x7u) ,t=1,...,n
Ay = 0, j#i+1,i=1,...,n+1 23)

. A
with ¢(n,n+1) (t7 €, u) = ,u/(x)u(ta €T, u)

Crucial properties of the matrices appearing in the scaled
dynamics are provided in the following results.

Theorem 1: A continuous positive function R(§), a 1 x (n +
1) vector function K (z,&n+1,7), a constant symmetric positive-
definite (n+1) X (n+ 1) matrix P, and positive constants v, v,
and 7> can be found such that® for all » > R(€), and all ¢t > 0,
r €R", and {41 € R,
P[A(t,z,u,7) + Q1O (¢, x,u,7)Q2 + BK (x,Ent1,7)]
+[A(t7 z,u, T) + ng(t T, U, T)QQ + BK(J?, §n+17r)]TP
[1,2) (¢, z,u)]
-1 T 1 (24)

v,] < PD+DP < Dol (25)

<

where @ (¢, z, u,r) is the lower triangular (n+1) x (n+1) matrix
" element equal to %l oy (tz,u) if 1 <4 <
< 4, and zero otherwise. Q1 and Q2 are arbitrary (n +
+ 1) diagonal matrices with each diagonal entry +1 or

Proof of Theorem 1: Let p be any positive constant. Pick

_ fz(|£l|:,|£n‘yﬂ*|£n+1‘) %
R(€) = max {1,Zr§1axn{ |: p :| },

1
- Hf@,j)(&n,...,su,u mmq }} 06
i=1,...,n—1,5=1,....i P

2T denotes an identity matrix of appropriate dimensions.

Define A = A+Q1®Q2 and denote by A, ;) its (i,5)"" element.
Using (16), (23), and Assumptions A2 and A3,

[AG,5] < f.) Pi=9 . 1
— — = B +a;—a;—aq;_ ) R )
/lA(i,i+1)HA(]’—1,j)| T%
J=2,..,%
[ Al < fa,n . I
— — = i+1+da;+azx—3 ’ -5 )
VIAGisnl[Aq gl — =
A1, 7
Aonl o Sy a1 @)
|A(i i+1)‘ rdit1tdi-1—-24;
where the symbols f(; ;) and f; have been used to
denote fapn (r® &l .o [&nl, Pt " |€nga]) and
filr® &, ..., |&y |, rIn 1 1*| €1 ]), respectively. Using (12)-

(15), Remark 1, and Lemma 1, it follows, using Definition Al
in the Appendix, that A is dual w-CUDD (p) for all » > R(§)
with R(&) defined in (26). Noting that D is a diagonal matrix
with positive diagonal entries, and applying Theorem 1 in
[19] (also see Theorem 2 in [20] ), the result of Theorem
1 follows. Note that, by Theorem 1 in [19], the choice of
K depends only on the known upper and lower bounds on

@@,i+1),4 = 1,...,n — 1, and the known upper bounds on
@(n,j),J = 1,...,m, and does not require knowledge of the
uncertain functions ¢¢; ;),¢ = 1,...,n,5 = 1,...,¢, and
®(,i+1),1 = 1,...,n — 1, themselves. Hence, K is a known

function of (x,&n+1,u,7), and hence of (z,&,+1,7) by (16).
The choice of P, v1, v,, and U2 depends only on the choice of
p which is free to be arbitrarily picked and the signs of ¢; ;41)
which are known and constant by Assumption Al. Furthermore,
K, P, v1, v,, and U2 do not depend on the diagonal matrices

@1 and Q2. ¢

Theorem 2: A continuous positive function R(§), a 1 x (n +
1) vector function K (x,&,+1,7), a constant symmetric positive-
definite (n + 1) x (n + 1) matrix P, and positive constants v,
v,, and Ty can be found such that for all r > R(), and all
t>0,z€R" and {1 €R,

sT{P[Aa, zu,) + BE (2, €ns1,7)]

