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Abstract—For a class of uncertain nonlinear dynamical
systems in Brunovsky form a dynamic inversion (DI) based
adaptive control framework is developed that provides stable
adaptation in the presence of input constraints. The pro-
posed design methodology, termed “positive y-modification”,
protects the control law from actuator position saturation.
Moreover, the design is Lyapunov based and ensures bounded
tracking for initial conditions within the domain of attraction.
An estimate of the latter is derived based on the input
saturation magnitude and system parameters. Simulation of a
benchmark example verifies the theoretical statements.

I. INTRODUCTION

During the past decade control design in the presence
of input saturation has attracted a vast amount of research
effort (for chronological bibliography see [1]). This issue
is especially challenging in adaptive systems, because con-
tinued adaptation during input saturation may easily lead
to instability. In order to overcome the undesirable / desta-
bilizing effects of control saturation during the adaptation
process, an adaptive modification (proportional to control
deficiency) to both the tracking error and the reference
model dynamics was proposed by Monopoli in [2] but
without any formal proof of stability. In the PCH method of
Johnson and Calise a fixed gain adjustment (proportional to
control deficiency) to the reference model was introduced
[3]. Adaptive control with amplitude saturation for linear
systems was addressed in [4]-[8]. Refs. [9], [10] consider
both amplitude and rate saturation for nonlinear systems
without explicit construction of the domain of attraction.

In this paper, we propose a DI based adaptive control
framework for a class of nonlinear systems that yields
bounded tracking in the presence of amplitude satura-
tion. The novel design approach is termed “Positive u-
modification”, or simply “p-mod”, and can be viewed as
an extension of the results in [11]. The main features of
the p-mod design can be summarized: a) it enables to
avoid control saturation overall through the choice of the
design parameter u, and b) numerically verifiable sufficient
conditions are derived for its validity. The method is a direct
extension of [11], which in turn was motivated by [5]. In
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fact, setting = 0, or 4 = oo, one can recover the results
from [5]. We derive a lower bound on p that completely pro-
tects control from the saturation phenomenon. The required
value of i depends only on the system parameters, initial
errors and the maximum of the reference input. Using ideas
from [5], we construct explicitly the domain of attraction.
The benefit of the u-modification based adaptive signal, in
comparison to the method from [5], is in its ability to avoid
the control saturation overall. This is essential when dealing
with light structures in flight control applications, when
operation at the limits can easily destabilize the structural
modes. We prove that for stable systems the design ensures
semiglobal bounded tracking, while for unstable systems
we explicitly derive the domain of attraction. For further
insights into the derived conditions, its application to scalar
systems is analyzed separately.

This paper is organized as follows. Problem formulation
is given in Section II. Section III defines the p-mod based
adaptive signal and discusses some of its properties. In Sec-
tion IV, modified reference model dynamics is introduced.
Stability properties of the y-mod based adaptive control are
analyzed in Section V. In Section VI, a simulation of a
benchmark example is presented that verifies the theoretical
statements and the benefits of the “u-mod” based adaptive
control design process. Conclusions, recommendations, and
future research directions are given at the end of the paper.

II. PROBLEM FORMULATION

Consider the dynamics of an m-dimensional uncertain
dynamical SISO system in Brunovsky form:

™) = bu(t) +d(z) (1)

where x 2 [z, &, , 2= DI b > by > 0 is unknown
constant bounded away from zero, by is known, d(x) is
an unknown continuous function. The control input v € R
is amplitude limited and is calculated using the following
static actuator model:

Ue
Umax Sat
umax

— uc(t)? |U’C(t)| S Umax
Umax SgN (uc(t)) ’ ‘U’C(t)| > Umax

Here u.(t) is the commanded control input, while %.x > 0
defines the actuator amplitude saturation level.

