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Stability Criteria for Linear Discrete-Time Systems with
Interval-Like Time-Varying Delay

Xiefu Jiang, Qing-Long Han and Xinghuo Yu

Abstract— This paper is concerned with the stability prob-
lem for a class of uncertain linear discrete-time systems with
time-varying delay. The delay is of an interval-like type, which
means that both lower and upper bounds for the time-varying
delay are available. The uncertainty under consideration is
norm-bounded uncertainty. Based on Lyapunov-Krasovskii
functional approach, delay-dependent stability criteria are
obtained using a sum inequality which is first introduced and
plays an important role in deriving stability conditions. The
criteria are formulated in the form of linear matrix inequalities
(LMIs). A numerical example is given to show the effectiveness
of the proposed criteria.

[. INTRODUCTION

During the last two decades the stability problem of
linear continuous-time systems with time-delay has received
considerable attention. The practical examples of time-
delay systems include engineering, communications and
biological systems [5]. The existence of delay in a practical
system may induce instability, oscillation and poor perfor-
mance [8]. For recent achievements, see [3] and reference
therein. Compared with linear continuous-time systems with
time-delay, less attention has been paid to linear discrete-
time systems with time-delay. The reason is that for linear
discrete-time systems with constant time-delay, one can
transform them into the delay-free systems via state aug-
mentation approach. However, the augmentation approach
can not be applied to linear discrete-time systems with time-
varying delay.

Similar to the case of linear continuous-time systems with
time-delay [3], stability criteria for linear discrete-time sys-
tems with time-delay can be classified into two types: delay-
independent stability criteria [9], [12] and delay-dependent
stability criteria [6], [7]. In general, the delay-dependent
stability criteria can provide some less conservative results
than delay-independent stability criteria. Therefore, in the
recent years, the delay-dependent stability problem of linear
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discrete-time systems with time-delay, especially with time-
varying delay, has attracted some researchers’ interest.

For linear continuous-time systems, it is well known that
there are some systems which are stable with some nonzero
delay, but are unstable without delay [1], [2]. For such
case, if there is a time-varying perturbation on the nonzero
delay, it is of great significance to consider the stability
of systems with interval time-varying delay. The stability
of such kinds of systems was investigated in [4] using the
Lyapunov-Krasovskii approach.

In this paper, we will consider the stability problem
for a class of linear discrete-time delay systems with
interval-like time-varying delay, the discrete analogues of
linear continuous-time systems with interval time-varying
delay. The linear discrete-time delay systems with interval-
like time-varying delay appear in the field of networked
control systems [10], [11]. Based on Lyapunov-Krasovskii
functional approach, delay-dependent stability criteria will
be derived by using a sum inequality which will be first
estabilished. A numerical example will be given to show
the effectiveness of the criteria.

Notation: For symmetric matrices X and Y, the notation
X > Y (X > Y) means that matrix X — Y is positive
definite (positive semi-definite). [ is an identity matrix of
appropriate dimensions. Matrices, if not explicitly stated,
are assumed to have compatible dimensions. For any real
matrix A, AT denotes the transpose of matrix A. For any
nonsingular matrix A, A~! denotes the inverse of matrix
A. R™ denotes the n-dimensional Euclidean space. R™*"™
is the set of all m x n matrices. W2 denotes the square root
of symmetric positive semi-definite matrix W > 0 Wz =
VA2VT with V the eigenvector matrix of W satisfying
VVT =T and A the diagonal eigenvalues matrix of ).

II. PROBLEM STATEMENT

Consider the following linear discrete-time system with
time-varying delay

x(k+1)=[A+ AAK)]z(k)
+[A1 + AA(k)|z(k — h(k)), (1)
z(k) = ¢(k), —hn <k <0,

where x(k) € R™ is the state, A and A; are known
real parameter matrices of appropriate dimensions, AA(k)
and A A; (k) are real-valued unknown matrices representing
discrete-time varying parameter uncertainties of (1), and are
assumed to be of the form

[ AA(k) AA(k) |=DF(k)[E E ], @
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where D, E and E; are known real constant matrices of
appropriate dimensions. F'(k) € R**P is a discrete-time
varying uncertainty matrix satisfying

FT(k)F(k) < I, 3)

¢(k) is the initial condition of the system (1). h(k) is a
positive integer function representing the time-varying delay
of the system (1) satisfying

0 < B < h(k) < har, @)

where h,,, and hj; are two known positive integers, for this
case, the h(k) is called an interval-like time-varying delay.

