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Abstract
A new adaptive actuator failure compensation scheme us-
ing output feedback is presented in this paper for a enlarged
class of nonlinear systems with state-dependent nonlineari-
ties, which are bounded by both linear parameterized static
functions and dynamic signals. By introducing the dynamic
bounding technique to construct a backstepping control law,
the control scheme ensures asymptotic output regulation and
closed-loop stability via a Lyapunov based design in the pres-
ence of unknown actuator failures as well as system parameter
and dynamic uncertainties. Simulation results are included to
illustrate the control effectiveness.

1 Introduction
Actuator failures that are often unknown in terms of failure
patterns, failure times and failure values may cause system
dysfunction and accidents. Hence actuator failure compensa-
tion is crucial in control design with many open issues. Re-
cently there have been many results in the literature on control
of systems with actuator failures under several different direc-
tions such as multiple models, switching and tuning designs
[3], [4], fault detection and diagnosis based designs [9], [10],
and adaptive designs [1], [2], [11].

Compared with other control design methods, direct adap-
tive design has a simple structure by using one adaptive con-
troller to accommodate both actuator failure uncertainties and
system uncertainties without any explicit fault detection tech-
nique. For nonlinear systems, adaptive compensation for ac-
tuator failures has been addressed for some subclasses based
on different conditions and control objectives. An adaptive
actuator failure compensation scheme using output feedback
for systems in the output-feedback form is designed in [6]. In
[7], adaptive compensation using output feedback design is
studied for a more general class of nonlinear systems, which
contains unknown state-dependent nonlinearities bounded by
a nonlinear function of the output. A robust adaptive con-
troller is developed to handle actuator failures as well as pa-
rameter and dynamic uncertainties based on a shifted Lya-
punov function. This paper revisits the actuator failure com-
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pensation problem using output feedback for the class of non-
linear systems with unknown state-dependent nonlinearities.
The state-dependent nonlinearities are bounded not only by
some static output-dependent functions but also by some sig-
nals dynamically dependent on the output. By introducing
dynamic bounding signals, a new adaptive scheme of actu-
ator failure compensation is presented for such an enlarged
class of systems. Based on different backstepping design and
Lyapunov analysis from those used in [7], the adaptive con-
trol scheme ensures asymptotic output regulation and closed-
loop stability in the presence of unknown actuator failures. In
another submitted paper, under a relaxed condition, a robust
adaptive scheme is proposed to achieve desired output track-
ing with an application to aircraft control.

The paper is organized as follows. In Section 2, the con-
trol problem is formulated. In Section 3, an adaptive com-
pensation scheme is developed for output regulation via the
backstepping technique [5]. A generic example is presented
with simulation to illustrate the effectiveness of the design.

2 Problem Statement
Consider the nonlinear system in the form of

ẋi = xi+1 + φi(x,t)+ ϕi(y), i = 1,2, . . . ,ρ−1

ẋρ = xρ+1 + φρ(x,t)+ ϕρ(y)+
m

∑
j=1

bn∗, jβ j(y)v j

· · ·

ẋn−1 = xn + φn−1(x,t)+ ϕn−1(y)+
m

∑
j=1

b1, jβ j(y)v j

ẋn = φn(x,t)+ ϕn(y)+
m

∑
j=1

b0, jβ j(y)v j

y = x1, (2.1)

where u j, j = 1,2, . . . ,m, are the control inputs whose actu-
ators may fail during system operation, x = [x1,x2, . . . ,xn]

T

is the vector of unmeasured states, y is the measured output,
br, j, r = 0,1, . . . ,n∗ = n−ρ, j = 1,2, . . . ,m, are unknown con-
stants, ϕi(y), i = 1,2, . . . ,n, and β j(y), j = 1,2, . . . ,m, are
smooth nonlinear functions that are known and β j(y) �= 0
for ∀y ∈ R, and φi(x,t), i = 1,2, . . . ,n, are unknown func-
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tions that are not necessarily smooth. For φ(x,t)=[φ1(x,t),
φ2(x,t), . . . ,φn(x,t)]T , we have the following condition:

(A1) There exists a vector of functions ψ(y) = [ψ1(y),ψ2(y),
. . . ,ψl1(y)]

T ∈ Rl1 , a diagonal matrix of functions Ψ(y) =
diag{Ψ1(y),Ψ2(y), . . . ,Ψl2(y)} ∈ Rl2×l2 , and a vector of
signals ρ(t) = [ρ1(t),ρ2(t), . . . ,ρl2(t)]

