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Abstract— Discrete-time model reference adaptive control
(MRAC) has been studied extensively. Although the framework
of the analyses is very general, the results obtained are
restricted to boundedness and convergence and the important
question of Lyapunov stability is not addressed. Lyapunov
functions are an important tool for understanding and quanti-
fying transient response, robustness and disturbance rejection,
and thus merit attention. In this paper we investigate the use
of a logarithmic Lyapunov function to establish Lyapunov
stability of MRAC in the deterministic setting. A complete
Lyapunov proof is given for stability and convergence. The
results extend the approach of [8] to include Lyapunov stability
for MRAC when the normalized projection algorithm is used
for parameter identification.

1. Introduction

In model reference adaptive control (MRAC) theory
the objective is to have the plant emulate the dynamics of a
specified model in response to a family of command signals.
MRAC has been extensively developed for continuous-
time systems [1] and discrete-time systems [2] where the
boundedness of controller parameters and convergence of
the tracking error are demonstrated using the Gronwall-
Bellman lemma and the key technical lemma respectively.
The objective of the present paper is to unify and extend
the foundation of discrete-time MRAC by constructing
Lyapunov functions to demonstrate Lyapunov stability as
well as error convergence. The results of this paper are used
in a companion paper [3] to prove Lyapunov stability for a
discrete-time adaptive disturbance rejection algorithm.
Discrete-time MRAC algorithms have been based on a
variety of parameter identification algorithms. For example,
the recursive least squares (RLS) algorithm and the projec-
tion algorithm are used in [4], where convergence is based
on the key technical lemma. This method of proof yields
convergence but does not imply Lyapunov stability of the
error system. MRAC is considered in the presence of addi-
tive noise in [2], [5-7]. In these results, convergence of the
tracking error and parameters is guaranteed almost surely,
but stochastic Lyapunov stability is not demonstrated.
Lyapunov stability of discrete-time MRAC and conver-
gence of the error to a finite set is demonstrated in [8],
where the RLS algorithm is used for parameter identi-
fication. A Lyapunov candidate is applied to the time-
varying error system, which requires appropriate bounds on
the Lyapunov difference. Stochastic Lyapunov stability of
MRAC is addressed [11].

I'Supported in part by the Air Force Office of Scientific Research under
grant number F49620-01-1-0094.

The novel Lyapunov construction of [8—12] is of indepen-
dent interest since it involves the logarithm of a quadratic
form. A similar construction was used in [13] for full-state-
feedback adaptive stabilization and extended in [14] to a
more general class of gradient based gain update laws.

In view of these developments, in the present paper we
extend the result of [8] by constructing a Lyapunov proof
of MRAC for the projection algorithm. These constructs
remove the need for the key technical lemma used in [4].

The contents of the paper are as follows. In Section 2 we
present the solution to the model matching control problem
in the case of a known plant. An adaptive control law
with projection algorithm based parameter identification is
presented in Section 4 and a proof of stability is given in
Section 5. Finally, Section 6 presents simulation results.

2. Model Reference Control for a Known Plant
Consider a SISO process described by the DARMA

model . .
y(k) = =Y awy(k—i)+ > bju(k—j), k>0. (2.1
i=1 §=0

The model (2.1) can be written in terms of the forward shift
operator g as

A(q)y(k) = B(a)u(k),
where A and B are polynomials of degree n and m,
respectively, defined by
A, n—
Al@) =q" +aq" "+

(2.2)

+ an (2.3)

and

B(q) 2 boq™ +biq™ 4 by, (24)

where by # 0. We define the delay d 2 5 — m and make
the following assumptions about the plant.

Assumption 2.1. The realization (2.2) is minimal, i.e., A
and B are coprime.

Assumption 2.2. All roots of B(q) are inside the unit
circle.

Assumption 2.3. n and m are known, and m < n.

Assumption 2.4. by is known.

To modify the dynamics (2.2) we consider the 2-DOF
model matching control law

S(a)

u(k) = 2D gy - S,

— 2.5
R(q) )

where . is the command signal. We want the response from
the command signal u, to the output y to be described by
the reference model

3174



Bm(q)
An(q)

We make the following assumptions about the reference
model.

Assumption 2.5. A,,(q) is monic and stable.