A 2, u,r) + BE (2, nt1, r)}TP}s
+26T PO (t, 2, u,7) < —ur 2T g o0 |I€]7(28)
321 < PD+ DP < val. 29)

Proof of Theorem 2: Let p be any positive constant. Obtain R(¢),
K(x,&ny1,7), P, v1, vy, and Dy as in Theorem 1. Let

R(&) = max | R(§), {4)%&11(/}13)](*(6)};

where Apmqz(P) denotes the maximum eigenvalue of P and

(30

O = A+, | > Tl el w*l€ntal) G
i=1

with 71 being the bounding functions of fi,i=1,...,n. Using
Assumption A2 and @n,}
26TPe < ETPS(POBS(©)E + TS S(PEPE
+2Amaz (P)[€]|®] (32)
where ® = [$1 /19, ..., ¢n/r?,0]T. Using (6),

~ q2—q
Btz < b taw )] (33)

T
with f* given in (31). Invoking Theorem 1 with Q1 = S(PE)
and Q2 = S(£), and using (24), (30), (32), and (33), we obtain
(28) with v; = 1v1/2. (29) is obtained directly from (25). As in

3f n € R™, S(n) denotes the n, X n, diagonal matrix with i*"
diagonal entry being the sign (£1) of 7;. Hence, S(n)n is a vector of
the same dimension as 7 obtained by replacing each element of 7 by its
magnitude.
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Theorem 1, the choice of K, P, v,, v,, and V> depends only on the
known bounds on uncertain functions guaranteed in Assumptions
A1-A3 and not the uncertain functions themselves and can be
obtained by a constructive procedure. ¢

Lemma 2: Given any 1 x (n + 1) vector function K (z,&nt1,7)
and a constant symmetric positive-definite (n+1) X (n+1) matrix
P, a function A(x,&,+1,7) can be found such that for all ¢ >
0,r>1,x € R", and {41 ER

§T{P[A(t,x, u,7) + BK(%,&n41,7)]
HA( 2w, 7) + BE (2, 6n i1, r>1TP}£

+26T PO (t, @, u,7) < A &nrr, €7 (34)
Proof of Lemma 2: Using Assumption Al,

(35)

eT[PA+AT Pt <2le? i [E(i,iﬂ) (2, 19 ()€1 ) 2
Amaz (P) - — r3i—qi+1
where a(nmﬂ)(m, u) |(x)|E(x). Using Assumption A2,

|®(t, z,u, )| < ®(x,Ensr1, ) Where

lZme) 1],

=2 j=2
Xa(i,i-‘-l)(x rinttfi(z )§n+1)¢(3 11)(907 I (@) En 1)

+Zf<2¢71)(|z1‘7---7
=1

XB(iip1) (@ 7T (2)En11) P (1,0 (@, P9+ i)y 1)
1
n 2
+Zaﬁn,j)(%an'+lﬂ($)§n+l)] . (36)
j=1

Using (32), (33), and (36),

B(z, Entr,7) = o e, Pt € )

|5 ], rIntt p* [Enya])

26TP® < |2\ max(P)®(2, &ng1,7)

rd2
+2>\maz( )¢(1 2)(ZB an+1 ( )5”4’1)

= f*(é)] €2 (37)

Using the inequalities (35) and (37), (34) follows with

ant1j;
Az, €nt1,7) = 2Xmaz(P) Z[d)(“ﬂ)(xqr L (x )5n+1)}

i=1

+2Amaz (P)|K(I, gn-‘rl ) T')I + 2 maz (P)g(x’ £n+17 ,’n)

qi+1

ra2—a

+2>\max(P)¢(1 2) (@, 7T+ fi(2)én+1) o 7 (€. (38)
IV. CONTROLLER DESIGN
The control input v is designed as
v o= K(@¢&n1,7)¢ (39)
and the dynamics of r are designed as
Po= 72’1 (R(€) —7) [A(z,Ent1,7) + Ao] 5 7(0) > 1 (40)

with K and R obtained as in Theorem 2 and A as in Lemma 2.
Aop is any positive constant and ¢ is any continuous nonnegative
function such that

1 ,56>0
q(b) = { 0 , b< —er 41)
with e, being any positive constant. From the dynamics (40), r(¢)

is a monotonically non-decreasing function of time. Hence, r(¢) >
1 for all time ¢.