T ∈ Rl2 with ρi(t) =
Fi(s)[ηi(y)], ηi(y) ≥ 0, Fi(s) is a stable and strictly proper,
and Fi(s− δi) with δi > 0 is stable, i = 1,2, . . . , l2, such that

‖φ(x,t)‖ ≤ θ1 + θT
20ψ(y)+ θT

30Ψ(y)ρ(t), (2.2)

where ψ(y), Ψ(y), and η(y)=[η1(y),η2(y), . . . ,ηl2(y)]
T∈Rl2

are smooth and known, a positive constant δ0 such that δ0 ≤
min{δi} is known, and θ1 ∈R, θ20 = [θ201,θ202, . . . ,θ20l1 , ]

T ∈
Rl1 , and θ30 = [θ301,θ302, . . . ,θ30l2 , ]

T ∈ Rl2 are unknown con-
stants. For asymptotic output regulation, we assume that

ψ(y) = yψ0(y), Ψ(y) = yΨ0(y), (2.3)

where ψ0(y) = [ψ01(y),ψ02(y), . . . ,ψ0l1(y)]
T ∈ Rl1 with

ψ2
0i(y) to be smooth, i = 1,2, . . . , l1, and Ψ0(y) =

diag{Ψ01(y),Ψ02(y), . . . ,Ψ0l2(y)} ∈ Rl2×l2 with Ψ2
0i(y) to be

smooth, i = 1,2, . . . , l2, are both known.

As in [7], the actuator failures are modeled as

u j(t) = ū j, t ≥ t j, j ∈ {1,2, . . . ,m}, (2.4)

where the failure value ū j, the failure time instant t j, and
the failure pattern, that is, the index j, are unknown. More
general failures modeled as u j(t) = ū j + ∑

n j
i=1 d̄ ji f ji(t), j =

1,2, . . . ,m, with ū j and d̄ ji, unknown constants, and f ji(t),
known signals, can also be handled similarly.

Suppose that there are pk actuators failed at a time instant
tk, k = 1,2, . . . ,q, and t0 < t1 < t2 < .. . < tq < ∞. Due to up to
m−1 failures, it follows that ∑q

k=1 pk ≤m−1. In other words,
at time t ∈ (tk,tk+1), k = 0,1, . . . ,q, with tq+1 = ∞, there are
p = ∑k

i=1 pi failed actuators, that is, u j(t) = ū j, j = j1, . . . , jp,
0 ≤ p ≤ m−1, and u j(t) = v j(t), j �= j1, . . . , jp, where v j(t),
j = 1,2, . . . ,m, are applied control inputs to be designed.

The control objective is to design an output feedback
scheme for the nonlinear plant (2.1) with p, the number of
failed actuators, changing at time instants tk, k = 1,2, . . . ,q,
such that the plant output y(t) converges to zero asymptot-
ically and that all closed-loop signals are bounded in the
presence of unknown actuator failures, plant parameters, and
state-dependent nonlinearities.

3 Adaptive Compensation Control
Since the failure pattern, j = j1, . . . , jp, 0 ≤ p ≤ m − 1, is
unknown in this problem, a desirable adaptive design is ex-
pected to achieve the control objective for any possible fail-
ure pattern. For a fixed failure pattern, there are a set of failed
actuators and another set of active actuators. For this set of
active actuators, there is a resulting pattern of zero dynam-
ics for the system (2.1). For the closed-loop stability, the zero

dynamics of the system (2.1) need to be stable. Since zero dy-
namics depend on the pattern of active actuators, the number
of which may range from 1 to m, there is a set of zero dynam-
ics corresponding to a chosen control design. We specify the
following condition with which a stable adaptive scheme can
be developed to achieve the control objectives.

(A2) The polynomials ∑ j �= j1,..., jp sign[bn∗, j]B j(s) are stable, ∀
{ j1,. . ., jp}⊂ {1,2, . . . ,m}, ∀p ∈ {0,1,2, . . . ,m−1}, where

B j(s) = bn∗, js
n∗ + bn∗−1, js

n∗−1 + · · ·+ b1, js+ b0, j. (3.1)

For an adaptive design, another assumption is required.

(A3) The sign of bn∗, j is known, for j = 1,2, . . . ,m.

For adaptive actuator failure compensation, we use the
proportional actuation scheme

v j = sign[bn∗, j]
1

β j(y)
v0, j = 1,2, . . . ,m, (3.2)

where v0 is a control signal generated by a backstepping de-
sign procedure consisting of ρ steps, which will be given next.

