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[« Performance Analysis of Feedback Systems with Saturation
Nonlinearities: An Approach Based on Polytopic Representation®

Nobutaka Wada® ¥

Abstract—In this paper, we show a method of estimating
lso-norm of an output signal of discrete-time feedback systems
with saturation nonlinearities. The analysis condition for esti-
mating [..-norm is derived based on the parameter dependent
Lyapunov function (PDLF) and is reduced to a condition based
on the linear matrix inequality (LMI) representation. Further,
we show that the condition is guaranteed to be less conservative
than the condition based on the standard sector condition. A
numerical example is provided to illustrate effectiveness of the
proposed method.

I. INTRODUCTION

In most of physical control systems, there exist saturation
limitations on controller outputs. Estimating control perfor-
mance that can be achieved under such a situation accurately
is an important issue, since it provides a basis for construct-
ing design methods of a high performance controller in
the presence of input saturation. Before now, various types
of methods have been developed for estimating control
performance of such systems (see e.g.,[2], [22]-[26]). In
this paper, we address the analysis problem of [,,-norm
of an output signal of feedback systems with saturation
nonlinearities. This class of problem typically appears when
control performance of the anti-windup control system is
studied [30].

Recently, a novel polytopic model of a saturation func-
tion was proposed in [12]. Based on the model, several
interesting results were reported in [5], [7], [12]-[14], [27].
In [7], [27], it is shown that the analysis condition of Lo
performance of systems with input saturation derived by
using the polytopic model is less conservative than that
based on the circle criterion. Further, it is shown that,
although the analysis condition based on the circle criterion
becomes the bilinear matrix inequality (BMI) in general
[11], [18], the analysis condition derived by using the
polytopic model can be reduced to the complete LMI.

In this paper, we show a method of estimating [o-
norm of an output signal of discrete-time feedback systems
with saturation nonlinearities. Firstly, we derive a simple
analysis condition based on the Lyapunov approach and S-
procedure. To derive the condition, we utilize the polytopic
model of a saturation function of [12] and the PDLF
[6], [19], [28]. We show that the analysis condition is
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reduced to scalar dependent LMIs. Then we show that the
proposed condition is guaranteed to be less conservative
than the condition based on the standard sector condition.
A numerical example is provided to illustrate this fact.

Notations: For a vector v € R", we define the
standard multivariable saturation function as ®(v) :=

(p(v1), -+, p(vn))T, where
— Sgn(vi)v |Ui| >1
P(v;) = { v, | < 1

For a vector v € R™, we denote its Euclidean norm as

lvll2 := (vTv)Y/2. For a signal v(t) defined on [0, 00),

we define its I, norm as [[v||;,, = sup;s [[v(f)[|. Let

P € R™ ™ be a positive definite matrix. Denote
EP)={zeR": 2" Pz <1} )

For a matrix F' € R™*", denote the ith row of F as f O]
and define

L(F) = {xER" f D] < l,z':l,---,m} )

II. PRELIMINARIES

In this section, we introduce a polytopic model of a
saturation function of [12]. Let V be the set of m x m
diagonal matrices whose diagonal element are either 1 or 0.
There are 2™ elements in V. Suppose that each element of V
is labeled as E;,7 = 1,2,---,2™, and denote E; := I -E;.
Clearly, E;” is also an element of V.

Lemma 1: [12] Let u,v € R™. Suppose that |v;| < 1
for all ¢ € [1,m], then

®(u) € co{Eju+Ejv:ie[1,2™]} 3)

where co denotes the convex hull.
This means that, for |v;| < 1, we can rewrite ®(u) as

om

b(u) = Z Xi(E;u+ E;v) 4
i1

where 0 < \; <1, Zf:l A =1

ITI. [ PERFORMANCE ANALYSIS USING PDLF

Consider the following discrete-time system with the
saturation nonlinearity.

z(t+1) = Azx(t)+ Bigq(t) + Bow(t) 5)
p(t) = Ciz(t) + D1aw(t) (6)
z(t) = Cax(t) + Darq(t) + Dagw(t)  (7)
q(t) = 2(p(t)) ®)
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where z(t) € R",q(t) € R™, w(t) € R"™,z(t) € R™=.
We assume that w(t) € W:= {w(t) € R™ : ||lw|;, <&}
In this section, we show a method of estimating an upper
bound of the [, norm of the signal z of the system (5)—(8).
From Lemma 1, while [z7,wT]T € L([E,F]), the
saturation nonlinearity ®(p) can be represented as