The overall dynamic controller designed for the control input u
is given by (16), (17), (39), and (40).

V. STABILITY ANALYSIS
The stability of the closed-loop system can be demonstrated
using the Lyapunov function V = &7 P¢ where P is the symmetric
positive-definite (n+ 1) X (n+ 1) matrix obtained in Theorem 2.
Using (19), (29), and (40),

Vo< fT{P[A + BK]+[A+ BK]TP}§ +2¢TPo
—q (E(E) - 7”) |:A(x7§n+177”) + Ao} €%, 42)
We consider the two cases r < R(£) and r > R(€). In the case

t
that 7 < R(£), the definition (41) of q implies that g(R(£) —r) =
1. Using Lemma 2,

Vo< —Agl¢A (43)
If » > R(€), using Theorem 2, (42) reduces to
Vo< r T g o)tz u)|[€ (44)

From (43) and (44), V (¢) is a non-increasing function of time over
the maximal interval of existence of solutions [0, ¢¢) implying that
&(t) is uniformly bounded on [0,ts). Noting from (40) and (41)
that » = 0 if r > R(§) + €, the boundedness of £ implies the
boundedness of r. Also, from (40), (t) > 1 for all ¢t € [0,¢y).
Therefore, x; = r9¢;,i = 1,...,n, and hence the control input
u are uniformly bounded over [O t f) This implies that ¢t = co
and solutions exist for all time with all closed-loop signals being
uniformly bounded. By the above arguments, r(t) € [1,7] Vi >0
with 7 being some positive constant. From (43) and (44), we obtain
using Assumption Al that

. 1

Vv < - m min(Aog, v, 0, v 0727V, (45)
The inequality (45) implies that V' (¢) and hence |£(¢)| go to zero
exponentially as ¢ — oo. Since |z;| < 7%|;], the states x(¢) and
the control input u(t) also go to zero exponentially.

The stability properties of the closed-loop system are summa-
rized in the following theorem.

Theorem 3: Under Assumptions Al-A4, the proposed dy-
namic compensator given by (16), (17), (39), and (40) guaran-
tees global boundedness of all closed-loop states. Furthermore,
limi—ooxi(t) = 0,4 = 1,...,n,limi o0 §nti1(t) = 0, and
lim; 00 u(t) = 0.

VI. APPLICATION TO STRICT—FEEDBACK SYSTEMS

Systems for which f;, f ;), and f; have a lower triangular
structure given by

fi = fillz1],...,]zic1]) , i=1,...,n
fa f(i’j)(|xl|,...,\xi|) yi=1,...,n—1,7=1,...,4
fi = fillzil,. o z)), i=2,...,n (46)
and ¢(; ;14y,i =1,...,n—1,and ¢, ;y,j = 1,...,n, do not

depend on the control input w form a class of strict-feedback
systems. In this case, 'yu&) = 0 and (10) is trivially satisfied.
Also, (11) can be satisfied with

i = Pemn@ e )
Hence, Assumption A3 is automatically satisfied for strict-
feedback systems. In fact, since f; and f; do not involve the control
input u, the dynamic extension (16) and (17) is not needed and
Assumption A3 (which is needed specifically to enforce w-CUDD
structure with the dynamic extension and to handle the dependence
of f; and f; on w) can be eliminated altogether. If the dynamic
extension (16) and (17) is not introduced, the scaled state vector
is defined as & = [¢1,...,&,]7 with &,i = 1,...,n, given by
(18) and using results analogous to Theorem 2 and Lemma 2, the
controller is designed as v = K (z,r)¢ with the dynamics of r
given by (40).

