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Abstract—The use of cost-cuamulant-based controllers to
mitigate vibrations, caused in civil engineering structures by
winds and seismic events, has led to performances [8]-[14],
[16] which compare well with other control paradigms, when
applied to civil engineering benchmarks. In this paper, we
extend the cost-cumulant control concept to include a pro-
vision for explicit consideration of robustness considerations.
Structured uncertainty is associated with one player, while
control is associated with another player. Each of the players
has a distinct cost, which has cumulants generated by a wind
or earthquake process. Design is carried out by a Nash-type
algorithm. The method is applied to the Third Generation
Wind Structural Benchmark, and it seems to be a natural
fit for the civil engineering applications which entail both
environmental disturbances and modelling errors.

I. INTRODUCTION

In recent years, the American Society of Civil Engineers
has put into place a set of structural benchmark control
problems. These include buildings of various heights and
methods of construction, on the one hand, and bridges on
the other hand. Both seismic and wind excitations have been
considered; and various types of protective mechanisms
have been incorporated.

Taken all together, this family of benchmark problems
provides a rich selection of evaluation possibilities for
control engineers interested in vibration reduction. The
structures, as a group, may be classified as lightly damped.
This means that controllers can add damping, in an efficient
way, with devices of acceptable size and cost. Indeed this
family is a classic instance of the utility of feedback control
engineering, in which a relatively small action can produce
a relatively large-and beneficial- effect.

Whether seismic events or wind events, the benchmark
problems have natural stochastic processes associated with
them. In some cases the events are actual records of
earthquakes which have been observed in different parts of
the world. It is also true that some local building codes even
specify such actual records as events for which protection
is to be provided. It therefore is most appropriate to employ
control design methods which make use of stochastic mea-
sures of performance, but which provide a certain degree
of flexibility to handle the wide range of RMS and peak
response criteria of interest to civil engineers.

Moreover, for the multiple degrees of freedom involved
in these structures, it is not easy to obtain accurate data on
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the stiffness and damping coefficients of the various modes.
Even if they could be known in theory, it would be difficult
to ensure their values in an actual construction. Accordingly,
the family of benchmarks presents a natural application
for robust control design methods. In a benchmark, for
example, this might be addressed with the specifications
of +£15% change in stiffness parameters.

In this paper we consider the Third Generation Wind
Structural Benchmark. To incorporate the stochastic aspect,
we employ the cost-cumulant control paradigms [8]-[14],
[16] which have proven competitive with other methods
in recent years. To incorporate the robust design aspect,
we make use of multiobjective optimization. One player,
the controller, has the first performance goal; and a sec-
ond player, the structural model error, has the second
performance goal. Both goals are expressed in terms of
cost cumulants, and design solutions are obtained by Nash
methods.

The combination of cost-cumulant methods with multiob-
jective methods seems most natural for the civil benchmarks
under seismic or wind excitation and with genuine stiffness
and damping uncertainties.

The results obtained in this paper support such a con-
clusion, by providing a robustness option with little or no
reduction in performance, in fact sometimes an improve-
ment in performance.

II. WIND BENCHMARK PROBLEM STATEMENT

The third generation benchmark problem for wind-
excited buildings considers a 76-story concrete building pro-
posed for Melbourne, Australia. This problem is discussed
in [18]. The building model has been subjected to wind
tunnel tests. The data from these tests have resulted in the
wind forces for use in this benchmark problem. For control
purposes there is an active tuned mass damper on the top
floor of the building.

Due to the large computation tasks that are involved for
a 77 DOF building, a reduced order model is used. The
evaluation model will be given by

x=Ax+Bu+Ew (1)

where x = [¥,¥']". The quantity ¥ is a column vector given
as the displacements of the 3rd, 6th, 10th, 13th, 16th, 20th,
23rd, 26th, 30th, 33rd, 36th, 40th, 43rd, 46th, 50th, 53rd,
56th, 60th, 63rd, 66th, 70th, 73rd, and 76th floors, in that
order, as well as x,,, which is the displacement of the mass
damper. The matrices A, B, and E are of the size 48 x 48,
48 x 1, and 48 x 77 respectively. Along with the evaluation
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Fig. 1. Elevation View

model there are regulated output z and output y equations
given by
7=Cx+Du+Fw

2)
y=Cyx+Dyu+Fw+v

where X = [x1,X30,X50,X55,%60,X65: X70,X75,X76: Xm, 2 =
[¥,x,x]', and y = [¥',%']". The matrices C, D;, F;, Cy, Dy,
and F, are appropriately dimensioned. The elevation view
of this building can be seen in Fig. 1.