Assumption 2.1: There exists R > 0 such that Vo €
Br & {x:|z| < R}:

> L
boUmax > dmax arzré%}; d(a:) (3)

u(t) =

2
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Following [12], for all * € Br C R™ consider the
following parameterization of the nonlinearity d(x) using a
linear combination of radial basis functions (RBF) ¢;(x):

d(x) = (@), [e(z)| <€,

where W is a vector of unknown constants, ®(x)
the vector of Gaussian basis functions ¢;(x), |¢:i(x)| <
1, e(x) represents the uniformly bounded approximation
error, while £*, W* are known constants. Then dp.x <
SN [Wi| +¢*, where N is the number of basis functions.
Such approximation represents a linear in parameters neural
network (NN) with RBFs in its inner layer. Let the ideal
reference model be specified:

WTd(z) + W] <W* (4)

N &

WD) = a0 -
+ al(r(t) - xm(t)) )

e — agdm (1)

(&)

where r(t) € R is a bounded reference input, while a;
are such that the corresponding characteristic polynomial
is Hurwitz. Rewrite the system dynamics in (1) in the
following way:

M) = d(x)

where Au(t) = u(t) —u.(t) is the control deficiency signal
due to actuator constraint (2).

The control design problem, addressed in this paper, can
be stated as follows:

buc(t) + bAu(t) + (6)

Given reference model (5), define an adaptive control
signal u.(t) and, if necessary, augment the input r(t) to
the reference model, so that the state x(t) of the system (1)
in the presence of input constraint (2) tracks the state x,, (t)
of the augmented reference model with bounded errors.

III. POSITIVE p-MODIFICATION AND CLOSED LOOP
SYSTEM DYNAMICS

The main challenge in designing an adaptive controller
for the system in (1), (2) is associated with the control
deficiency signal Au(t) = wu(t) — u.(t) that appears in
(6). Motivated by [5] and similar to [11], we propose
yet another control design modification that protects the
adaptive input signal from position saturation. To this end,
choose a constant 0 < 0 < Umax and define the conservative
actuator constraint ul = = umpa.x — 0. Then the control
deficiency can be represented as:

Au(t) = Auc(t) + Agar(t) @)
where
ue(t)
Auc(t) = fnaxsat <u;;nax> - UC(t)7 (8)
Agat(t) = umaxsat (uc(t)> — ufnaxsat <u§(t)>(9)
Umax umax

DI based direct adaptive control with p-modification is
defined as:

uc(t) = wugi(t) + pAu(t), (10)
wri() = (et g
alt) = = (t)( w2 (t) 2 (1)

+ al(r(t)—x(t))—W(t)@(ac(t))) (11)

where u4;(t) denotes the DI based adaptive control defined
in the absence of control saturation to track the ideal
reference model (5), W (t),b(t) are adaptive parameters,
provided b(t) # 0, and y is the design constant. The
condition b(t) # 0 will be ensured through the choice of
adaptive laws by invoking the Projection operator [13].
Note that relation (10) defines the commanded control
input wu.(t) implicitly. Next we show that explicit solution
of (10) can be found.
Lemma 3.1: If p > 0,
is given by a convex combination of wg;(t)

u®  sat (“‘”(t)) YVt > 0:

5
u max

; (udi (t) + Mufnax sat (u‘?(t) ) ) (12)
1% Umax

1+
udl(t) |udl( )l < um'}x

= 1.‘.# (udl( ) + luumax) y  Udi (t) > umax
1+ (udl( ) - /J’ult'snax) ) udl(t) < umax
A proof can be found in [11].