The following theorem guarantees that constants q;,¢ =
17 ...,n+1, can be obtained to satlsfy the 1nequaht1es (12) (15)
given any multlnomlals fii=1,....n, fa;,i=1,...,n—
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1,7 = 1,...,4, and fi,i = 2,...,n, of the lower triangular
structure (46).
Theorem 4: Given any multinomials fi(z1,...,2-1),1 =
L...n, fapz,...,2zi)4=1,...,n=1,5=1,...,4 and
fi(z1,...,2), 1 =2,...,n, positive constants ¢;,i = 1,...,n+
1, can be found such that
gGita-—q - fi‘(cn,m,qq'fl) pi=1...,n (48)
Qi+1+qi —qj —qj—1
2

= fanlara) 8 =2 n—1,
G=2,.. ., (49)

Gi+1+qi +q2 — 3q1 .
- - = fanlar,..a)i=1..,n=1 (50)

2
Git1+ai-1 —2¢ = filgy,q) i =2..m (51
Proof of Theorem 4: Pick any q1 > 0. The constants ga, ..., gn+1
can be picked recursively. Assuming that constants q1, . . ., ¢; have

been picked, pick ¢;+1 such that

Qi+1 > max {0, Q1—Q2+fi+1, Igax v{qj+qj—1_qi+2f(i’j)}u
J=2,...,1

3q1 — a2 — 4i + 2f(i1), 20 — ¢i—1 + f} (52)

where fi+1, f(i,j), and ﬁ are given by

fi+1 = inf{0 € R|0 - fi+1|(q1 ..... Qi)}
fa,py = inf{0 € R[0 > f(i,j)|(q1,---,qri)}
fi = inf{0 €RIO = fil(qr,....qn} (53)

with fn,4+1 = 1. The sequence qi,...,qn+1 generated by this
recursive algorithm satisfies inequalities (48)-(51). ¢

Remark 3: Theorem 4 shows that Assumption A4 is always
satisfied for strict-feedback systems. Hence, the design for strict-
feedback systems requires only Assumptions Al and A2. Assump-
tion A2 can be further weakened using the technique proposed in
[19] to include arbitrary (not necessarily polynomially bounded)
continuous nonnegative functions of x; as multiplicative factors in
the bounds (6)-(9). In [19], the state z; is not scaled and appears as
a separate 3 term in the Lyapunov function along with a quadratic
T P¢ term with € = [(z2 + ((x1)) /792, 23/r B, ... &, /10"
where the design freedom ¢ which generates a cros term in the
Lyapunov function derivative is introduced to handle the additional
x1 dependent terms in the bounds on uncertain functions. The
approach in this paper, however, has the advantage that it provides
a unified design for general nonlinear systems including both lower
triangular and upper triangular systems.

VII. APPLICATION TO FEEDFORWARD SYSTEMS

Systems for which f; and ﬂ-, ¢ = 1,...,n, have an upper
triangular structure

fio= Ll el @) L =1, 0=
fi = fillzigal - lzal, @), i=2,...,n—
fn—~1 = f;n—1(|xn|77u(x)|u‘) s fn=0
fi = fillznl,u(@)ul) , i=n—-1,n (54)
and f;;) = 0,4 = 1,...,n,5 = 1,...,i, form a class of

feedforward systems. Unlike the case of strict-feedback systems
considered in Section VI, the triangularity in (54) is not sufficient
to guarantee solvability of the inequalities in Assumption A4.
A particular case in which solvability can be guaranteed and an
explicit solution for g1, . .., gn+1 oObtained is provided in Theorem
5. The conditions imposed in Theorem 5 essentially require that
|Zit2l,.-.,|xn-1| appear linearly in the multinomials f;, but
allow_|xn| and 7. (z)|u| to appear with arbitrary powers in f;
and f;. In other cases, Assumption A4 can be numerically tested
for feasibility. Since the inequalities in Assumption A4 are all
linear in g1, ..., gn+1, it is numerically straightforward to check
feasibility and obtain a solution when the inequalities are feasible.