The purpose of this paper is to develop delay-dependent
robust stability criteria for the system (1) for any interval-
like time-varying delay h(k) satisfying (4).

To end this section, we introduce the following lemma
that will play an important role in deriving the stability
criteria.

Lemma 1: For any constant positive semi-definite sym-
metric matrix W € R, WT = W > 0, two positive
integers r and rg satisfying r > ro > 1, the following
inequality holds

(Z f”(i)> w (Z x(z‘)) <7yl (@Wali)

where 7 =1r —rg + 1.
Proof: 1t is easy to see that

(ixﬁ))m(gm)

’i:TQ i:’l“()

_ % 33 2T ()W)

1=ro J=T0

- % Z Z 2 (W%x(i))T (W%x(j))

1=rg j=To

%Z 3 (@ (W) + 2T () Wa())

<
1=T0 j=T0
= (r—ro+1)> 2" (i)Wax(i).
i:’!‘o
The proof is complete. [ ]

III. MAIN RESULT
5(has + ),

if hys + hy, is an even integer
$(har + hyn = 1),

if hys + hqy, is an odd integer
and § = max{hay, —Nhm, har—hay }, then h(k) is a discrete-
time time-varying sequence satisfying hq, — 0 < h(k) <
hqv + 0, where § can be taken as the range of variation of
the time delay h(k).

In this section, employing the sum inequality in Lemma
1, a delay-dependent stability criterion in terms of an LMI

Defining hgyy =

form is first presented for the following nominal system
with interval-like time-varying delay h(k) satisfying (4).

ok + 1) = Ae(k) + Ayz(k — h(k)), 5
2(k) = 6(k), —har < k < 0. )

Proposition 1: For some given positive integers h,,, and
has, the system (5) is asymptotically stable for any h(k)
satisfying (4), if there exist some matrices P > 0, @) > 0,
R > 0 and S > 0 of appropriate dimensions such that the
following LMI holds

—12 =22
where

[ -P+Q—-R R 0

= o= R -@Q—-R 0 ,
i 0 0 —68
[ ATP  heo(A—DTR 6(A-DTS

B = ATP hawATR 6ATS ,
| 0ATP  6he, ATR 60ATS

Zpe = diag{ -P —-R -4S },

5 = 20+1.

Proof: Choose a Lyapunov-Krasovskii functional can-
didate as follows

V (k) 2 Vi(k) + Va(k) + Va(k) + Va(k), (7

where
Vitk) = az'(k)Px(k),
k—1
Va(k) = 2" (1) Qux (i),
i=k—hgy
hgvr k—1
Va(k) = hav Y, Y €"(j)Re()),
i=1 j=k—i
hagv+0 k—1
Vi(k) = e’ (j)Se(4),
i=hgy—0 j=k—i
e(j) = a(j) -z +1),

where P > 0, Q >0, R > 0and S > 0. It is easy to see
that the system (5) can be rewritten as

x(k+1) = Az(k) + Ar1x(k — hay)

+A1 [Z‘(k - h(k)) - x(k - hav)]
AZZ?(:ZC) + Alx(k - hav)

h(k)
+A1 Z 6(]'{1 — ’L), if h(k) > hcw
i:ha'u+1 (8)
= A{E(k) + Alx(k - hm})a if h(k) = hav

Az(k) + Ajz(k — hay)
h

av—1
—Ay S elk—i—1).

i=h(k)

Case It h(k) > hgy.