Assumption 2.6. deg A, (q) —deg B (q) = d, i.e., the
reference model has the same delay as the plant.

The closed-loop system (2.2)-(2.5) the reference model
(2.6) have the same forced response if

B(q)T(q) _ Bu(q)

ym(k) =

o (k). (2.6)

A@R(@) +B@S@  Am@’ 7
which is equivalent to
T(q) _ Bml@ g
A(q)R(q) +B(q)S(a) Am(q)B(a)

The roots of the closed-loop characteristic polynomial
A, (q)B(q) consist of the roots of Ap,(q) as well as the
roots of B(q), all of which are stable by assumption. Let

N 2 deg A, (q) and define

A
P(q) = Am(q)B(q)
= boq(nm"’_m) + plq(nm"""n)_l _|_ e +p7lm+7R'

To satisfy (2.8) it suffices to choose

T(q) = Bm(q) 2.9)
and require that R(q) and S(q) satisfy
A(q)R(q) + B(q)S(q) = P(q). (2.10)

Defining ng = deg R(q), ns 2 deg S(q), ne 2 n+nr+1,
and n,, 2 nr + ns + 2, (2.10) can be written as

M{ C(R) } = e(P), 2.11)

e(S)

where M € R"<*"™« js the Sylvester matrix given by

1 0 Ot Oaxt Ogapa Opupatyxa
a1 1 1 bo bo 0
az ail al b1 b1 bl
as . . b
an an b b
Og-1x1 09 x1 an  Op 1 Opgxa bm

CR) = [r0r1~~~rnR]T, CR) = [sosl~~sns}T, and
C(R) = I[bop1-* Pn,+m| are vectors containing the
coefficients of R(q), S(q), and P(q), respectively. In the
remainder of the paper, we omit the explicit dependence of
polynomial operators on q.

Proposition 2.1. Assume that n,, = 2n—m—1 and ng =
n—1. Then, for each ng > 0 there exist unique polynomials
R and S satisfying (2.11). Furthermore, if ng > ng then
the control law (2.5) is causal.

Proof. Since ng = n — 1 it follows that M €
R tnr+D)x(ntnr+1) g square. Also, since A and B are
relatively coprime, M is nonsingular and the solution to
(2.11) is unique. From (2.9) we have

degT =degBy, =degAy, —d=n—1. (2.12)

The condition ng > ng implies that degR > degS =
degT, and thus the model matching controller (2.5) is
causal. O

Henceforth in accordance with Proposition 2.1 we assume
that degS = n — 1 and deg A;, = 2n — m — 1 so that
deg P = 2n — 1. Also, to obtain a minimum degree causal
controller we assume that degR = n — 1 so that M €
R27%2"_ Hence we write

RZ7r0q" 4" 24+ (2.13)

Y WU (2.14)
where ry and sy are nonzero. In fact, it follows from (2.10)
and (2.13) that ro = bg.

Next to obtain a linear estimation model in terms of the

controller we define the filtered output signal
A q—n—d-&-lA B

ye(k) = a7 Ay (k) = —————"—u(k).
(2.15)

With the model matching condition (2.10), ys satisfies
q*”“(AR + BS)

ye(k +d) = A u(k)
=Ru(k—n+1)+Sy(lk—n+1). (2.16)
Since 19 = by (2.16) can be written as the linear

identification model

yi(k + d) = bou(k) + ¢ (K)o, (2.17)

where the parameter vector # € R?"~! and the regressor
o(k) € R*"~1 are defined by

= [F1 P10 Snet] (2.18)

[u(k —1) - u(k —n+ Dy(k) - ylk —n+1)]".

(2.19)
Using (2.16) and (2.17) the model matching control law
(2.5) can be written as

u(k) = —% [T (k)0 —q "' Bmuc(k)] . (2:20)

The filtered plant model (2.17) and the control law (2.20)
are now in a form suitable for direct adaptive control.