8() = S AMEIC, Dl + BB D] o

=1

where E € R™*™ and F' € R™*™w are constant matrices.
From Eq.(9), while [z7, wT]T € L([E, F)), the system (5)-
(8) can be rewritten as

z(t+1) AN@)z(t) + BOA(@)w(t)  (10)

z(t) C(A(t))x(t) +DA)w(t)  AD

Where .A( (t)) Z :,Jz )\1( )Ai, .Al = A + Bl(ElCl +

E), BOW)) = -2, Ai(D)By, By := By+By(E,Dio+

TF), COA(1) =0 Mi(t )cl, Ci := Oy + Doy (E;Cy +

Ei E), D)) := 22, \(0)D; and D; := Doy +

Dy1(E;D12 + E; F'). Then, the followmg theorem can be
stated.

Theorem 1: Consider the system (5)—(8). For given pos-

itive definite matrices @Q;,(: = 1,---,2™), assume that

there exist matrices G, Z, F and positive scalars ~ and
a € [0, 1) satisfying the following matrix inequalities.

(1-a)(G+GT - Q)

0
AG + Bl(EiC1G + E;Z)
* *
f%l * >0
B+ Bi(E;Di2+E;F) Q; |
Vi, j € [1 2™] (12)
G+GT'—Q; 0 =
0 5%[ x | >0
L0 Jo L]
Vie [1,2™], Vi e [1,m] (13)
G+GT —Q,
0
CyG + Dy (E;C1G+E; Z)
* *
é%l * >0
Das + D21 (E;Di2 + E; F) L;I
vie[l,2m]  (14)

where the symbol * stands for symmetric block in matrix
inequalities. Further, 2" and f() denote the Ith row of the
matrices Z and F respectively. If 2(0) € £(P(A(0))), then
z(t) € E(P(A(t))),¥t > 0 and the following inequality
holds.

2]l1 < (15)

where P(A()) = S22 Mi(t)Pi, P = Q.

Proof: Since G+ GT — Q; > 0 and Q; > 0 from
the elements {1,1} and {4,4} of Eq.(12), the matrix G
is nonsingular. In the following, we first show that the
condition (13) guarantees that [z7, w?]T € L([E, F]) if
x € E(P()\) and w € W, where E = ZG™!. Since
Qi > 0, we have (G — Q:)TQ; (G — Q;) > 0. Hence,
the following inequality holds.

GTQ'G>G+G" -, (16)

Then, from Eq.(16) and () = ¢ G, we can conclude that
Eq.(13) implies

Gt ' o

0 >0

%
3 *
POre o %
2

Vi € [1,2™],Vl € [1,m)] (17)

where e()) denotes the Ith row of the matrix F. By multi-
plying Eq.(17) from the left by block-diag|G~—7,I,1] and
from the right by block-diag|[G~!, I, 1], we have

Q;l 0 *
0 ﬁ%l * | >0, Vie[l,2"],Vl€[l,m] (18)
e®  fO %

Then, by substituting Q; L= P for Eq.(18), and multi-
plying each inequality by J\;, and summing them up for

i=1,---,2™, we obtain
P(A) 0 «
0 &I * | >0, Velm (19)
e® 0 %
By applying Schur complement [3] to Eq.(19), we have
nr 17PN 0
e
FANAEI A
Vi € [1,m)] (20)

Eq.(20) implies that if © € £(P(\)) and w € W then
[T, wT)T € L([E, F)).

Then, we show that if the condition (12) holds and
z(0) € E(P(A(0))), then x(t) € E(P(A(t))),Vt > 0 . By
substituting Z = EG for Eq.(12), we have

(1-a)(G+GT -Q;) =
0 E%I * >0
A G Bi Q)
Vi, j € [1,2™] (21)

By taking account of Eq.(16), we can state that Eq.(21)
implies

(1-a)GTQ;'G =«
0 &I % | >0
AiG B Q;
Vi, j € [1,2"] (22)

Then, by multiplying Eq.(22) from the Ileft by
block-diag[G~7,1,Q;'] and from the right by
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block-diag[G™*,1,Q; "], and substituting Q;' =
Pj, Q;' = P; for the resulting inequality, we obtain

(1-a)P; * *

0 el x

Pj/h PjBi Pj

>0,  Vije[1,27] (23)