To evaluate the performance of each control method
there are twelve performance criteria. The criteria are based
on the results of the simulation of the evaluation model
with control and 900 sec of wind data. The first criterion
measures the effect of the controller on the maximum floor
acceleration. That is, the criterion is given by

max (G, ; Osyy Oiisg » Oss » Oign » Oigs » O Ois )
1 pr—

Ojzs,

where o0, is the RMS acceleration of the ith floor and
Oi,s, = 9.142¢m/s is the RMS uncontrolled acceleration of
the 75th floor. The second performance criterion is given

by
Oy;
h=-3 =
? 6 ; O-Xiu

for i = 50,55,60,65,70,75 and where oy, is the uncon-
trolled RMS acceleration of the ith floor. These two per-
formance criteria have not included the top floor, floor 76.

In the next two performance criteria this floor is included.
They are given by

O;
J3 — X76
O-X760
1 (o
=ty
7 i O-Xio

for i = 50,55,60,65,70,75,76 and oy,,, = 10.137 cm, the
uncontrolled displacement of the 76th floor. The previous
performance criteria dealt with the performance of the
building. While this is the main objective, one cannot
focus on these without some constraints on the control and
actuator. The actuator’s physical constraints are that the
RMS control force, 0,, must not be greater than 100 kN
and that the RMS actuator stroke, oy,,, must not be greater
than 30 cm. While these constraints are physical constraints,
there are also criteria designed to determine the control
effort. These criteria are given by

JS — me
Gx76o
1 /T 1/2
16_[ / (xm(t)u(t))zdt}
T Jo

where T is the total time of integration.

With the RMS performance taken into account, we now
give the performance criteria for the peak response. The
first four criteria are given by

 max(Xp1,X530,Xp50,%p555 Xp60, % p655 Xp70,%p75)

7 "
Xp750
1 Xpi
Js==) =
6 i Xpio
Xp76
Jo =222
Xp760
J L X
10=> :
7 Xpjo

for i = 50,55,60,65,70,75, j =1i,76. Also xp;,Xxpj, are
the controlled and uncontrolled peak displacements of the
ith floor respectively, and Xx,;,Xp;, are respectively the
controlled and uncontrolled peak accelerations of the ith
floor. Similar to the RMS case, the actuator constraints are
max; |u(z)] < 300 kN, max, |x, ()] < 95 cm. Furthermore
the control effort is measured by

X
pm

Jin=—"—

Xp760

Jia = max s (1)u(r)

where x,,, is the peak actuator displacement.

One then wants to design a controller and to test that
controller with the preceding performance criteria. In the
design of the controller there are several constraints. One is
that the designer may choose only 6 outputs for the design.
Thus one must choose y, from 6 elements in y, so that y,
is a vector of at most dimension 6. Furthermore the control
compensator order must not exceed 12.
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III. CONTROLLER DESIGN PROBLEM STATEMENT

In this problem the control shall be developed for a class
of nonlinear systems given by

dx(t) = f(t,x(1), u(t),w(t))di + o (t,x(t))dE (1)~ (3)

where x(fo) = xo is a random variable independent of &, &
is d-dimensional Brownian motion on the probability space
(Q, F#,P), x(t) € R" is the state, u(t) € % is the control,
w(t) € # is the disturbance, and 1 € T = [to,17]. Let Qp =
(to,t7) x R" and Qo be its closure, that is Qp = T x R".
Assume the functions f and ¢ are Borel measurable and
are of class C'(Qo x % x #') and C'(Qy) respectively. Thus
the functions f and ¢ have continuous partial derivatives
of first order. It shall be assumed that the functions f and
o satisfy both a linear growth condition and a Lipschitz
condition. Also it will be assumed that the strategies u,w
will be of the form u(r) = u(z,x(¢)) and w(r) = v(t,x(z)),
so that they will be feedback strategies. Furthermore pt and
v shall also satisfy linear growth and Lipschitz conditions.