With the actuation scheme (3.2) and following definition

ϕ(y) = [ϕ1(y),ϕ2(y), . . . ,ϕn(y)]
T , (3.3)

k1,r = ∑
j �= j1,..., jp

sign[bn∗, j]br, j, r = 0,1, . . . ,n∗,

k2,r j = br, jū j, r = 0,1, . . . ,n∗, j = j1, . . . , jp,

k2,r j = 0, r = 0,1, . . . ,n∗, j �= j1, . . . , jp, (3.4)

and rewrite the system (2.1) with p actuator failures as

ẋ = Ax + φ(x,t)+ ϕ(y)+
n∗

∑
r=0

en−r

m

∑
j=1

k2,r jβ j(y)+
n∗

∑
r=0

en−rk1,rv0

y = cT x, (3.5)

where A∈ Rn×n is a canonical form describing a chain of n in-
tegrators, c = [1,0, . . . ,0]T , and ei is the ith coordinate vector
in Rn. It follows from Assumption (A2) that the polynomial
k1,n∗sn∗ + k1,n∗−1sn∗−1 + · · ·+ k1,1s+ k1,0 is stable, and, in ad-
dition, from (3.3), that k1,n∗ > 0.

3.1 State Observation
Since the states of the system (2.1) are not available for feed-
back, an observer is needed to provide auxiliary signals for
handling the unmeasured states in control design.

Choosing a vector l ∈ Rn such that Ao = A− lcT is sta-
ble, with knowledge of k1,r and k2,r j, j = 1,2, . . . ,m, r =
0,1, . . . ,n∗, we have a nominal state observer for x as

x∗ = ξ+ ξ∗+
n∗

∑
r=0

m

∑
j=1

k2,r jζr j +
n∗

∑
r=0

k1,rµr j, (3.6)
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with the filters defined as

ξ̇ = Aoξ+ ly + ϕ(y),

ξ̇∗ = Aoξ∗ + φ(x,t),

ζ̇r j = Aoζr j + en−rβ j(y), 0 ≤ r ≤ n∗, 1 ≤ j ≤ m,

µ̇r = Aoµr + en−rv0, 0 ≤ r ≤ n∗. (3.7)

With ε = x− x∗, it follows from (3.5), (3.6) and (3.7) that
ε̇ = Aoε and limt→∞ ε(t) = 0 exponentially. The signal x∗ in
(3.6) is indeed the nominal observation of x in the sense that
the error x(t)− x∗(t) converges to zero exponentially. How-
ever, there are two issues related to using this x∗ as an estimate
of the state vector x. The first issue is that the parameters
k1,r and k2,r j, j = 1,2, . . . ,m, r = 0,1, . . . ,n∗, are unknown,
which can be solved by using their adaptive estimates. The
second issue, which is more challenging, is that the nonlinear
function φ(x,t) is not available, as the system state x is not
available. Hence, in addition to using adaptive estimates of
k1,r and k2,r j, we use bounding functions to replace the un-
available φ(x,t) based on Assumption (A1). In this case, by
using bounding functions, an explicit expression of x∗ and its
adaptive version may not be available.

To solve this problem, in [7], we introduce an auxiliary
signal generated from an observer with φ(x,t) = 0 to approx-
imate the nominal state estimate x∗ and such that the closed-
loop stability and desired tracking performance are estab-
lished based on a shifted Lyapunov function. In this paper,
we propose a new design for handling the uncertain nonlin-
ear function φ(x,t) that appears in (3.7) through ξ∗ based on
the ideal nominal observer (3.6) for the system (3.5) with
the unavailable signal ξ∗. However, this seemingly natural
way will face a new problem: the second component of the
vector ξ∗ , i.e., ξ∗2 (that appears in the backstepping design
procedure, e.g., added to φ1(x,t) in (3.16)) is dynamically
dependent on the unavailable φ(x,t). To deal with the un-
available component of ξ∗, we introduce dynamic bounding
signals χ0(t) = [χ01(t),χ02(t), . . . ,χ0l2(t)]

T ∈ Rl2 and χ̄(t) =

[χ̄1, χ̄2, . . . , χ̄L̄]
T ∈ RL̄, L̄ = l1 + l2, which are generated from

χ̇0(t) = −δ0χ0(t)+ η(y), ˙̄χ(t) = −δ̄χ̄(t)+ Φ̄(y), (3.8)

where Φ̄=[|ψ1(y)|, . . . , |ψl1(y)|, |Ψ1(y)χ01(t)|, |Ψ2(y)χ02(t)|,
. . . , |Ψl2(y)χ0l2(t)|]

T =[Φ̄1,Φ̄2, . . . ,Φ̄L̄]T∈RL̄, δ̄>0 is chosen
such that Ao+δ̄I is stable, δ0>0 defined in Assumption (A1),
ψ(y), Ψ(y), and η(y) satisfies Assumption (A1).