Then, by multiplying Eq.(23) by A;(t), and summing them
up for i = 1,---,2™, and multiplying each inequality by
Aj(t + 1), and summing them up for j = 1,---,2™, we
have
(1—a)P(A(t)) *
0 =l
P(A(t+1))B(A(1))
*

P(A(t+1))A(A1))
* >0 (24)
P(A(t+1))
Further, by multiplying Eq.(24) from both sides by
diag[l, I, P(\(t + 1))71], we have

(1 —a)P(A(t)) * *
0 a1 *
AA(®)) B(A(t)) P(A(t+1)~
By applying Schur complement to Eq.(25), we obtain

e8| me | PO+ ) [ A00) B

_ [ PO) éf } 6

where 8 := «/(1 — «). By multiplying Eq.(26) from the
left by [z(t)T, w(t)T] and from the right by [z(t)T, w(t)T]T
and using Eq.(10), we obtain

(1+ Bt + TP+ 1))a(t +1)
&

>0 (25)

< 5—2w(t)Tw(t) + ()T P(A())z(t) 27
Eq.(27) implies the following.
z(t)TPOA(t)z(t) <1 and w(t) € W
=zt+D)TPOE+1))2(t+1) <1 (28)

From Eq.(28) and z(0) € £(P(A(0))), we can conclude that
x(t) € E(P(A(t))),Vt > 0. By the way, from Lemma I,
the saturation function can be represented as the polytopic
model (9) while x € L(E, F). From Eq.(20) and z(t) €
E(P(A(t))),Vt > 0, we can conclude that the relation
z(t) € L(E, F),Vt > 0 holds.

Finally, we show that if the condition (14) holds and
x(t) € E(P(A(t))),Vt > 0, then the inequality (15) holds.
From Eq.(16) and 2z = e(®@, we can conclude that
Eq.(14) implies

GTQ'G  +
0 el o+ | >0, vie[1,27] (29
ClG Di %I

By  multiplying  Eq.(29)
block-diag[G=7,1,1]  and
block-diag[G~1, I, 1], we have

from the left by
from the right by

Q7' 0
0 &I = | >0, viell,27] (30)
G D LI

Then, by substituting Q; b= P; for Eq.(30), and multi-
plying each inequality by J\;, and summing them up for
i=1,---,2™, we obtain

PA®) 0 .
0 CEEEEE N 31)
CA®) DY) HI

By applying Schur complement [3] to Eq.(31), we have

[ g(a((%? } [ C(M®) D) |

2
T[T 0] e
Therefore, From Eq.(32) and z(t) € E(P(A(t))),Vt > 0,
we can conclude that Eq.(15) holds. [ |
Based on Theorem 1, the following optimization prob-
lems can be obtained.

Problem 1: For a given  positive
ming z.0,50,aef0,1) 7> -t (12)-(14).

By solving Problem 1, we can compute an upper bound of
|z];.., of the system (5)—(7). However, unfortunately, there
exist product terms among the decision variables @Q;, G and
« in the matrix inequality condition (5). Therefore, Problem
1 is the BMI problem. However, if we fix the positive scalar
«, all the conditions in the problem become the LMIs.
Hence, we can obtain a smallest value of v by performing
the line search on the scalar « € [0, 1).

Remark 1: The shape of the initial state set £(P(A(0)))
in Theorem 1 depends on the value of A(0). We can
obtain an initial state set that does not depend on A(0) by
minimizing traceS under the constraint £(5) C E(P(N)),
where S € R™*"™ is a positive definite matrix. This problem
can easily be reduced to the LMI problem.

Remark 2: By introducing the matrix GG, we obtain the
conditions that do not have product terms between the Lya-
punov matrix ); and the matrix .A;. As a consequence, we
can reduce the analysis conditions to the LMIs. This type of
parameterization was introduced in [19] and was extended
to the system with time varying parametric uncertainties in
[6] and the nonlinear H ., control in [28].

Remark 3: 1t is possible to derive a condition for de-
signing a state feedback controller based on Theorem 1. We
assume that the matrix C} is a feedback gain to be designed.
Then, by substituting Y := C1G for Egs.(12) and (14), we
can obtain matrix inequality conditions for the design of the
feedback gain C'.

scalar &,
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IV. RELATIONSHIP WITH THE CONDITION BASED ON
THE STANDARD SECTOR CONDITION

In this section, we show relationship between Theorem
1 and an analysis condition based on the standard sector
condition [21]. By applying the standard sector condition
to the saturation nonlinearity, the following result can be
derived.