3. Model Matching Error Dynamics

When the plant (2.2) is unknown we cannot solve
(2.11) for the controller parameters R and S. Hence, let
R(k) and S(k) be polynomials in q that are estimates of
R and S at time k. Then in place of (2.5), the estimated
model matching controller is

Bm S(k)
k)= = (k) — —=y(k). 3.1
u(k) R(k)U( ) R(k)y( ) G.D
With (3.1) the closed loop system has the form
BB,
y(k) = wlk). (32

AR(k) + BS(k)

Next let §(k) denote an estimate of 6 at time k and define
the parameter error

(k)

1>

(k) — 0 (3.3)
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m
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Fig. 1. Model Reference Adaptive Control Block Diagram

u(k) 7 ¢(k —n) y(k)
— x - B —
()
uc(k) B Sm(k —-n ym(k)
— A5 £ B —
(b)
Fig. 2. Fraction Forms of the Plant and the Reference Model

and the filtered output error signal (see Figure 1)

et (k) 2 ye(k) — q " B e (k). (3.4)
To express eg(k) in terms of 6, note that
A..BB
k+d) =q " —22 . (k
wlkrd) =a R + s
T
a1 [bou(k) + &7 (k)8(K)]
(3.5)
Combining (2.17) and (3.5) yields
bou(k) + ¢  (k)0(k) = q " Bmuc (k). (3.6)
From (2.17), (3.4) and (3.6) it follows that
es(k+d) = y(k+d) —q ""'Bruuc(k)
—" (k)O(K). 3.7

To formulate the model matching error dynamics we note
that the plant (2.2) can be written in the nth order fraction
form as [15] (see Figure 2(a))

A&(k —n) = u(k),
y(k) = BE(k — n).
From (2.15) and (3.9) it follows that

(3.8)
(3.9)

ye(k +d) = q "M Any(k) = g TP ALBE(k — n)
= q "HPe(k). (3.10)

In a similar manner the reference model can be written in
the (2n — 1)th order non-minimal fraction form (see Figure
2(b))

AnBén(k —n) = Bruc(k), (3.11)
Ym(k) = B&m(k —n). (3.12)
From (3.11) it follows that
q "' Buuc(k) = q "M ALBEL(E—n)
=q "' P (k). (3.13)

Using (3.10) and (3.13), the d-step ahead filtered output
error can now be written as

er(k+d) = ye(k+d) — g "' Bmuc(k)
=q "TPE&(k), (3.14)

where

>

£o(k) = €(K) — Em(K).

Next define plant, reference model, and model-matching
error states by

(3.15)

a(k) S ek — 1) €k —2n+1)]", (3.16)
tm(k) 2 [Emlk — 1) Em(k—2n+ 1T, (3.17)
and
zo(k) & 2(k) — zm (k). (3.18)
Then
To(k) = [e(k—1)---L(k—2n+1)]".  (3.19)
Since

ge(k) = qge(k - 1)

1 1
= —q|—q¢ TP 1| &k —1)+ —er(k +d)
bo bO

a state equation for z. in controllable canonical form is
given by
1
Te(k+1) = Aze(k) + b—Bef(k +d), k>0, (3.20)
0

where

—p1/bo —pan—1/bo 1

1>
o

1>
el

TIon—2)x(2n—2) :
0 0
Note that A is asymptotically stable. Alternatively, using
(3.7) the model matching dynamics (3.20) can be written
as
1 -
zo(k-+1) = Ave(k) = - B (W)(k),
0
Next we show that the state = defined in (3.16) is related
to ¢ through a nonsingular transformation.

k>0. (3.21)

3176



Lemma 3.1. The plant state = defined by (3.16) and the
regressor (3.16) are related by

(k) = Mox(k), (3.22)

where the nonsingular matrix M, € RZ?=1)x(@n=1) jq

given by

1 a ay -+ a, O1x(r-2)
) 1 a1 as -+ ap
Oix@nbo b1 - b O1xu1)
L O1x(rt-d—2) bo b1 -+ by |

Proof. It follows from (2.19), (3.8) and (3.9) that

Loy - a,) €E—1) - Et—n—1)"
| para gm0t
A=) b k- )
[Pobs b Elb—n—d-+1)- - €o—20+ 1]
(3.23)
From (3.16) and (3.23) it follows that (k) = Moz (k). It

can be seen that M is the (2n — 1) x (2n — 1) submatrix
of M™, formed by omitting the first row and first column
of MT. Note that det My = det M. Since A and B are
relatively co-prime by assumption, it follows that M is
nonsingular, and thus My is nonsingular. 0

4. Projection Adaptive Control Algorithm

Consider the cost function
- A Al 4 A 9
I (00k), 00k = 1), k) 2 S116(k) = 00k = D3+