Remark 3.1: The solution given by (12) is valid also for
any p # —1, but in that case the convexity condition is vio-
lated. The significance of the latter will be apparent during
the stability proof. Moreover, for § = 0 setting ;x = 0 one
can recover the adaptive architecture of [5] when applied
to an MRAC scheme for linear systems. On the other hand,
if wg;(t) is uniformly bounded, then as p tends to infinity,

lim u.(t) = ul . sat ("d—(t)) Consequently, setting 6 = 0

then the solution to (10)
and

IS
S
—

~
=

max

and p = oo results in u.(t) = Umaxsat (“‘“(t)) Again,
the latter yields exactly the same closed-loop dynamics as
does the linear in parameters adaptive signal ug;(t) in the
MRAC scheme of [5].
Remark 3.2: Solving (10) for Au.(t) and substituting
u.(t) from (12), one obtains:
Bt = — (ult) = () =

——Aug(t)  (13)

1+
s

udi (t)
max )

where AuS,(t) = ul . sat ( L )—udi (t). Consequently,

if uq;(t) is bounded, then the control deficiency Auc(t) is
inversely proportional to p: Au.(t) = O(1/p).

Lemma 3.2: The following inequality is true for all £ >
0:

ue(t)Aue(t) <0
A proof can be found in [11].
Rewrite the system dynamics in (1) in the following way:

™ (t) = (b(t) — Ab(t))u(t) + WT®(x(t)) + e(z) (15)

(14)
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where Ab(t) = b(t) — b. Recalling that u(t) = u.(t) +
Au(t), substituting (7) and (10) into (15), yields the fol-
lowing closed-loop system dynamics:

M) = —a,2"Y() - -~-—a2x(t

)
+ a(r(t) — () — AW () @(z(t))

—  Ab(t)u(t) + EAudi( t) +e(x) (16)
where AW (t) = W (t) — W, and
Aug;(t) 2 Upmaxsat <Z°—(t)) — ug;(t) (17)

IV. ADAPTIVE REFERENCE MODEL AND ERROR
DYNAMICS

The system dynamics in (16) leads to consideration of
the following adaptive reference model dynamics:

i) = —anzI(E) — - — agd ()

+ ar(r(t) — am(t) + bAug(t)  (18)

The tracking error dynamics for the signal e(t) = z(t) —
Xy, (t) can be written as:

(1) = —ane™ I (t) = - — azé(t) — are(t)

—AW (t)®(x(t)) — Ab(t)u(t) + e(x)
Introduce vector e(t) = [e(t), ---, e™ D (¢)]T. Then
e(t) = Ae(t) — b(AW (1)@ (x(t)) — e(x) + Ab(t)u(t)) (19)

where Hurwitz matrix A and vector b are

0 1 0--- 0 0
A= , b= (20)
0 1 0-- 1
—a1 —ag —an, 1

Consider the following adaptive laws

bt) =
W (1)

~vpProj <I;, u(t)eT(t)Pb>
Ty Proj (W(t),@(x(t))eT(t)Pb) @1)

where I'yy = T'f, > 0, 43, > 0 are the adaptation gains,
Proj(+,) defines the projection operator [13], and P =
PT > 0 solves the Lyapunov equation for some positive
definite @ > 0

ATP+PA=—-Q. (22)

By definition, Proj(-,-) ensures boundedness of all param-
eters, and can be designed to provide b(t) > by > 0 Vt > 0
[13]. Consider the following candidate Lyapunov function

(t)Pe(t)
Ty AW (1) + v, A (t)

Vie(t), Ab(t), AW () = €T
FAWT (1)

(23)

Using the properties of the Proj(-,-) operator, the time
derivative of the candidate Lyapunov function in (23) along
the system trajectories (19), (21) can be upper bounded:

V() < —eT(t)Qe(t) + 2T Pbe(x)
< “min(Q)el” + 2[|e][| PB] e
< —llell Pmin(Q)]lell — 2[[Pblle*]  (24)
Hence
. . 2||Pblle*
V(t) <0 if el > m (25)

Thus, if the initial condition e(0) € (g, where Qg,
is a level set of V(e(t),Ab(t), AW (t)), such that for
all e € Qp, one has * € Bpg, then the tracking error
e(t) is ultimately bounded. At the same time, bounded-
ness of adaptive parameters is ensured by the Proj(-,-)
operator. Consequently, there exist AW™2* Ap™a* such
that [[AW|| < AW™a* |Ab| < Ab™**, V¢t > 0, and
J «, such that AW™a* + W* = o Ab™?**, However, due
to the adaptive modification of the reference model, one
still needs to show that both the system state and the state
of the adaptive reference model are ultimately bounded.
In the next section, we explicitly construct domains for
the system initial conditions and initial parameter errors
such that starting in these domains the system states remain
bounded under the control action (12) with adaptive laws
(21). Consequently, it will follow from (25) that all the
signals remain bounded.