Proposition 1: Consider the system (5)—(7). For a given
positive definite matrix ), assume that there exist diagonal
matrices R = diag[ry,---,7,] > 0, T' > 0 and positive
scalars v and a € [0,1) satisfying the following matrix
inequalities.

(1-a)Q *
“(1-a)RCIQ  2(1—a)l
0 (1 - a)DRR
AQ + B:C1Q —-B
* %]
* *
ar S =0 63
B1Dis+ By Q |
Q * * ]
0 5%] x| >0
(1-m)ci’Q (1—m)DY 1 |
Viel,m] (34)
Q *
—2RCYO AT
0 —2DL,R
CoQ + D21C1Q  —D T
* *
* *
%2] " >0 (35)
D>1D12 + Daa .y

2
If 2(0) € E(P), then z(t) € E(P),P = Q~1,Vt > 0 and
the inequality ||z||;., < holds.
Proof: See Appendix I [ |

The [..-performance condition in Proposition 1 is the
discrete-time version of the condition based on the circle
criterion for the continuous time system [11], [18]. Based
on Proposition 1, the following optimization problem can
be obtained.

Problem 2: For a given  positive
Minpg>0,050,r>0,ac(0,1) V> S-t. (33)=(35).

Since the conditions in Proposition 1 includes the product
terms among the decision variables, this problem is the BMI
problem. Note that, as opposed to Problem 1, Problem 2 is
still the BMI problem even if the scalar « is fixed.

We introduce the following Lemma.

Lemma 2: For given matrices P,Q1,Q2, R1, Re, R3
with suitable dimensions, the following holds.

scalar &,

P >0 and P >0 and
PoQr Qf P QY QF
Q R R} |>0<= | Q2 Ry Ry | >0
Q2 Ry Rs Q1 R R

Then, we can state the following theorem.

Theorem 2: 1If there exist a solution that satisfies the
conditions in Proposition 1, then there exist a solution that
satisfies the conditions in Theorem 1.

Proof: Assume that the conditions in Proposition 1
holds. By applying Lemma 2 to Eq.(33), we obtain

(1-a)Q *
0 %I
AQ+ B1C1Q  BiDis+ Bo
—(]. - a)RClQ —(]. - Oé)RDlg
* *
5 * >0 (36)

~-I'BY 2(1-a)l

By multipl¥ing Eq.(36) from the left by 7; and from the

right by 7", we obtain
(1-a)Q :
0 g%f
AQ+ BiCiQ — BIE; RC1Q BiDi2 + B2 — BiE; RDs»
—(1—0()R01Q —(1—0()RD12
* *
* * >
Q : =0
~TBT +2TE; RD1> 2(1 — )T

Vi e [1,2™] (37)

where

(38)

SO O~
SO ~O

To derive Eq.(37), we used the inequality E; E; = 0.
Clearly, Eq.(37) implies the following.

(1-a)Q
0
AQ + B:C1Q — BiE; RC1Q
* *
5%] x | >0
Bi1Di2+ By — BiE; RD12 Q
Vie[1,2™]  (39)
By using the equality E; + E;” = I, we obtain
AQ + B1C1Q — B1E; RC1Q
= AQ + BH{E;C1Q + E; (I - R)C1Q} (40)
By + B1D12 — B1E; RDq»
= By + Bi{E; D12+ E; (I — R)D12} 41)
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By substituting Eqgs.(40) and (41) for Eq.(39), we obtain

(1-)Q
0
AQ+ Bi{E;ChQ + E; (I — R)C1Q}
*
3 I *
By + B1{E;D12+ E; (I — R)D12} Q
Vi e [1,27] 42)

|2 &

>0

&

Eq.(42) implies that Eq.(12) holds with @Q; = Q,Vi
1,2"], G = GT = Q, Z = (I — R)C1Q and F
(I — R)Dqs.