if h(k) < hao
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Taking the difference of Vj(k), the increment of V; (k) hik) T (k) Pa(k)
is v
i=hgy+1
AVi(k) = Vilk+1)—Vi(k) +aT (k) Qu(k)—x <k ha)Qu(k = hay)
= 2 (k)AT PAxz(k) +eT (k) (h2, R+ (26 +1)S) e(k)
+22T(B)AT PAz(k — hay) haw
h(k) . Z el (k —i)Re(k — 1)
+207 (k)ATPAy > e(k— i)
i=hau+1 hav+5
T . .
2T (k = hao) AT PA 2 (k — hay) - Y e"(k—i)Se(k —i). (13)
h(k) i=hgy—5
+22" (k = hao) A1 PAy Z e(k—1) Use Lemma 1 to obtain
i=hau+1
h(k) T h(k) b 7114qal)f1 h(k) kg
" Z e(k — 1) ATPA, x Zi:hw+1 e( i) 1 1 Ei:huv+1 e( i)
- 1 . .
et < (h(k) = ha) SIER, 1 €7 (k= AT PAve(k — i),
(14)
W and
> elk—i) | —a"(k)Pa(k). (9
i=hay+1 —haw 0ot €T (k — i) Re(k — i)
The increment of V5 (k) is easily computed as < - (Z?;l e(k — z)>T R (Zf;l e(k — z)) (15)
AVQT(k) = Vo(k + 1) Va(k) (10) = —[2(k — hao) — 2(K)]" Rlz(k — hao) — 2(k)].
=zt (k k) —a' (k — hay k— hay). )
v (k)Q(k) ( )Qu( ) Noting that (8) we have
The increment of V3(k) is
el (k)Ye(k)
2
= ha ( )Re(“ 4227 (k) (A = DT A (k — hay)
. h(k)
~hav Ze —)Re(k—3) (D +22T(R)(A=D"TA > e(k—i)
i=hgu+1
The increment of V,(k) is 2T (k = hay) ATY Ay (k — hay)
h(k)
AVy(k) = Vy(k+1)—Vy(k
4( ) 4( + )T 4( ) —|—2IT(]€ _ hav)A{TAl Z e(k _ Z)
(20 + 1)e” (k)Se(k) i
- h§5 Tk —i)Se(k —i). (12) ) ' ! . h(k) ,
s + Z e(k—i)| A;TA Z e(k —1),
i=hqy+1 i=hgy+1
From (9)-(12) we have
where T = h2 R+ (26 + 1)S. Using Lemma 1 again in
AV(k)=V(k+1) - V(k) the last term of the right hand of the above equality yields
= 2T (k)ATPAx(k)
+22T (k) ATPA 2(k — hay) e’ (k)Te(k)
) < a7 (B)(A - DT T(4 = Da(l)
+227 (k) ATPA, > e(k—i) +2¢7 (k) (A= 1)°Y Alx(lz(k—) hav)
i=hau+1 T T ;
+22t (k)(A-1)'TA e(k—1i
2T (k = hao)ATPA12(E — hay) (R)(A4 = 17T :ZH (k=)
h(k) mT(k—hav)A{TAlx( } kh )
+227 (k — hav) AT PAL Y ek — i) 12Tk — ho) AT A, L(E) ok — )
1=hay+1 s i=hay+1
& ' )~ ) Y T = )AT Y Arell— )
_ — haw el (k—1 e(k —1).
+ Z e(k—i) | ATPA; x i=hgy+1 L
i=hav+1 (16)
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In addition, it is easy to see that

Bay+6
- Y el(k—i)Se(k —i)
i=hay—5
h(k)
< = > el(k—i)Se(k —1i).
i=hqy+1
Then from (13)—(17) we have

AV (k) = V(k+1) - V(k)

2T (k) AT PAx (k) + 22T (k) AT PA 2(k — hay)

h(k)

+22T(k)ATPA; > e(k—1)
i=hay+1

2T (k — hay) AT PA12(k — hay)

h(k)
+227 (k — hay) AT PA; z

e(k —1)
el (k—i)ATPAe(k —1)
—2T(k — hay)Qx

e el (k —i)Se(k — i)
42T (k)(A — DTY(A — Da(k)

+22T (k) (A = DT T Ara(k — hay)

+22T (k) (A — D)TT A, ﬁ; e(k — 1)
Tk — has) ATT Ar(h o o)

