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Discrete-Time Closed-Form Solution of Time-
Optimal Seek Control for Hard Disk Drives

Wonbo Shim' and John C. Morris®

Abstract—This paper derives a discrete-time closed-form
solution of time-optimal seek control based on the 3™-order
hard disk drive model including the back-EMF effect and coil
inductance. Using the proposed method, online reference
signal generation for 2-DOF control structure is discussed for
short and long seeking cases. Simulation results show that the
reference signals generated are good for smooth settling.
Modification of the proposed method for improving acoustics
during seeking is demonstrated. A feasible implementation of
the proposed method is investigated for efficient usage of
digital signal processor and limited memory available. The
feed-forward current for seek control is obtained considering
the power amplifier saturation so the proposed method has
better features of adaptation for varying operating conditions.

1. INTRODUCTION

THE demand for data storage such as semiconductor
memory and hard disk drive (HDD) is increasing as
there is more need for storing digital data in everyday life.
Unlike the semiconductor memory, HDD operation requires
mechanical movement of head-slider-arm system.

As track per inch (TPI) is increasing, the HDD actuator
must achieve precise positioning of the read/write head on
a desired track (track following). The ability for the actuator
to seek from one track to another target track (track
seeking) is also very important because the data retrieval
performance of the drive (IOPs) is directly affected by how
quickly and precisely the head seeks from one track to
another.

As a HDD servo system, a controller mode-switching
method is widely used; a velocity controller is employed in
seeking and a position feedback controller such as a PID
controller or state-space regulating controller is used in
track following.

During seeking, the disk head actuator such as a voice
coil motor (VCM) is driven by a bang-bang current profile
to achieve time-optimal control, but due to the presence of
resonances, the ideal bang-bang profile is smoothed out in
actual implementation.

The seek algorithm that has been widely used in industry
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is called the proximate-time-optimal-servomechanism
(PTOS) [1]. There have been approaches on the refinement
of PTOS, focusing on the simultancous minimization of
seek time and resonance excitation using command input
shaping method [7],[8],[9]. These approaches are all
derived using the velocity and position error relationship
(phase-plane), employing mode-switching control.

On the other hand, there have been several attempts to
develop unifying control algorithms, which work for both
track following and seeking. Such control algorithms utilize
the two-degree-of-freedom (2-DOF) control structure [6].

Feed-forward control is an important factor of the 2-
DOF servomechanism. It is required to design feed-forward
input well to shorten the time needed for head positioning,
although the way to use the feed-forward signal depends on
the control structure. A reference model plays an important
role in generating the feed-forward signals. A reference
signal generation approach was proposed to effectively use
a VCM actuator for fast track seeking [5]. The approach
requires two steps. In the first stage, offline simulations are
iterated to set up a lookup table between control voltages
and seek length-seek time relation. In the second stage, a
reference model including back EMF effect generates
reference trajectories online using the data extracted in the
first stage. The idea of structural vibration minimized
acceleration trajectory (SMART) [10] is utilized to adjust
the non-zero errors at the end of seek.

The approach lacks the functionality of determining the
proper control voltage levels in advance for the desired seek
length so it requires iterations to obtain control voltage
levels, with inherent limitation of non-zero final states.

This paper proposes a new reference signal generation
algorithm based on a discrete-time closed-form solution of
time-optimal seek control using “pseudo-inverse of matrix”
[2]. The control voltage level for the desired seek length
can be directly calculated online therefore the adjustment of
non-zero final states utilizing SMART is not needed in
application. The modification of the proposed solution for
improving acoustics and reducing residual vibration is also
presented. The feasible implementation of the proposed
method is investigated for efficient usage of the limited
computational power of digital signal processor and
memory available in commercial disk drives.
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Fig. 1. A hard disk dynamic model including back EMF

II. REFERENCE SIGNAL GENERATION

A. System Modeling

The block diagram of HDD dynamic model used for the
derivation of the proposed algorithm is shown in Fig. 1,
where J is the moment of inertia, K; is the torque constant,
K, is the back-EMF constant, L is the coil inductance, R, is
the coil resistance, R, is the current sense resistance, and R,
is the arm length. The state variables of the dynamic model
are selected as,

x, = R,0-TPI = TRACK
X, = Raé -TPI - T¢=TRACK / sample
Xy =1,= Current
Then, the dynamic description of each state variable is,
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To develop the proposed algorithm, the continuous-time
model (1) is converted to a discrete-time model using
sampling time 7 as:

X(k+1)=®X(k)+T u, (k) @)
where k denotes the discrete-time instance, which is called
hereafter the sample number.

B. Time-Optimal Seek Control

In HDD seeking control, the process is normally divided
into two stages such as short seeking and mid-long-seeking
due to the velocity safety limit and the saturation of power
amplifier.