Then we show that Eq.(35) implies Eq.(14). By applying
Lemma 2 to Eq.(35), we obtain

I m

Q *
0 g%I
CoQ + D21C1Q D21 D1o + Do
—2RC1Q —2RD2
* *
>k >k
%2[ >0 (43)
_T'DY, 4T

By multiplying Eq.(43) from the left by x; and from the
right by x7, we obtain

Q
0

CoQ + D2 {E;C1Q + E; (I - R)C1Q}
>k >k
5%]
Doy + Do1{E;D12 + E; (I — R)D12}

*

>0
2

I

Vi € [1,2™] (44)
where

0

0
3D E;

I

Xi i= (45)

O O O~
O O NO
O ~N O O

Note that we used E; + E;” = I and E; E; = 0 to derive
Eq.(44). Clearly, Eq.(44) implies that Eq.(14) holds with
Qi =Q,Vi€[1,2"],G =G =Q, Z = (I - R)C1Q
and F' = (I — R)Ds5.

Furthermore, it is easy to verify that Eq.(34) implies
Eq.(13). Therefore, we can conclude that Proposition 1 =
Theorem 1. n

From Theorem 2, we can conclude that Theorem 1 yields
less conservative results as compared with Proposition 1.

V. NUMERICAL EXAMPLE

Consider the system (5)-(8) with the following coefficient
matrices.

A [ 07387 —0.1065
~ | 0.0750  0.8498
—0.0341 0.1029
B = [ —0.1584 } B2 = [ 0.0013 ]

Cy =] 05913 0.6436 |,Cy = [ 1.0000 0 ]
D13 =15, D31 =0, Doy =1

Further, we assume that & = 1. We solved Problem 1 with
a = 0.15 and obtained v = 1.69. Further, we solved
Problem 2 with o = 0.14 and R = 0.56 and obtained
v = 1.75. Therefore, Theorem 1 yields the less conservative
result as compared with Proposition 1. Then we show the
responses of p(t) and z(¢) for w(t) = sgn(sin(0.47t)) and
2(0) = 0 in Fig.1 and Fig.2. We can confirm that the
maximum value of |z(t)| is less than v = 1.69.

5
1.5
1

0.5

Fig. 1. Response of p(t)

Fig. 2.

Response of z(t)

VI. CONCLUSION

In this paper, we have shown a method of estimating
loo-norm of an output signal of feedback systems with sat-
uration nonlinearities. We summarize the paper as follows.

o We have derived a condition for estimating /.,-norm
of an output signal of feedback systems based on
the polytopic representation. Although the obtained
condition is represented as the BMI, the condition can
be reduced to the LMI by fixing one scalar parameter.
Therefore, we can carry out the computation by the
line search on the scalar parameter.

« We have shown that the proposed analysis condition
yields less conservative results as compared with the
condition based on the standard sector condition.
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APPENDIX I
PROOF OF PROPOSITION 1

By using the dead-zone function defined by ¥(p(t)) :=
p(t) — ®(p(t)), Eq.(5) can be transformed to

z(t+1) = (A+ BiC)z(t) — Bio(t)
+[B1 D12 + Ba]w(t) (46)
p(t) Crz(t) + Di2w(t) 47)

2(t) = [C2+ DaiChlz(t) — Daro(t)
+[D21D12 + DagJw(t)  (48)
v(t) = ¥(p(t)) (49)

By the way, it can be shown that Eq.(34) implies

oTT v —Rp] <0, Yz € E(P), Ywe W  (50)

where I' = diag[l'y,---,T,] > 0, R =diaglry, -, rm] >
0, r; = 1 — 1/n;. By multiplying Eq.(33) from both sides
by block-diag[@~1, T, I, I, 1], and substituting Q = P~1
for the inequality, and applying Schur complement to the
{4, 4}-block, and multiplying from the left by [z, v wT]
and from the right by [z7,vT wT]T, and substituting
Eq.(46), we obtain
(1+ )zt + )T Pr(t+1) — {z(t)" Px(t)
+§2W(t)Tw(t)} < 20(t)"T*[u(t) — Rp(t)]
Therefore, from Eqgs.(50) and (51), we obtain
(1+ Bzt + 1D)TPx(t+ 1)
p
—{z(t)T Px(t) + f—Qw(t)Tw(t)} <0
Vx(t) € E(P),Vw(t) e W (52)
Therefore, we can conclude that if z(0) € &(P), then
z(t) € E(P), Vt > 0. It can also be verified that Eq.(35)
implies

(51

1 1 1
ﬁz(t)Tz(t) < 5{a;(t)TPa;(t) + £—2w(t)Tw(t)}
+20(t) T~ [o(t) — Rp(t)]

Therefore, we can conclude that ||2(¢)|]2 < v, Vt > 0.

(53)
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