V. STABILITY ANALYSIS

For the statement of our main result introduce the fol-
2|bumax_dmax| )\max(P)

lowing notations: K = s P = (P
Amin (Q)—2[| Pb|| ||k ]
where k¥ = [~a1 —az -+ —ay,]7T.
Theorem 5.1: Let Assumption 2.1 hold with R satisfying
R> x| Pb| (26)

Further, for b in (1), umax in (2) and P and @ in (22),
assume that the maximum amplitude of the reference signal
rmax 1S chosen such that:

bO)\min(Q)H

27
2pa1b ( )

Tmax < — dmax y

and for arbitrary § > 0 the design parameter p is selected
to satisfy the lower bound:
KPR+ ar17max + (AW™™ + WH)N
bod

umax

—_— =2
)

If the system initial condition and the initial value of the

candidate Lyapunov function in (23) satisfy:

+ (28)

2T (0)P2(0) < Amin(P)x>| P (29)
m n _ 2 alb Tmax +dmax
VV(0) < b - (30)

W 2“”*’” (Ikx ]| + baN)
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then

« the adaptive system in (19), (21) has bounded solutions
vr(t), [r()| < rmax
o the tracking error e(t) is ultimately bounded, while

a” () Pa(t) < Amin(P)R*| PB)*, Yt >0,

o |uc(t)] < Umax, i.e. the position saturation of the
commanded control signal u.(t) is overly prevented
for all ¢t > 0.
Proof. If Au(t) = 0, then the adaptive reference model
dynamics in (18) reduces to the one in (5), leading to the
error dynamics in (19). Since (5) defines a stable reference
model, then x,,(t) is bounded, which together with (25),
leads to boundedness of the system state x(t).
If Au(t) # 0, then u(t) = umaxsgn(uc(t)). Write the
system dynamics in (1) in the following way:

&(t) = Ax(t) — b(k2)Ta(t) + b(bumaxsgn(ue(t)) + d(x))

Consider the following Lyapunov function candidate
W (x(t)) = = (t)Px(t). Then

W(x(t)) = —a (t)Qx(t) — 227

+2bUnmax |2 () Pb|sgn(u.(t))sgn(x?
+227T (t) Pbd(z)

() Pb(k;) ()

(t)Pb) (31

Consider two possibilities:

1) sgn(u(t)) = —sgn(a” (1)Pb).
2) sen(uc(t)) = sgn(@” (¢)Pb).

If sgn(uc(t)) = —sgn(zT (t)Pb), then it follows from (31)
that
W= —z'()Q

a(t) — 227 () Pb(k;) T x(t)
2bumax|m (t)Pb| + 22T (t) Pbd(x)

< Q)| ()] (32)
+ 2|2 () Pb] (dmax + [[E3[[[|2(0) ]| — bttmax)
If ||&2]||2()] + dmax — bumax < O, which is equivalent

diax|/||E2]], we have W < 0. If
bumax > 0, which is equivalent to

to [le(t)] < |bumax —
[Ez 2@ + dmax —

lz(@t)]| > [btumax — dmax|/||kLE]|, the expression in (32)
implies:
W< (@)l + 2/1Pb||1%; [|2(t)]?
—  2|bumax — dmax] ”w(t)H”Pb”
< (@) = 2 PoIIEL] =)
2 [bumax — dmax| [[2(2) ||| Pb|| (33)
Therefore W (z(t)) < 0, if
21b max*dmax Pb

zem 2z |z) < 2 PO ()

[Aunsn (@) — 2/ P[]

Consider the largest set B1, enclosed in €27, whose bound-
ary forms a level set of the function W (xz(¢t)): B; =
{ | W(x) < Amin(P)r?||Pb||*}. It is obvious that for

all initial conditions of x(t) from the set B; we have
W(x(t)) < 0, implying that the system states remain
bounded.