First recall Assumption (A1) and notice that δ0 ≤min{δi}
such that Fi(s− δ0), i = 1,2, . . . , l2, are stable. It can be con-
cluded from Lemma 2.6 in [8] that

|ρi(t)| ≤ δ f i
1

s+ δ0
ηi(y) = δ f iχ0i(t), i = 1,2, . . . , l2, (3.9)

where δ f i = ‖ fiδ0
(·)‖1 with fiδ0

(t) denoting the impulse re-
sponse function of Fi(s−δ0)s, and χ0i(t) is the ith component
of χ0(t). From (3.9), it in turn follows that

θT
20ψ(y)+ θT

30Ψ(y)ρ(t) ≤ θ̄T Φ̄, (3.10)

where θ̄ = [θT
2 ,θT

3 ]T = [θ̄(1), θ̄(2), . . . , θ̄(L̄)]
T ∈ RL̄, and θ2 ∈ Rl1

and θ3 ∈Rl2 are unknown vectors whose components are θ2i=
|θ20i|≥ 0, i = 1,2, . . . , l1, and θ3i=|θ30i|δ f i≥0, i = 1,2, . . . , l2.

From the dynamic equations of ξ∗ in (3.7), it follows that

ξ∗2(t) = H∗
1 (s)[φ1(x,t)]+ · · ·+ H∗

n (s)[φn(x,t)], (3.11)

where H∗
i (s) = Ni(s)

D(s) is the transfer function from φi(x,t) to

ξ∗2, i = 1,2, . . . ,n, with D(s) = det(sI −Ao). Since Ao + δ̄I
is stable, we have that D(s − δ̄) is stable. It is also noted
that H∗

i (s) is strictly proper. With the definition that Hi(s) =

(s+ δ̄)H∗
i (s) = Ni(s)(s+δ̄)

D(s) for i = 1,2, . . . ,n, the signal ξ∗2 in the
input-to-output form (3.11) is rewritten as

ξ∗2(t)=H1(s)
1

s+ δ̄
[φ1(x,t)]+ · · ·+Hn(s)

1

s+ δ̄
[φn(x,t)], (3.12)

where Hi(s) is a proper transfer function for i = 1,2, . . . ,n.
Based on Lemma 2.6 in [8], it follows from (3.12) that

|ξ∗2(t)| ≤ δ
1

s+ δ̄
(
θT

2 ψ(y)+ θT
30Ψ(y)ρ(t)

)
≤ δ

1

s+ δ̄
θ̄T Φ̄ = δθ̄T χ̄(t), (3.13)

where δ =‖h1δ̄(·)‖1 + ‖h2δ̄(·)‖1 + · · ·+ ‖hnδ̄(·)‖1, and hiδ̄(t)
is the impulse response function of Hi(s− δ̄), i = 1,2, . . . ,n.

3.2 Adaptive Design for Output Regulation
The backstepping technique [5] is now applied with a design
procedure consisting of ρ steps to derive a stable adaptive
control scheme for output regulation, in the presence of un-
known actuator failures and system dynamics and parameters.

Define unknown constant k=[k1,n∗ ,kT
1 ,kT

2 ]T and k30 with

k1 = [k1,0,k1,1, . . . ,k1,n∗−1]
T ,

k2 = [k2,01,k2,02, . . . ,k2,0m,k2,11, . . . ,k2,1m, . . . ,k2,n∗m]T ,

k30 = [θ2
21,θ2

22, . . . ,θ2
2l1 ,θ

2
31,θ2

32, . . . ,θ2
3l2 ]

T , (3.14)

and κ= 1
k1,n∗

, and vectors of signals υi=[µn∗,i,ωT
i ,εT

i ]T , ς0 as

ωi = [µ0,i,µ1,i, . . . ,µn∗−1,i]
T , i = 1,2, . . . ,n,

εi = [ζ01,i,ζ02,i, . . . ,ζ0m,i,ζ11,i, . . . ,ζ1m,i, . . . ,ζn∗m,i]
T ,

ς0 = [ψ2
01(y),ψ

2
02(y), . . . ,ψ

2
0l1

(y),Ψ2
01(y)χ

2
01(t),

Ψ2
02(y)χ

2
02(t), . . . ,Ψ

2
0l2(y)χ

2
0l2(t)]

T , (3.15)

where µr,i and ζr j,i, i = 1,2, . . . ,n, are the ith component of µr

and ζr j, r =0,1, . . . ,n∗−1, j =1,2, . . . ,m. Let κ̂, k̂1,n∗ , k̂1, k̂2,
k̂30, and k̂ denote the estimates of κ, k1,n∗ , k1, k2, k30, and k.