2>
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Fig. 2. Control voltage input for short-seek simulation
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Fig. 3. Control voltage input for mid- and long-seek simulation

The control input in feedback control structure is the
demand current equivalent, up,c . The torque generated by
VCM actuator is actually due to power amplifier output, u,,
not the demand current. The basic idea of the reference
signal generation [5] is summarized as: 1) look for proper
control voltage for desired seek length; 2) apply the control
voltage level to the discrete-time system model which
generates online reference signals such as position
(TRACK), velocity (TRACK/sample), and current; 3) the
current signal is fed as a demand current equivalent, upic
and reference position and velocity signals are fed to the
feedback controller in the 2-DOF control structure.

The approach lacks the functionality of determining the
proper control voltage in advance for the desired seek
length so the offline iterations are required to set up a
lookup table for seek time-seek length relationship.

Here, we develop a discrete-time closed-form solution of
time-optimal seek control using “pseudo-inverse of matrix”
[2], which does not require iterations and lookup table, with
negligible non-zero final states.

C. Four-stage seek control for short-seeking

As seen in Fig. 2, there are four stages in short seeking
control; 1) acceleration; 2) deceleration; 3) settle; and 4)
stop.

From (2), the recursive solution of dynamic state
equation is described as,

k-1
k. ko—1-j .
X(k;) =@ X(0)+ > 7T u()) 3)
J=0

where the states are X(k)=[pos(k), vel(k), cur(k)]".
The proposed algorithm is derived assuming that the
desirable seek time vs. seek length is given in advance
before seek control, as shown in Fig. 4. For a given seek
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length, the desired seek time is to be looked up in the Fig. 4
and the corresponding seek time is interpreted as the
number of samples for a head to move to the desired track.

Desired Seek Time vs. Seek Length

Seek Time, msec

2
Seek Length, TRACK

Fig. 4. Desired seek time vs. seek length

Equation (3) is developed with zero initial conditions as,

kg —1 ‘s PO .

X(k,) =( > b ’Fjumax +( >, oY ’Fjumm “
Jj=0 J=ksw

where k; is the seek time equivalent sample number, £, is

the switching sample, and kggrrp is the sample number

when the control voltage is set to zero. Equation (4) is

simplified after matrix calculations are convolved as,

4, 4, y Y f
A21 Azz ) umﬁx =40
45, 4, " 0

where Y, is the target track. The primary advantage of this
algorithm is that the final states of velocity and current can
be set to zero, whereas the approach in [5] requires non-
zero values of velocity and current which should be kept in
lookup table.

The dimension of matrix 4 in (5) is (3x2) and that of
vector U is (2x1) so the above simultaneous linear equation
is over-determined [2]. Therefore, the solution for (5) is
solved in a “weighted least-squares approximation” sense
using “pseudo inverse of matrix A”. The symmetric non-
singular matrix R with a dimension of (3x3) is selected
properly for final states tolerance. The solution for control
voltage levels is thus obtained as,

U=(a"R"A)' AR Y ©6)

In the 2-DOF control structure, the objective of seeking
control is to move the actuator to the target track following
the reference trajectories with minimum position error and
overshoot so the reference trajectories are also important as
well as the feed-forward current.

For example, if the final states of position, velocity, and
current are weighted in order, then the matrix R can be
chosen as,

, AU =Y (5)

025 0 0
R=| 0 05 0
0 0 1

D. Five-stage seek control for mid- and long-seeking

Inmid- or long-seeking, the seek control is performed in
five stages due to the velocity safety limit and power
amplifier saturation, as seen in Fig. 3: 1) acceleration; 2)
coast; 3) deceleration; 4) settle; and 5) stop.

Equation (3) is decomposed into three parts considering
back-EMF and velocity safety limit.

ksw -1

key=1 ) )
X(k)=| 20Ty +| 2 @Y
‘ =0 J=ker
ksgrre =1 P
+ Y VT uy,

/ :kSW

(7

where kcp is the sample number when velocity coasting
starts. Then, (7) is simplified as,

A,y A, y G

Ay Ay um%X +1Cy pru,, =

Ay, 4y " G
AU+Y, =Y, ®)

We have an extra term in (8) compared to (5) due to
velocity coasting, but the additional term is a constant
vector as the final states. Therefore, the solution for control
voltage for five stage seek control is obtained as,

U=(a"R ) AR(r,-1,) ©)

o o <

III. SIMULATION EXAMPLE AND DISCUSSIONS

The proposed closed-form solutions of time-optimal seek
control in discrete-time domain were explained in section
II. The method is simulated to verify the usefulness in four-
and five-stage seek control and the results are shown in
Figures 5 and 6. Once the proper control voltage level for
target track is calculated using (6) or (9), the reference
signals are recursively generated in (3). The back-EMF
effect and coil inductance are included in the 3™-order
HDD dynamic model so we can notice that the generated
reference signals are naturally decayed at the end of seek,
which is good for smooth settling.