In the second «case, ie. when sgn(uc(t)) =
sgn(zT (t)Pb), it follows from (31) that

W= 2 (t)Qa(t) — 227 (1) Pb(k;) T (t)
+ 2bumlx|m (t)Pb| + 22T (t) Pbd(x)
<~z (1)Qa(t) — 227 (t)Pb(k;) (1)
+ 2b|uc(t)||:v (t)Pb| + 2z (t)Pbd(x)
=~z (t)Qux(t) — 22" (t)Pb(k;) x(t)
+ 2buc(t) T(t)Pb + 22" (t) Pbd(x)

Recall that sgn(u.(t)) = —sgn(Au,(t)), and that ;1 > 0,
and substitute u.(¢) from (10):

—z" ()Q(t) — 227 (t) Pb(k;) " x(t)
(uczz t) ﬂLAuc( )z" (1) Pb
(1) Pbd(z) < (t)gw(t)

*\T'
(1) Pb(k;) (1) E(t)((kx) z(t) +air(t)
(t)Pb + 22" (t) Pbd(x)

W

+ + IA

227

- WHd(z(t)))z"

Further, notice that by definition, W =
|¢i(x)| < 1, and that Proj(-,
Therefore

AW + W,
-) ensures that b(t) > by

. Abmax
w

IN

7(Amin(Q) -2 12 [[1Po]

b
- 2—<AWW+W*>N|\Pb||)||:c<t>||2 (35)

ab
2LHPbllllﬂl( Ol (rmax + dmax)

+

Notice that since V(e(t), Ab(t), AW (t)) is radially un-
bounded, and its derivative is negative V(t) < 0, then the
maximal values of all errors, including Ap™a* AWy max
do not exceed the level set value of the Lyapunov function
V = Vy = V(0). Therefore the assumed inequality (30)
implies that

)\min(Q) _ 2pa1b Tmax+dmax

A max R (36)
b *
2128z ]| + bV
This in turn guarantees that B 2  I\un(Q) —
2R || BX || P — 2 (AW™ + W*)N|[Pb|| > 0.
Consequently, it follows “from (35) that W (z(t)) < 0, if

2%01) (rmax + dmax)
B

]| > 1Pb]]

Define the ball:

2m(rmax + drnax)
Q= {w | o] = —2 3 | Pb]
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and the smallest set By that encloses (2o, the boundary of
which is a level set of the Lyapunov function W (xz(t)):

2
2ab_10b (Tmax + dmax)

By =< x| W < Apax(P) 3 | Pb||
By rearranging the terms in (36), it follows that
a_lb Tmax + dmax
2 )\max(P) bo ( ) )\min<P) K

B

and consequently Ba C 1, implying that the annulus region
B1 \ B2 # @. Thus, our analysis of the closed-loop system
dynamics reveals that when Au(t) # 0, there always exists
a non-empty annulus region

M rmax + dmax
21/ Amax (P) 2 ( 3 )

< el < v Amm(®)|P]

such that T (z(¢)) < 0 holds Vz satisfying (37). In other
words, boundedness of all the signals is guaranteed as long
as the system initial conditions satisfy (29) and the initial
parameter errors comply with (30).