The game that will be used to solve this control problem
will involve two cost functions given by

t
Ji(t,x,u,w) = le(Lx,u,w)dT—i—q/l(xf) ()

t
t
Do (t,x,u,w) = /'sz(T,x,u,w)dT—i—l//z(xf) (5)
t

with Ly, L, running costs and yi, W, terminal costs that both
satisfy polynomial growth conditions. These cost functions
are used to give the performance indices of both players in
the forms

o1 (t,x,u,w) = E{J,(t,x,u,w) } + yVar{J, (t,x,u,w)} (6)
where ¢; is for the control u and
02 (t,x,u,w) = E{Jr(t,x,u,w)} @)

with ¢, for the disturbance w. In the performance index for
the control there is a parameter . This is the parameter that
determines how much the control should weigh the value of
the variance of its cost. With this preliminary discussion on
the game in place, there should be a definition of what exact
game is used. In this case it will be a Nash game. Since
both players are assumed to be using feedback strategies, we
shall let the information patterns be the class of all feedback
strategies, % for the control and #F for the disturbance.

Definition 1: The pair (u*,v*) is a Nash equilibrium
solution if it satisfies the inequalities

(z)l(oaxa.u*v‘/*) < ¢l(oaxa.u7‘/*)

(PZ(O;xv.u*av*) § (PZ(O;X?.U'*?V)

Vu S %p and Vv € Wp.

Now let Vi(t,x;u,v) = E {Ji(t,x,u,w)} and
Va(t,x;u,v) = E {J3(t,x,u,w)} be the first and second
moments of the cost function J; (¢, x,u,w).

Definition 2: A function M : Oy — R* is an admissible
mean cost function if there exists an admissible strategy u
such that M(¢,x) =V, (¢t,x;u,v*) for r € T,x € R".

From now on we shall assume that M is an admissible
mean cost function.

Definition 3: M defines a class of admissible strategies
Yy such that u € 2y if and only if the strategy u is
admissible and satisfies Definition 2.

Definition 4: An MCV control strategy uU* € %y is one
that minimizes the second moment, i.e. Va(¢,x,u*,v*) =
Va(t,x) < Va(t,x,u,v*) for t € T,x € R",v* € #F, where
W € Zy. Furthermore the variance is found through
V(t,x) = Va(t,x) — M?(t,x).

To conclude this preliminary discussion, we define the
backward evolution operator to be

0 0
,Ll7V —_— / R —
o T + 1 (t,x,u,w) 5

1 , 82 (8)
+ i (G(LX)W(Z‘)G (t,x)axz>
where E{d&(t)d&’(t)} = W (t), superscript ' denotes trans-
pose, and ¢r refers to the trace operator.

IV. CONTROL ALGORITHM DEVELOPMENT
A. Nonlinear System, Non-quadratic Costs Development

We begin this section by giving several lemmas that
characterize the control’s Nash equilibrium strategy. The
first lemma will help by providing a necessary condition
for the mean of the cost function.

Lemma 1: Let M € C,l,’z(Q_o) be an admissible mean cost
function and u be an admissible control strategy such
that it satisfies Definition 2. Under these assumptions the
admissible mean cost function M satisfies

OV M(t,x) + Ly (t,x, 10, v*) =0 9)

where M(lf,)Cf) =V ()Cf).

Next we have the following Verification Lemma for the
mean of the cost function. It provides sufficient conditions
for the mean value function. Here the set Q is to be an open
subset of Q.

Lemma 2 (Verification Lemma): Let M € CII,’Z(Q) Nnc(Q)
be a solution to

OV M(t,x) + Ly (t,x, 10, v) =0 (10)

with boundary condition M(tf,x¢) =y (xs). Then M(r,x) =
Vi(¢,x; 1, v*) for all u € Zy.

Now that we have the results for the mean of the cost,
we have the following Verification Lemma for the second
moment of the cost.