A v (k) = boulk = d) = o™ (k = d)é(k)|

where A is the Lagrange multiplier. A recursive expression
for 6(k) that minimizes (4.1) is given by [2, p. 51]

O(k) = 6(k — 1)+
ol — d) [ye(k) = bou(k — d) — " (k = d)(k - 1)]
o (k — d)p(k — d) '

.1

4.2)
Therefore, the adaptive control law is

ut) & o [P0 g

with the parameter update

9(k)
00— w(H)[yf(k) bou(k—d)—¢™ (k—d)f(k—1)]
( T(k D)o (k—d)
ok —d) =

_”+1Bmuc(k)] (4.3)

so(k—d)70,

(4.4)

5. Lyapunov Stability
Define

: 5.1
O(k+d—1)

Then the error state vector consisting of the model matching
error states and the parameter identification error states is

defined by
T
A | xe(k)
xw e[ gl |
Using (3.3),(3.7), (3.21) and (4.4) the closed-loop error

dynamics with projection identification can be represented
in the state space form, for k£ > 0, by

(5.2)

a(k+ 1) = Ave(k) — ;B (16(0) 5:3)
- - @(j*d‘i’l) (j—d+1) .
(5.4)
where j = k,... k+d.

Remark 5.1. The error system (5.3)-(5.4) is time varying
since the regressor ¢(k) is a function of the exogenous
signal u. (k). Also, the origin is an equilibrium of the error
system.

Remark 5.2. Although the future parameter errors 6 (k+
1) to A(k+d—1) are not computed by the algorithm at time
k, they are included in the state vector X (k) to facilitate
the stability analysis.

To demonstrate that the origin of the system (5.3)-(5.4)
is Lyapunov stable, the following results are required.

Fact 5.1. Define
(5.5)

and

2 0k +1)0(k + 1) — 67 (k)(k).

Then for k£ > 0 (See [2, p. 51])

AV (k)

— [T = d+ )ik i
eT(k—d+1)p(k—d+1)
Lemma 5.1. For all k£ > 0,

- 2

ERGEGI

FUOECOREPY

Proof. From successive self substitutions of (5.4) it
follows that

AVy(k) <

<0. (5.6)

[oTG—d+ 1)9@)}2
T(i—d+ )i —d+1)

k+d 2

O(k+d—1)= Z

@i —d+1)pT (i —d+1)06)
T @E—d+1) @ —d+1)

. (5.7)
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Dividing both sides of (5.7) by » T (k)//¢T (k)p(k) yields

PT(R)0(k) T (k)(k+d—1)
[T (k)p(k)]? [T (k)p(k)]?
k+d—2

T(k)o(i —d+ 1T —d+ 1)0(i
+Z Tso()so(m;)sa( f)() '
ik [PT(R)p(R)] " [T (i —d+ (i —d +1)]

The triangle inequality implies

P (K)0(k) | _ | ¢ (R)O(k+d 1)
[T (k)2 | T | [T (k) (k)]
ML T (k)p(i —d+1)

2
i=k

)
[T (k) (k)] ? (9T (i — d + V)p(i — d + 1)]'/?

TG — d+ V(i — d+ 1)

Now using the Cauchy-Schwarz inequality we have

T (k)0 (k)
[P (k)(k)]
_ ’”2“ P (i — d+ 1)0(i) .
e = d+ D)l —d+ 1))
Lemma 5.2. Define
IACECHE (5.8)
and
AVg(k) 2 0T(k+1)0(k +1) — 0T (K)O(k). (5.9
Then
~ 2
AVg(k) < Mk)a(k” > (5.10)
© T T (Rek) T T ‘
Proof. From (5.1) and (5.9) it follows that
k+d N ~ k+d—1 _ _
AVg(k)= Y 070)0() — Y 67(1)(). (5.11)
i=k+1 i=k
Use of Lemma 5.1 and Lemma 5.1 yields
~ 2
vrast [T - d+ 1))
AVe(k) = - ; T —d+ V(i —d+1)
T ~ 2
[T (R)(k)]
< L 4 O
@t (k)p(k)

Lemma 5.3. Let P, R € R"*"™ > ( be positive-definite
matrices that satisfy

P=ATPA+R+1, (5.12)
and let
0 2 \/Amax(ATPA). (5.13)