Step 1: Defining the output tracking error z1 = y, we have

ż1 = ε2 + x∗2 + φ1(x,t)+ ϕ1(y)

= ε2 + υT
2 k + ξ2 + ξ∗2 + φ1(x,t)+ ϕ1(y). (3.16)
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Choose the auxiliary signal

z2 = µn∗,2 −α1, α1 = κ̂ᾱ1,

ᾱ1 = −c1z1 −d1z1 −λ0z1ςT
0 k̂30

−ωT
2 k̂1 − εT

2 k̂2 − ξ2 −ϕ1(y). (3.17)

Substituting (3.17) into (3.16) results in

ż1 =−c1z1 −d1z1 −λ0z1ςT
0 k30 + ε2 + ξ∗2 + φ1(x,t)

+k̂1,n∗z2 − k1,n∗ κ̃ᾱ1 − k̃1,n∗α1 + υT
2 k̃ + λ0z1ςT

0 k̃30, (3.18)

where k̃1,n∗=k1,n∗ − k̂1,n∗ , k̃=k− k̂, k̃30=k30 − k̂30, and κ̃=κ−
κ̂, and c1, d1, and λ0 are some positive constants to be chosen.

Consider the partial Lyapunov function V1 = 1
2 z2

1 +
k1,n∗

2γ1
κ̃2 + 1

2 k̃T
30Γ−1

30 k̃30, where k1,n∗ > 0 due to Assumption

(A2), and γ1 > 0 and Γ30 = ΓT
30 > 0 are adaptive gains.

Choose the adaptive laws for κ̂ and k̂30 as

˙̂κ = −γ1z1ᾱ1,
˙̂k30 = λ0z2

1Γ30ς0 (3.19)

and the tuning functions for κ̂ and k̂ as

τ1 = z1[(µn∗,2 −α1),ωT
2 ,εT

2 ]T . (3.20)

Then the time-derivative of V is

V̇1 = −c1z2
1 −d1z2

1 −λ0z2
1ςT

0 k30 + z1ε2

+z1ξ∗2 + z1φ1(x,t)+ k̂1,n∗z1z2 + τT
1 k̃, (3.21)

where k̂1,n∗z1z2 is cancelled at the next step and z1ε2, z1ξ∗2,
z1φ1(x,t) are to be handled later on.

Step i = 2,3,4, . . . ,ρ: Define zi, i = 2,3, . . . ,ρ, as

zi = µn∗,i −αi−1. (3.22)

Differentiating (3.22), we obtain

żi = µn∗,i+1 − liµn∗,1 −
∂αi−1

∂κ̂
˙̂κ−

∂αi−1

∂k̂30

˙̂k30

−
∂αi−1

∂χ0
(−δ̄χ0 + η(y))−

i

∑
q=1

∂αi−1

∂υq
(υq+1 − lqυ1)

−
∂αi−1

∂y
(ε2 + υT

2 k + ξ2 + ξ∗2 + φ1(x,t)+ ϕ1(y))

−
i

∑
q=1

∂αi−1

∂ξq
(ξq+1−lqξ1+lqy+ϕq(y))−

∂αi−1

∂k̂
˙̂k. (3.23)

Choose the stabilizing function αi as

αi =−aizi−1 − cizi −di(
∂αi−1

∂y
)2zi + liµn∗,1

+
∂αi−1

∂κ̂
˙̂κ+

∂αi−1

∂k̂30

˙̂k30 +
∂αi−1

∂χ0
(−δ̄χ0 + η(y))

+
∂αi−1

∂y
(υT

2 k̂ + ξ2 + ϕ1(y))+
i

∑
q=1

∂αi−1

∂ξq
(ξq+1 − lqξ1 + lqy

+ϕq(y))+
i

∑
q=1

∂αi−1

∂υq
(υq+1 − lqυ1)