Lemma 3 (Verification Lemma): Let V, € C},’z(Q) N
C(Q) be a nonnegative solution to the following partial
differential equation

min {ﬁ“vv*vz(r,x)JrzM(z,x)L] (t,x,,u,v*)} =0 (11)
UEUn
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with boundary condition Vi(tf,xs) = yi(xs). Then
Va(t,x) < Va(t,x;u, v*) for every 1 € %y, and (t,x) € Qp.
If u also satisfies

min { GFV Vo (1,x) +2M (t,x)Ly (t,x, i, V* }

pin { v oMo i)

= ﬁ'u’v*VZ(ﬁx) —|—2M([,X)L] (taxa.uv V*)

for all (t,x) € Qp, then Va(t,x) = Va(t,x; 1, v*).

With the aid of these lemmas, we can begin the discussion
for the Nash equilibrium solution. The following theorem
provides sufficient conditions for the Nash equilibrium
solution.

Theorem 1: Consider the two player game described
by (3), (6), and (7). Let M be an admissible mean cost
function, M € Cy*(Q) NC(Q), with an associated %y;. Also
consider the function V € C,I,’Z(Q) NC(Q) that is a solution
to

P P
min { a‘:(t %)+ (51, v )a‘;(t,x)

HEUy
1 N
— —_— 13
+ i (G(t,x)W(t)O‘ (t,x) 2 (t,x)) (13)
2
+|2M —0
dx ot X)W (1)o! (1,%)
with V (¢7,x7) = 0 and the function P € Cy*(Q)NC(Q) that
satisfies
.| oP opP
g%{8gﬁw+faxu V)G (1)

2

+ %tr <G(I,x)W(t)0'/(t,x)gxP(t x)) (14)

+Lz(t,x,u*7\/)} =0

with P(tf,x¢) = ya(xs). If u* and v* are the minimizing ar-
guments of (13) and (14), then the pair (u*,v*) constitutes
a Nash equilibrium solution.

B. Application to Linear Quadratic Systems

We consider next the case in which the system given is
linear and is described by

dx(t) =(A(t)x(r) + B(t)u(t) + D(t)w(t))dt + E(1)dS (1)
21(t) =H1(t)x(t) + G (t)u(r)
22(t) =Ha(t)x(t) + G (t)u(r)

where x(f) = xo and z;,z; are the regulated outputs of the
system. It also will be assumed that H'H; = Q;, G:H; =0,
and G;Gi =R; for i = 1,2, where Q; is positive semidefi-
nite and R; is positive definite. Furthermore the costs are
assumed to be quadratic, and are given by

I = / 7 On ()t

fo

1= [ @ w0 - B0

where Q}p =0%2=0.

Notice that minimizing the performance index of the
disturbance will then be imposing a constraint on the input-
output properties of the relation from the disturbance w
to the regulated output z. To see this, consider that for
a performance index E{J,} > 0 we have

E{A%ﬁmemé@mmwﬁzm

but this is the same as

) .
e{ [MatPary < { [ wio)far )
J1y J1y
i 2 2 [V 2
[ EleIPyar <8 [ E{w]P}ar
0 0
ool < I,

where || - [, is the 2-norm as defined in [4]. This
inequality is a constraint on the “input-output” properties
of the system, in fact it is a constraint on the induced norm
of the system [|Gz,u||w 1.1, < 8-

Let us place a notation for the quadratic costs:

M(t,x) =x' 4 (t)x+m(t)
V(t,x) =XV (t)x+v(t)
P(t,x) =X P(t)x+p(t)

where .Z,7, 4 are matrix functions of time and m,v, p
are scalar functions of time. We can state the following
theorem.