In the example in Section VIII, a system which is neither strict-
feedback nor feedforward is considered and a numerical solution
for the inequalities in Assumption A4 is provided.

Theorem 5: Given multinomials f;,¢ = 1,...,n, and f;,i =
2,...,n, of the form
n+1
fi(Zit2, s 2n41) = fin) (2n) Fi,n41) (Znt1) Z 25,
j=i+2
i=1,...,n—2 (55)
fnfl(Zn, Z7l+1) = f(z,n) (Zn)f(i,n+1)(Zn+1)lzn+l‘ (56)

Filzn, 2n11) = Fiin) () flanany (Zrs) i =2,..,m (57)

with fe; 0y, flint1)s fin)> and f(i ny1) being multinomials (not
necessarily proper), positive constants qi, ..., qn, and a constant
qn+1 can be found such that

ata—a > filg,s.anp) =1, n=2 (58)

an—1+a2=q1 > fo-1l(gn.qni1) (59

Qit1+ Q-1 —2q; > fil(qn,qn+1)7i:27"’7n- (60)
Proof of Theorem 5: Defining

G = (m—9)+an—-9%,i=1,...,n—1
gny1 = —1l4a ; aS2n+17 (61)
we have the relations
¢Gi+a@—q = qgi2+1+a@n—4i-1)
> gi42+4a,t=1,...,n—-3
gn—2+g2—q 2> 8a
dn-1+t92—q1 2 gnt1+4a
Gi+1+q¢-1—2¢; = 2a,i=2,...,n—2
qn—-2 —2qn—1 = 2a
nt1+gn-1 = 2a (62)
so that
Git@—q—e - fi‘<Qi+27-“7Q71—1507Qn+1>’ i=1,...,n=3
Gita—qa—¢ > filo,g,q),t=n—2n-1
qi+1tqi—1—2gi—€ > fi\(o,qnﬂ) yt=2,...,n—1
Gn+1+qn-1—€ = fn\(o,an) (63)

for any positive constant € < 2a and any positive g,. Choose g
to be a small enough positive constant such that

e—an = famlan s i=1...,n—1
e—an > famlan,i=2,...,n—1
€—3qn > f(n,n) |Qn- (64)

Such a choice of gx is always possible for any multinomials f(; )
and f(; ») since € > 0. This choice of g, along with the choice
of q1,...,9n—1, gn+1 in (61) satisfies inequalities (58)-(60). ¢

Remark 4: The conditions imposed in Theorem 5 essentially
require that |z;y2|,...,|Tn—1| appear linearly in the multinomials
fi, but allow |z,| and -y, (x)|u| to appear with arbitrary powers.
Also, the multinomials f; are allowed to involve arbitrary powers
but are required to depend only on |z, | and 7y, (z)|u|. Note that
since f, = 0, the inequalities in (58) and (59) for ¢ = n is not
required.

VIII. AN ILLUSTRATIVE EXAMPLE
Consider the fifth order system

1 = x2+ zg

. _ 4.2

2 = (1+azxjzj)xs

T3 = T4

. 1

¢4 = (1+aziz)es +adfuls + 23

5 = u-+ m%mg (65)

System (65) is not in either a lower triangular (strict-feedback)
form or an upper triangular (feedforward) form. The results in the
literature on controller designs for triangular systems can not be
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applied to systems such as (65). However, the design proposed in
this paper can be applied to system (65) System (65) is of the

form (1) with ¢(1,2) = 1, ¢(2,3) = = 1+ziz3, D3,4) = 1 ¢(4 5) =
142223, p=1, ¢y =22, o = 5 4+ 3,
and ¢5 = x%x% Decomp0s~1ng gz51, .. .,¢5 w1th ¢(w) = 0,7 =
1...,5,7=1,...,4,and ¢; = |¢:|,i = 1,...,5, Assumptions
Al A2 and A3 are satisfied with o = 1, ¢(Z ity = = Piyig1),t =