By investigating the current profiles of Figures 5 and 6, it
is found that the maximum rate of change of current
|di/dt|max 18 high especially around the transition from
acceleration to deceleration, which results in bad acoustics
during seeking. The current profile is pretty much
determined by the control voltage setting. Therefore, the
proposed approach is to be modified for improving
acoustics during seeking. The modification is to be
described below.
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Fig. 5. Four-stage seek control example
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Fig. 6. Five-stage seek control example

By investigating the current profiles of Figures 5 and 6, it
is found that the maximum rate of change of current
|di/dt|max 18 high especially around the transition from
acceleration to deceleration, which results in bad acoustics
during seeking. The current profile is pretty much
determined by the control voltage setting. Therefore, the
proposed approach is to be modified for improving
acoustics during seeking. The modification is to be
described below.

Instead of changing the control voltage from zero to
certain voltage, putting intermediate values between the two
control voltages makes the rate of change less abrupt. The
proposed method can accommodate any intermediate values
and still the closed-form solution can be obtained by proper
development of the recursive state equation (3).

In order to show the modification procedure, the five-
stage seek control is considered here. The four-stage case is

just the simplification of the five-stage procedure.

Instead of considering general case, the half value of the
two control voltages is chosen as the intermediate value to
make the modification procedure simple to follow. The
modified form of control voltage for five-stage control is
illustrated in Fig. 7.
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Fig. 7. Modified five-stage seek control

Then, (7) is modified to include the intermediate value
as,

key -1 kg =1

X(k,) _mk"‘r(“;“}[ ; q>""“’r]um +[ > q>""“’r]uw (10)

Jker

k, -2
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2 min 2
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Equation (10) is developed and simplified as follows.

ay (% < by, by, by
Unnax b umin b b umin
az 2 + Ay [Uimax + Cy U,y + 21 + 22 umin+ 23
a3] a}Z C3 b}l b32 b33
AI] AIZ Cl Y/
U nax
=| Ay Ay |- " + G, |u, =40
min
A3] A32 C3 0
AU+Y, =7, (11)

It is shown in (11) that the solution procedure is the same
when there are intermediate values for improving acoustics
during seeking.

As an example, the reference signals for modified five-
stage seek control are shown in Fig. 8. The recalculated
control voltage plot shows intermediate values in the
acceleration, transition from acceleration to deceleration,
and settle process, as marked by circle in the Fig. 8 (a).

The effect of intermediate values on the rate of change of
current (di/dt) is studied further and the result is compared
in the case of single and double intermediate values, seen in
Fig. 9. We can notice that the intermediate values in the
control voltage and the generated feed-forward current
accordingly reduce jerk (di/df) during seeking. From the
results shown, we can infer that the optimal selection of
intermediate values and more number of intermediate
values improve the acoustics more.

The above procedure can be extended to the general case
of control input shaping, minimized jerk, and vibration
minimized access control [10]~[14].
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Fig. 8. Modified five-stage seek control example
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Fig. 9. The rate of change of current profile

IV. IMPLEMENTATION OF REFERENCE SIGNAL GENERATION

The effectiveness of the proposed method for reference
signal generation is demonstrated in the previous sections.
With the limited computational power of processor used in
commercial hard disk drives, a feasible and efficient way of
implementation is discussed here.

The method of solving for control voltage is reviewed
first. Equation (6) or (9) that solve for control voltage
requires matrix 4 with dimension of (3x2) for each seek
length. The matrix A is the partial summation of
convolution for acceleration and deceleration respectively
but it requires the long summation of recursive calculation
of matrix power product. The inverse of matrix in (6) or (9)
can be easily calculated because the dimension of matrix to
be inverted is only (2x2). Therefore, if the convolution
sums are available in advance, (6) or (9) can be solved fast
in online process. Here, a lookup table of convolutions for
system matrix, @ and input vector, I" is proposed. The new
table structure only stores the convolutions that are referred

to in the Equation (4) or (7).

o New convolution lookup table structure
array 123
pointer—» T

or
@’
°'r

[

The block diagram of the procedure mentioned above is
illustrated in Fig. 10.
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Fig. 10. Implementation of online reference signal generation

The feed-forward current mainly performs an important
role in seeking and the feedback control is reducing the
error between reference trajectory and moving trajectory
due to the system parameter variations. The discussion of
feedback controller for seek control is beyond the content
of this paper so it is not considered here.

The transition samples such as switching (ksy) and settle
(kserre) need to be investigated further for smooth settling
but they can be programmed in an approximate polynomial
for efficient memory usage. Depending on the operation
environment, the power amplifier can be saturated so the
demand current is not available under certain conditions.
The proposed method described is devised for calculating
the equivalent of power amplifier output (control voltage)
so the adaptation for varying operating conditions can be
facilitated by investigating the real drive operations.

V. CONCLUSION

A discrete-time closed-form solution of time-optimal
seek control was derived based on the 3™-order hard disk
drive system model including back-EMF effect and coil
inductance. The feasibility of the method was shown by
simulation examples. The proposed method was shown to
have advantages compared to the approach [5], such as: 1)
direct calculation of control voltage for given seek length;
2) functionality of improving acoustics; 3) efficient use of
memory; and 4) adaptation for varying operating
conditions. The proposed method can be integrated in any
form of 2-DOF control structure.
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