Theorem 2: Consider the stochastic game in which the
system is linear and the costs are quadratic. Suppose that
A1),V (1), P(t) are unique solutions to the coupled Ric-
cati equations

//Z+A’///+ MA+Q, — MBR'B A
1
-5 L oo - ﬁ///DDC@ (15)
+7¥BR;'B'V =0
where # (t5) = Q},
V4 +A’7/ +VA— }////BR’]B’“// —YVBR'B .«
—1
-5 L opp'y - ﬁ”f/DD P —2yVBR;'BY  (16)
+d4 MEWE' # =0
with 7/ (t;) = 0, and
P+A P+ PA - (///JrVV)BR‘lBQ@
—~ PBR'B (M +yV) —@DD P
(17)

— Q) — M BR'RR; 13’///
—Y#BR;'R:R'B'V —yVBR'RoR ' B
~Y¥BR'ReR{'B'Y =0
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with P(tf) = Q?. Then the Nash equilibrium solution
(1*(1,x), v*(1,x)) is given by

W (1,x(1)) == Ry (0)B'(0) [ (1) + v (1))x(1)

. 1 , (18)
Vit x(1) = = 5 (D' (1) 2 (1)x(1).
M(t,x), V(t,x), and P(¢,x) can be computed with the aid
of
m(t) =—tr(E(t)W(t)E'(t).# (1))
v(t) = —tr(E(Q)W (0)E'(t) V(1))
p(t) =—tr(E(O)W (1)E'(1) 2(1))

where m(ty) = 0,v(tf) =0, p(ty) = 0.
V. WIND BENCHMARK RESULTS

With the control algorithm now in place, this method
of design is applied to the third generation benchmark for
wind-excited structures. Following [18], a 12 state reduced
ordered model is used for the control design. This design
model is

X =Ax, +Bu+EE
Yr :Cyrxr + Dyru + Fyré

2 =Cyxp + Dy + Fzr& + Vv

19)

where X, = [X16,X30,X46,X60, X76, Xm, X165 X30, X46, X60, X76 Xm ] »
z, is the same as the z for the evaluation model, and
Yr = [¥50,%76,X4m). Also the disturbance & is the wind
excitation and v, is sensor noise, and furthermore the
two are uncorrelated. From the baseline LQG controller

designed in [18], a cost function
>
J= /0 ((Cyrxr + Dy,u) Q(Cyyxy + Dyput) + u'Ru)dt - (20)

will be used for J;. From (20) we have

_ [ Hey, HD,,
[ e ]
as the regulated output for the control, where H'H = Q.
To help account for some uncertainty, we will add the
disturbance w as shown in Fig. 2. The weighting function

is given by W, = 2.14 x 10~#I. The design model will now
be given as

X =Ax,+Bu+Dw+EE

where D, is a 12 x 12 matrix with the first six columns
equal to that of A,, while the last six columns are zero.

The multiobjective control methodology presented in this
paper was then simulated using the benchmark problem.
To help assess this control paradigm, it was compared with
two other control designs. The first control design was the
baseline LQG. The second was the 2CC or MCV discussed
in [8]-[13], [14]. For the MCV design, the parameter y was
set to be 8 x 1078, The simulated results are displayed in
Table 1.

First consider the RMS performance criteria Ji-Jg of
the wind benchmark problem. Notice that for the MCV
and multiobjective controllers the criteria that measure

22

=
REE

Fig. 2. Block Diagram with Uncertainty

the performance of the building, Ji-J4, there is substatial
improvement from the LQG case. For the MCV case, there
is 11.7%, 11.0%, 4.3%, and 4.3% reduction in these cases,
and a reduction of 2.2%, 2.1%, 1.0%, and 1.0% for the
multibjective case. In particular, for J; and J, there is
improvement. There are also two criteria that deal with
control effort, Js and Jg. It would be expected that with the
decrease in Ji-Jy, the results for J5 and Jg would be larger.
While this is the case, it can be seen from the o, and oy,
results that the control effort is still within its bounds.

We shall now examine the wind benchmark’s peak
performance criteria, J7-J13. Similarly to the RMS crite-
ria, the MCV and multiobjective control methods show
improvement in the building performance criteria, J7-Ji9.
The results show a decrease of 9.2%, 3.0%, 2..9%, and
2.8% respectively for J7-Jig, in the MCV case. For the
multiobjective case, we have a decrease of 4.7%, 2.5%,
1.7%, and 1.7% for J;-J1¢ respectively. Also we see that the
results for the control effort for these two control paradigms
are larger than the Ji; and Ji; of the LQG case. As before,
even though there is more control effort being used, it does
not exceed the bounds set in the wind benchmark problem.