+
∂αi−1

∂k̂
Γτi −

i−1

∑
q=2

∂αq−1

∂k̂
Γ

∂αi−1

∂y
υ2zq, (3.24)

where a2 = k̂1,n∗ and ai = 1, i = 3,4, . . . ,ρ, ci > 0 and di > 0,
i = 2,3, . . . ,ρ, are design constants, Γ = ΓT > 0 is the adaptive
gain, and τi, i = 2,3, . . . ,ρ, are the tuning functions given by

τi = τi−1 −
∂αi−1

∂y
υ2zi. (3.25)

Defining zi+1 = µn∗,i+1 − κ̂y(i)
r −αi, we rewrite (3.23) as

żi = −zi−1 − cizi −di(
∂αi−1

∂y
)2zi −

∂αi−1

∂y
ε2

−
∂αi−1

∂y
ξ∗2 −

∂αi−1

∂y
φ1(x,t)+ zi+1 −

∂αi−1

∂y
υT

2 k̃

+
∂αi−1

∂k̂
Γτi −

i−1

∑
q=2

∂αq−1

∂k̂
Γ

∂αi−1

∂y
υ2zq −

∂αi−1

∂k̂
˙̂k. (3.26)

For the partial Lyapunov candidate function Vi = Vi−1 + 1
2 z2

i ,
it follows from (3.26) that

V̇i =−
i

∑
q=1

cqz2
q −d1z2

1 −λ0z2
1ςT

0 k30 + z1ε2 + z1ξ∗2

+z1φ1(x,t)−
i

∑
q=2

dq(
∂αq−1

∂y
)2z2

q −
i

∑
q=2

zq
∂αq−1

∂y
ε2

−
i

∑
q=2

zq
∂αq−1

∂y
ξ∗2 −

i

∑
q=2

zq
∂αq−1

∂y
φ1(x,t)+ zizi+1

+τT
i k̃ +

i

∑
q=2

zq
∂αq−1

∂k̂
(Γτi −

˙̂k). (3.27)

Design the control signal v0(t) in the control law (3.2) as

v0 = αρ +
m

∑
j=1

∂αρ−1

∂ζn∗ j,ρ
β j(y)−µn∗,ρ+1, (3.28)

where αρ is the stabilizing function from the ρth step.
Consider a Lyapunov function

V =Vρ+
1
2

k̃T Γ−1k̃+
ρ

∑
i=1

L̄δ2

2diδ̄

L̄

∑
q=1

θ̄2
(q)χ̄

2
q +

ρ

∑
i=1

1
di

εT Pε, (3.29)

where P=PT >0 satisfying the Lyapunov equation PAo +AT
o P

=−I. Based on Assumptions (A1) and (3.13), we show that

V̇ ≤−
ρ

∑
i=1

ciz
2
i −d1z2

1 −λ0z2
1ς0k30 + z1ε2 + |z1||ξ∗2|

+|z1||φ1(x,t)|−
ρ

∑
i=2

di(
∂αi−1

∂y
)2z2

i −
ρ

∑
i=2

zi
∂αi−1

∂y
ε2

+
ρ

∑
i=2

|zi
∂αi−1

∂y
||ξ∗2|+

ρ

∑
i=2

|zq
∂αi−1

∂y
||φ1(x,t)|

−
ρ

∑
i=1

L̄δ2

di

L̄

∑
q=1

θ̄2
(q)χ̄

2
q +

ρ

∑
i=1

L̄δ2

diδ̄

L̄

∑
q=1

θ̄2
(q)χ̄qΦ̄q(y)−

ρ

∑
i=1

1
di

εT ε

≤−
ρ

∑
i=1

ciz
2
i −

ρ

∑
i=1

1
2di

‖ε‖2, (3.30)
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when λ0 is chosen such that λ0 ≥
L̄δ2

2δ̄2 ∑ρ
i=1

1
di

.

In summary, with the actuation scheme (3.2) and the fil-
ters of the signals ξ, ζr j and µr j, 0≤ r ≤ n∗, 1≤ j ≤m defined
in (3.7), the adaptive scheme consists of the control law:

v j = sign[bn∗, j]
1

β j(y)
v0, j = 1,2, . . . ,m,

v0 = αρ +
m

∑
j=1

∂αρ−1

∂ζn∗ j,ρ
β j(y)−µn∗,ρ+1, (3.31)

and the adaptive laws for parameters κ̂, k̂, and k̂30:

˙̂κ = −γ1z1ᾱ1,
˙̂k = Γτρ, ˙̂k30 = λ0z2

1Γ30ς0, (3.32)

where αρ, υρ, τρ, and νρ are derived from the recursive back-
stepping procedure with ρ steps.