+227 (k — hay) AT Y Ay (z) e(k —1)

i=hav+1

(k)
+(h(k) = hav) 37 eT(k—i)ATTAre(k — i)
i=hay+1

1 h(k)
T
= o
Ao ,Z " (ki) ®E(k, 4),
i=hgy+1
where
(ki) = [27(k) 2T(k—he) eT(k—1) ],
(I)ll @12 @13
o = i, Boy Doy |,
iy Bl Pas
b, = ATPA-P+Q-R
+(A=DT (R, R+ (26 +1)S)(A - 1),
b, = ATPA+R
+(A—DT(RZ, R+ (26 +1)S) A,
(D13 = (h(k)*hav)[ATPAl
+(A—D)T(hZ,R+ (26 +1)S)A4],
Py = ATPA -Q-R
+AT (M2, R+ (20 +1)9) A,
By3 = (h(k) — hay)[ATPA,;

a7

(18)

+AT(R2 R + (20 + 1)S) A1),
(h(k) = hay)?[AT PAy + AT (h2, R
+(20 +1)S)Ay] — (h(k) — hay)S.
Case II: h(k) = hgy.
For this case it is easy to get
AV (k) V(k+1)—V(k)
< 2T (k)ATPAxz(k)
+22T(B)AT PAz(k — haw)
2T (k — hao) AT PA (K — hay)
—z" (k) Pz(k) + =" (k)Qu(k)
—zT(k - hw>62x(k: hav)
—[2(k = hay) — 2(k)]" Rlz(k — hay)

P33 =

) =
—a(k)] + 2" (k)(A ~ D)TT(A - Da(k)

19)

+22T (k)(A - DTT A1z (k — hay)
2" (k = hav) AT YAy (k — hay)
= (k')i) (k).
where
n (k) = [2T(k) 2T (k—haw) |,
& — [‘1)11 ‘?12 ]’
Df, Do
by, = ATPA-P+Q-R
+A-DT (2, R+ (20 +1)S)(A - 1I),
d, = ATPA +R
+(A - DT (2, R+ (25 +1)S) Ay,
dyy = ATPA, —Q-R

+AT (h2, R+ (25 +1)S) A;.

Case III: h(k) < hgy.
Similar to Case I, we have

AV(k)=V(k+1)—-V(k)
2T (k)AT PAx(k) + 227 (k) AT PA z(k — hay)

haw—1
—22T(K)ATPA; Y. e(k—i—1)
i=h(k)
2T (k — hayw) AT PA12(k — hay)

C2a (k= ha)ATPA, S el —i— 1)
i=h(k)
hav—1
+(hav -
i= h(le)
o’ (k)Px(k) + " (k)Qx (k)
T (k — hav)Qx(k )

h v
[h (k,1 hav) —{L‘( )] R[ (k_hav) —{L‘(k)]
— S Th—i—1DSk—i—1)

+;;’E(kk))(A ~)TY(A - Dx(k)
12T (k) (A — DT T Az (k — hay)
2T (R) (A= DTTA S e(h—i—1)

i=h(k)
2T (k — hayw) AT Y Ay (k — hay)
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hav—1
22T (k — ha)ATTA; S

e(k—i—1)
i=h(k)
hagy—1
+(haw — (k) Y eT(k—i—1)ATTAe(k—i—1)
i=h(k)
1 hgyo—1
. — T(k,i)®C(k, i), 20
hw_hmz ¢ (k, i) B (K, 1) (20)
i=h(k)
where
z(k)
ki) = 2k — hay) :
| [z(k =) —2(k —i—1)]
B I (?11 ‘%12 %’13
o = iy, Doy Doy |,
[ @fs @35 Pss
d; = ATPA-P+Q-R
+A-DT (2, R+ (26 +1)S)(A - 1),
b, = ATPA, +R
+(A-DT (2, R+ (26 +1)S)A4,
(i)l?) - (h’av - h(k))[ATPAl
+(A—-DT (R R+ (20 +1)S)A4],
Py = ATPA —Q-R
+AT (A2, R+ (20 +1)9) A4,
&’23 = (h’av - h(k))[A{PAl
+AT (R, R + (20 +1)S)A4],
i)33 = (hav - h(k))z[A,{PAl + A{(hivR

+(26 4+ 1)S)A1] — (haw — h(K))S.