L. 4u—u,’vu—u—u =1, —ms,fa—fs—O
f4: +|$2\ fs = adlasl®, fo = 1, fa = 1+ atas,
f471f571—|—a:1w2,f(”>70171 4,5 =1,...,1,and

qb(m) 0,5 =1,...,5. For system (65), the set of inequalities
in Assumption A4 reduces to
gte—q = 2g
qga+aq—q > 3g3+0.2g
gutqg—q = 5¢
g5 +a2—q > 4g2+3qs
g+aq1—2¢2 > 0
qa+q2—293 > 4q1+2q
g5 +gq3—2qga = 0
g6 +q4 —2q5 > 2q1 +4q2. (66)

Positive constants q1, . . .
obtained numerically as
@q = 6 q2 3 g3 = 1
g = 30 p 60 w = 115 ©D
Hence, the system (65) satisfies Assumptions Al1-A4 and the
proposed control design technique is applicable to system (65).

As noted in Remark 2, the decomposition |¢;| <
> i1 @G|l + @i in Assumption A2 allows flexibility in
assigning the terms in the bound on ¢; into one of the ¢; ;) or ¢;.
This freedom can be utilized to aid the feasibility of the system of
inequalities in Assumption A4. To illustrate this, consider system
(65) with an additional term z2xz3z2 added to the x4 dynamlcs
in (65), i.e., with ¢4 changed to ¢4 = z3|u 3 4 x5 + aada? If
¢4 is decomposed with ¢4 ;y = 0,5 =1,...,4, and b4 = |pal,
Assumptlon A2 is satisfied with fy = |z3|? |u| 54 |z2|® +2ix32].

The term z2z222 in f4 results in the introduction of the additional
inequality

, @5, and a constant gs to satisfy (66) are

qgat+q—q > 2q1+2q2+2q4 (68)

into the system of inequalities (66). The system of inequalities
given by (66) and (68) does not admit a solution with positive
q,--.,qs. However, note that, in the solution (67) for (66), ¢1
and g2 are much smaller than q4. This suggests that ¢4 should be
decomposed as [pa| < Praay|mal + b4 with ba,ay) = Tizs|Ta|
1

and ¢y = 5 + |x2|°. Assumption A2 can be satisfied with
faa = mlm2|x4| Wthh from (13) yields the inequality

g5 + 94 —q4 —q3

5 > 2q1 + 292 + q4. (69)

The system of inequalities given by (66) and (69) is feasible and
a solution is given by

q1

= 6 q2 3 q3
@ = 6

9 ¢ = 177 6 (70)

= 1
= 310.

Furthermore, noting that ¢(45 = 1 + z3x3 and 2,3 = 1+

x}z3 and that f(a,4) is required to be an upper bound on the ratio

of ¢,4y and /@45 ¢(2,3), the bound f4 can be sharpened to
fea,ay = |z1]|z4] so that the right hand side of (69) is replaced
by q1 + qa. This, as could be expected, has the effect of reducing
q4, - - .,Qqs SO that Assumption A4 is satisfied with g1, g2, and g3
as in (70), qa = 45, g5 = 105, and g¢ = 190.

IX. APPENDIX

Definition A1 [20]: Let p be a positive constant. An n X n matrix
A is said to be dual w-CUDD(p) if the following hold:
1) A is in lower Hessenberg form, i.e., A(; jy = 0 for j > i + 2.

2) The upper diagonal elements of A are non-zero, i.e., A(; i+1) #
0,i=1,...,n— 1.
3) The inequalities

A
| (a])| S P71:27 7n_17j:27 N
1A, i+ AG-1,5]
Ag
B L
[AG,i+1)[1A@,2)]
AGi—1,
Mol < p,i=2...,n—1 n
) A1)l
are satisfied.
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