It remains only to show that the control signal will never
incur saturation. To this end, notice that from (13) it follows
that Au.(t) can be upper bounded

| A, (1)]
1+p
= Ut 5 (IR 2] + 017mas + (AW 4+ W)N)

max

1PB|

(37)

|[Au(t)] <

- IT+u

By definition Au,(t) = u

max

Umax

5 u(t)
ulnaxsat < u6
max

and consequently |u.(t)] < ufnaer%, where C' = ul , +
%(Hk;ﬁ |&|| PB|| 4+ a17max + (AW™a* L W*)N). For a given
0 > 0, if one chooses 1 > 0 to satisfy

C

— <9
1+p

sat (“g(“) — uc(t). Hence

[Aue(t)] = Juc(t)] = (38)

(39)

then |u.(t)| < Umax. Recalling that ud,, . = Umax — 6, and
substituting this into (39), one arrives at (28). The proof is
complete.

Remark 5.1: Using explicit definition of u.(¢) in (12),
one can compute its time derivative for |u.(t)| > u,,.:

o (1) _ Gai)

= 40
lee(®)>udae L+ 1 “o

Since 1.(t) is of order 1/(1 + p), then the actuator limits
can be enforced through the choice of u, by controlling the
time derivative . (t).

Remark 5.2: Notice that if one chooses § < “m2x, then
from (2) one can deduce a less conservative lower bound

for p than the one in (28). Indeed, it is easy to verify that
if

o BIEEIIPL] + a17max + (AW + W)N  tmax
= bod 5

then 0 < |uc(t)| < umax for all ¢ > 0.

Remark 5.3: Inequality in (27) ensures that the numera-
tor in (30) is positive.

Remark 5.4: Theorem 5.1 implies that if the initial con-
ditions of the state and parameter errors lie within certain
bounds, then the adaptive system will have bounded so-
lutions. The local nature of the result is due to the static
actuator model constraints (2) imposed on the control input.
For open loop stable systems, if By is an arbitrarily large
ball within R", the results are semiglobal.

Remark 5.5: If e(x) = 0, then similar to [11], one can
show that e(t) — 0 as ¢t — oo.

Remark 5.6: The condition in (30) can be viewed as an
upper bound for «, which limits the choice of the adaptation
gains I'yy and 7.

VI. SIMULATIONS

In this section, the proposed p-mod based design method-
ology is demonstrated using the first order system

&= 0.20 + 2u + 0.012° — exp(—10(z + 0.5)%)
—exp(—10(z — 0.5)%) + 0.5sin(22)

subject to the following actuator constraint upy,x = 0.94.
A positive constant J is set to 20% of the actuator position
limit, that is: 6 = 0.2umax. The reference model without
p-modification is given as z,, = —6z,, + 6r along with
the reference input r = 0.7(sin(2¢) + sin(0.4¢)). Both, the
system and the reference model are initialized at zero. The
adaptation rates are selected as v, = 1,~, = 1. Figs. 1(a)-
1(d) demonstrate the closed-loop tracking performance for
various values of u. As expected, the plots indicate that
large values of p result in large changes to the refer-
ence model dynamics. At the same time, Figs. 2(a)-2(d)
demonstrate that by choosing p large enough the control
deficiency is reduced, thus completely avoiding control
saturation phenomenon. Consequently, the design constant
1 can be viewed as a tuning “knob” that allows for a trade-
off between the adaptive changes to the reference model
and a protection against saturating actuator position which
is required for tracking the model.
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(c) p =100 (d) =200

Fig. 1. Tracking performance for various values of p.

Gonirot mu=50

e

AR VAT

(c) p =100 (d) n =200

Fig. 2. Comparison of the control deficiency for various values of p.

VII. CONCLUSIONS

A dynamic inversion based direct model reference adap-
tive control design methodology is developed for uncertain
nonlinear systems in the presence of input constraints. The
design is Lyapunov based and ensures bounded tracking for
all initial conditions within the domain of attraction. The
latter depends upon the system parameters and amplitude

saturation level. The output feedback results can be obtained
following the lines of [5]. Extension to nonlinear systems
can be done following the lines of [9] for formulating the
error dynamics. Current efforts are directed towards exten-
sion of the results to multivariable systems with magnitude

and rate constrained control input.
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