3.3 Stability Analysis
The proposed adaptive scheme has the following properties:

Theorem 3.1 The adaptive output feedback control scheme
consisting of the controller (3.31) and the filters (3.7) along
with the parameter update laws (3.32) applied to the system
(2.1), based on Assumptions (A1), (A2), and (A3), ensures
global boundedness of all closed-loop signals and asymptotic
output regulation: limt→∞ y(t) = 0.

Proof: For each time interval (tk,tk+1), k = 0,1, . . . ,q, we
have a positive definite function V defined as (3.29) whose
time-derivative V̇ satisfies (3.30). Starting from the first time
interval, we conclude that V (t) ∈ L∞ for ∀t ∈ [t0,t1), so that
z, κ̂, k̂1,n∗ , k̂1, k̂2, k̂30, and ε are bounded for t ∈ [t0,t1). As
z1 = y, y is also bounded for t ∈ [t0,t1).

It follows from (3.7) that ξ, ζr j, r = 0,1, . . . ,n∗, j =
1,2, . . . ,m, and ξ∗ are bounded because of the boundedness
of φ(x,t) due to Assumption (A1). As in [5], it can be con-
cluded that with K(s) = 1

k1,n∗ sn∗+···+k1,1s+k1,0

µr,i = eT
i (sI −Ao)

−1en−rK(s)

[
dny
dt

−
n

∑
i=1

dn−iφi(x,t)
dt

−
n

∑
i=1

dn−iϕi(y)
dt

−
n∗

∑
r=0

m

∑
j=1

k2,r j
drβ j(y)

dt

]
, (3.33)

which results in the boundedness of µr,i, r = 0,1, . . . ,n∗,
i = 1,2, . . . ,n, because the matrix Ao and the polyno-
mial k1,n∗sn∗ + · · ·+ k1,1s + k1,0 are stable, and φi(x,t), i =
1,2, . . . ,n, are bounded based on Assumption (A1), and ϕi(·),
i = 1,2, . . . ,n, and β j(·), j = 1,2, . . . ,m, are bounded too be-
cause of the smoothness. It follows from (3.6) and the bound-
edness of ε that x is bounded. According to (3.31), it can also
be seen that v0 is a bounded signal. Since β j(y) �= 0 for ∀y ∈
R, the boundedness of v j is guaranteed too, j = 1,2, . . . ,m.
Therefore, all closed-loop signals are bounded for t ∈ [t0,t1).

At time t = t1, p1 actuator failures occur, which result in
the abrupt change of κ, k1,n∗ , k1, and k2 denoted as ∆κ, ∆k1,n∗ ,

∆k1, and ∆k2 respectively. Since the change of values of these
parameters are finite and z, ε, κ̂, k̂1,n∗ , k̂1, k̂2, and k̂30 are con-
tinuous, we have that V (t+1 ) = V (t−1 ) + V̄1 with a finite V̄1.
Therefore it can be concluded from (3.30) that V (t) ∈ L∞ for
t ∈ (t1,t2). By repeating the argument above, the bounded-
ness of all the signals is proved for the time interval (t1,t2).
Continuing in the same way, finally we have that V (t) ∈ L∞

for t ∈ (tq,∞) with V (t+q ) = V (t−q )+ V̄q for a finite V̄q with a
similar form as V̄1. Due to the finite times of actuator failures,
it can be concluded that V (t) is bounded for ∀t > t0, and so
are all the closed-loop signals.

At the last time interval (tq,∞) with a positive finite initial
V (t+q ), it follows from (3.30) that z∈L2. In particular, z1 ∈L2.
Together with ż1 ∈ L∞, we conclude that limt→∞ z1 = 0, i.e.,
asymptotic output regulation is ensured. ∇

3.4 Simulation Study
A generic example is used to illustrate the effectiveness of the
proposed adaptive scheme. Consider the following system

ẋ1 = x2 + ϑ1x1 tan−1(x2)+ ϑ2x2
1x3

ẋ2 = ϑ3x3
1x2

3 + b1u1 + b2u2

ẋ3 = ϑ4(e
x1 −1)+ ϑ5x1 + ϑ6x3

y = x1, (3.34)

where ϑi, i = 1,2, . . . ,6, and b1 and b2 are unknown constants.
The differential equation for x3 constructs the zero dy-

namics of the system (3.34). With ϑ6<0, the zero dynamics
are input-to-state stable such that the minimum-phase con-
dition is satisfied as stated in Assumption (A2). It in turn
implies that |x3|≤ρ1(t) + ρ2(t), where ρ1(t) is governed by
ρ1(t)=F1(s)η1(y) with F1(s)=