We have compared the MCV and multiobjective control
results with the LQG results, but what about the differences
between the results from the MCV and multiobjective

LQG | MCV | MCC
7 0369 | 0.326 | 0361
3 0417 | 0371 | 0.408
73 0578 | 0553 | 0572
T 0.580 | 0.555 | 0574
75 2271 | 2720 | 2.310
To 1199 | 19.96 | 12.82
7 0381 | 0.346 | 0363
Ts 0432 | 0419 | 0421
To 0.717 | 0.696 | 0.705
Tio 0.725 | 0.705 | 0.713
T 2299 | 2.756 | 2.279
T2 7187 | 1223 | 7162
o, 2303 | 2757 | 2342
o, 3407 | 50.26 | 3841
max, [x,,| | 74.27 | 89.01 | 73.61
max, [u] | 1182 | 1941 | 1439
TABLE I

BENCHMARK RESULTS (AK = 0)
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control methods? It should be noted that the multiobjective
method presented in this paper is an extension of the MCV
control paradigm. It can be seen that the MCV control
on the wind benchmark problem performs better than the
multiobjective method. This can be seen as a result of the
multiobjective method being more robust. Since it is more
robust in its design, some performance will suffer.

This added robustness can be seen in Table II. This
table shows what happens when the stiffness matrix is
changed by -15% and 15%. While both the MCV and MCC
control methods perform well for the case of AK = 15%,
the case of -15% is not so. The MCV control results show
that it performs well, but in doing so greatly exceeds the
actuator constraint. Recall that the peak actuator stroke
must be within 95 cm. In the MCV case it is not so. The
multiobjective control methadology however shows a 5.4%,
5.3%, 2.8%, and 2.7% improvement over LQG for Ji-Js
and similarly a 6.8% and 3.5% improvement for J; and
Js. Actually in this case we can see that the MCC control
method performs better than it did for AK = 0. Moreover,
the MCC results show that it also satisfies the actuator
constraints.

VI. CONCLUSION

In this paper, a multiobjective cumulant method of control
has been applied to the third generation benchmark for
wind-excited buildings. The benchmark problem has been
reviewed. The control methodology has also been examined.
An algorithm for the control has been given for the case
when the control minimizes the first two cumulants of its
cost and the disturbance minimizes the mean of its cost.
With the control methodology in place, a controller was
designed for the benchmark problem. This controller has
then been simulated and its results compared with other
known control methodologies. Robustness with respect to
the building’s stiffness parameters is also examined for a

AK = —15% AK = 15%
LQG | MCV | MCC | LQG | MCV | MCC

7 0387 | 0339 | 0366 | 0.365 | 0332 | 0.359

A 0438 | 0387 | 0415 | 0.409 | 0.376 | 0.406

2 0711 | 0.679 | 0.691 | 0487 | 0472 | 0.485

A 0712 | 0.681 | 0.693 | 0.489 | 0.474 | 0.487

Ts 2700 | 3.299 | 2.714 | 1.812 | 2.252 | 1.899

Ts 1661 | 27.26 | 17.08 | 8.463 | 1544 | 9.949

iz 0488 | 0425 | 0455 | 0411 | 0.355 | 0.398

Ts 0.539 | 0499 | 0.520 | 0.443 | 0.434 | 0.443

To 0.770 | 0.724 | 0.785 | 0.607 | 0.625 | 0.614
Tio 0.779 | 0.733 | 0.795 | 0.614 | 0.633 | 0.622
T 2836 | 3.326 | 2.938 | 1.852 | 2.254 | 1.894
T2 1183 | 1993 | 129.6 | 52.68 | 1024 | 66.30
Gy, 2746, | 33.44 | 2752 | 1837 | 22.83 | 1925
Ou 7432 | 6427 | 4850 | 2829 | 43.63 | 3335
max; ] | 91.60 | 1074 | 9480 | 59.83 | 72.81 | 61.17
max; [u] | 1643 | 2353 | 183.1 | 1056 | 1744 | 1334

TABLE II

BENCHMARK RESULTS

change of +15%K. The multiobjective cumulant control
demonstrates that it performs favorably with respect to
several other control paradigms.
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