Furthermore let ;> 0 and define

Vi, (ze) 2 In(1 + pzT Py) (5.14)
and
AVy (k) 2 Vi (el + 1)) = Ve (we(R)).
Then for £ > 0
AV, (k) <
—2T(k)Rao(k) + by 2(0® + 1)BTPB [go(k)é(k)r
s 1+ paT (k) Pro(k)

Proof. Define
1
FE22pYV24 G2oP2B, J(x.) 2 2T Pu..
o
Then,
Adp. (k) 2 2T (k + 1)Pro(k + 1) — 2T (k) Pao(k).
Omitting the explicit dependence on k we have
Ao (k) = 2T ATPAz, — 2T ATPBb; 1o 0
— by ' 0BT P Az,
+ balgoTéBTPBbalgoTé — 22X P,
Adding and subtracting by %(¢T0)2GT G yields
ANy (k) =2l (ATPA—P+F'F)z,
+ (BTPB + GTG) by (£70)?
~[FTF FTG T
_ T -1 T e
[ T bO ¥ 0 ] [GTF GTG] [bOIQDTe }
<zl (A"PA-P+FF)u.
+ (B"PB + G*G) by (¢70)*.
Noting that GTG = ¢?BTPB and
Amax (ATPA) I
T < max n _
FrEs Amax(ATPA) In,
it follows from (5.12) and (5.15) that
Ada (k) <

— 2T (k)Rzo(k) + (0 + 1) BT PBb; [gp(kz)é(k’)} :

(5.15)

Now, since InA < A —1 for all A > 0,
AV (k) <
— 2T (k)Rao(k) + by 2(0® + 1)BTPB [go(k)é(k)] ’
1+ pal (k)Pzo(k)

I

We now present the main stability result.

Theorem 5.1. Assume that the reference signal u.(k) is
bounded . Then the origin of the error system (5.3)-(5.4) is
Lyapunov stable, and y(k) — ym (k) — 0 as k — oo.

Proof. Consider the Lyapunov function candidate

V(X) £ aV,, (z) + Ve (0) (5.16)
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Let P, R € R™*™ > ( be positive definite and satisfy (5.12),
and let @ > 0 . Then using lemmas 5.3 and 5.2 it follows
that
AV(E) 2 V(X (k+1)) — V(X (k)
_ 92
~al (k) Rae(k) + (0> + DBTPB [p(k)A(k)| /03

1+ uad (k) Pao(F)
2

< ap

[T (R)(k)|
eT(k)p(k)
Now from (3.22) it follows that
¢t (k)p(k) = 27 My Moz
< aX My Moz + xt Mg Moz, (5.17)
Let p1 > O satisfy

p P > My M. (5.18)

By assumption, the command signal u.(k) is bounded and
the Ay, is stable. It thus follows that there exists § > 0
such that

o (k)zm (k) < B. (5.19)
Using (5.17)-(5.19) we have
oT(k)p(k) < izl Pre + B Amax (P) . (5.20)

Defining p = pi/(1 4 Bpridmax (P)) and a = bg/(1 +
p1 (0% + 1) BT PB) we have

2T (k)R (k)
< — € .
AV S —na T ) Pa(h)

Since V(X)) is positive definite and radially unbounded it
follows from (5.21) that the origin of the error system (5.3)-
(5.4) is Lyapunov stable. Furthermore, using Theorem Al
of [12] it follows that x.(k) — 0 as k — oo. Then using
(3.9) and (3.12) we have that y(k) —ym (k) — 0 as k — oc.

O

(5.21)

6. Example

Example 6.1. Consider the unstable minimum phase
SISO plant with relative degree d = 2 given by

y(q) q+05

u(q) e +q2+q+15
To track reference signals we choose an FIR filter as the
reference model. We require deg A, =2n—m —1 =4

and deg By, = deg A, — d = 2. Let the reference model
be

6.1)

Ym(q) _ cﬁ

uc(q) q*
and let u.(k) be a square wave with period of 100 samples.
The plant (6.1) with the control law (4.3) and the parameter
update (4.4) is simulated in MATLAB . The simulation

results are shown in Figure 3.

6.2)

(71

(8]

[10]

[11]

[12]

[13]

[14]
[15]
[16]

[17]
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