ϑ5/2
s−ϑ6

and η1(y)=y2 + 1, and

ρ2(t) is governed by ρ2(t) = F2(s)η2(y) with F2(s) = ϑ4
s−ϑ6

and η2(y) = ey − 1. Define that φ(x,t) = [ϑ1x1 tan−1(x2) +
ϑ2x2

1x3,ϑ3x3
1ex3 ]T , and k=[(|b1|+|b2|),0]T , when u1 and u2

are both active, and k=[|bi|,b jū j]
T if ui is active and u j is

failed, i�= j∈{1,2}, where ū1 and ū2 are the unknown values.
Choose a vector l ∈ Rn such that Ao = A− lcT is stable,

where A and c have the the form as those in (3.5). With knowl-
edge of k1 and k2, the nominal observer for x is designed as
x∗ = ξ+ ξ∗+ ∑2

j=1 k2ζ+ k1µ, with the filters defined as

ξ̇ = Aoξ+ ly, ξ̇∗ = Aoξ∗ + φ(x,t),

ζ̇ = Aoζ+ e2, µ̇ = Aoµ + e2v0. (3.35)

Assuming that |ϑ6| > δ0 > 0 and δ0 is known, we in-
troduce the dynamic bounding signal χ0 = [χ01,χ02]

T ∈ R2,
which is generated from

χ̇0 = −δ0χ0 + η(y), (3.36)

where η(y) = [η1(y),η2(y)]T ∈ R2. It follows that

‖φ(x,t)‖ ≤ θT Φ̄, (3.37)
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where θ = [θ1,θ2,θ3,θ4,θ5]
T , θ1 = π

2 |ϑ1|, θ2 = |ϑ2|δ f1 , θ3 =

|ϑ2|δ f2 , θ4 = 2|ϑ3|δ2
f1

, θ5 = 2|ϑ3|δ2
f2

, with δ fi , i = 1,2, de-

fined after (3.9), and Φ̄ = [|x1|,x2
1χ01,x2

1χ02, |x3
1|χ

2
01, |x

3
1|χ

2
02]

T .
Furthermore we define k30 = [θ2

1,θ2
2,θ2

3,θ2
4,θ2

5]
T , κ= 1

k1
, and

ς0=[1,x2
1χ2

01,x
2
1χ2

02,x
4
1χ4

01,x
4
1χ4

02]
T . With Assumption (A3),

the adaptive controller is thus derived as

v j = v0, j = 1,2, v0 = α2 +
∂α1

∂ζ2
, (3.38)

with the adaptive laws for κ̂, k̂, and k̂30:

˙̂κ = −γz1ᾱ1,
˙̂k = Γτρ,

˙̂k30 = λ0z2
1Γ30ς0, (3.39)

via the backstepping procedure given in Section 3.2.
In the simulation, the initials of the states are chosen as

x(0) = [−0.2,−0.2,0.2]T , the initials of the estimates κ̂, k̂1,
k̂2, and k̂30 are set as [5,0.5,0,0,0,0.1,0.75,1]T . The gains
are c1=c2=0.2, d1=d2=0.7, λ0=1, γ=1, γ1=10, γ2=1, Γ30 =
0.1I, and l = [2,1]. For simulation, u1 fails at the 10th second
with an unknown value ū1 = 0.1 and the system response and
inputs are shown in Figure 1 and Figure 2 respectively.
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Figure 1: System states.
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Figure 2: System inputs.

4 Concluding Remarks
Actuator failures have a major influence on the performance
and stability of control systems. Compensation of un-
known actuator failures is a challenging problem with many
open issues, especially for nonlinear systems. In this pa-
per, the actuator failure compensation problem is solved for
an enlarged class of nonlinear systems with unknown state-
dependent nonlinearities. The state-dependent nonlinearities

are bounded not only by some static output-dependent func-
tions, but also by some signals dynamically dependent on the
output. An adaptive output feedback scheme is developed to
ensure closed-loop stability and asymptotic output regulation
in the presence of the unknown actuator failures and uncer-
tain system nonlinearities and parameters. Under a relaxed
condition on the bounding functions, a different robust adap-
tive control scheme is proposed in another paper.
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