Summarizing the above discussions, from (18), (19) and
(20) we obtain

1 hik) T/ - .
ORI o & (k1) PE(K, ),

i=hgy+1
if h(k) > hay
0" (k) en(k), if 1(k) = hay

hay—1 _
el ;(k) CT (k, i) ®C (K, ).

if h(k) < hao

(21
Noting that |h(k) — hey| < 6 for k = 1,2,3,---, & < 0,
d < 0and ® < 0 are implied by

AV (k) =

©11 O12 O3 ]
0=| 0%, 0, 6y | <0, (22)
Of; ©3; O
where
0, = ATPA-P+Q-R
+HA-DT(R2, R+ (26 +1)S)(A - 1),
01, = ATPA, +R
+(A - DT (2, R+ (26 +1)S) A,
©13 = O[ATPA,;

+(A-DT(R2 R+ (20 +1)S) A1),

Oy = ATPA -Q-R

+AT (2, R + (20 +1)S) A4,
Oy = O[ATPA; + AT(h2 R+ (26 +1)S)A],
Q33 = 02[ATPA, + AT (W2 R

+(26 +1)S)A1] —d8S.

So, if (22) holds, then AV (k) < —AzT'(k)z(k) for some
scalar A > 0. Therefore, the system (5) is asymptotically
stable. By Schur complement, (22) is equivalent to (6). The
proof is complete. [ ]

Concerning the norm-bounded uncertainty, by Proposi-
tion 1, the following corollary is easily obtained for system
(1).

Corollary 1: For some given positive integers h,, and
has, the system (1) is robustly stable for any time-delay
h(k) satisfying (4) and all admissible parameter uncertain-
ties satisfying (2) and (3), if there exist a scalar € > 0, some
matrices P > 0, @ > 0, R > 0 and S > 0 of appropriate
dimensions such that the following LMI holds

T
[ a2 ] <0. (23)
Qg Q3
where
[ - P+Q—-R R 0
a1 = R —Q—R 0 .
I 0 0 —88
[ PA PA; 0PA;
hawR(A=1) heyRA1 ShayRA
(6%) = 5S(A—I) (55141 555141 .
0 0 0
L el €E1 €5E1
[ —P 0 0 PD 0
0 —R Q h(y,RD 0
as = 0 0 =4S 4SD 0
DTP h,,DTR 6DTS  —cI 0
| 0 0 0 0 —el
5 = 20+1.

Proof: Replace A and Ay with A+DF(k)E and A; +

DF(k)Ein (6), respectively, to obtain
E+ 91 F (k)93 +9:FT (k)97 <0, (24)

where = is defined in Proposition 1 and
91=[0 0 0 DTP h,DTRT (256+1)DTST ]
Vo=[E E; 6E; 0 0 0]
It is clear to see that (24) is equivalent to

4+ e 9T +e098 <0 (25)

for a scalar € > 0. By Schur complement and (6), (25) is
equivalent to (23). This completes the proof. [ ]

Remark 1: The scalar ¢ > 0 in (23) can be absorbed
by other variables by introducing P=c1P, Q=c10Q,
R=¢'Rand S =¢18.
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Remark 2: Proposition 1 and Corollary 1 provide the
delay-dependent stability conditions which are formulated
in an LMI form. Hence, it is easy to compute the maximum
bound of the allowable length ¢ of the interval-like of time-
varying delay for given hg, or the maximum bound of A,
for given ¢ using efficient convex optimization algorithms.

Remark 3: Based on the obtained stability criteria, one
can easily handle the synthesis problem for uncertain linear
discrete-time systems with interval-like time-varying delay.

IV. A NUMERICAL EXAMPLE

To show the effectiveness of the proposed delay-
dependent stability criteria, consider the system described
by (1), (2) and (3) with

08 0 01 0
A = {0 0.91}"41_[0.1 0.1}’
002 0 001 0
E = [ 0 0.01]’E1_{ 0 0.01]’
D = «ol,a>0.

Case I h,,, = hyy = h(k) = h is a constant.

For a« = 0, it is pointed out in [7] that any delay-
independent stability criteria fail to verify the stability of the
system. Using Proposition 1, the maximum allowed bound
h is obtained as h,,, = hj; = 42 which is less conservative
than the one in [7].

For @ > 0, we consider the effect of the uncertainty
bound « on the maximum allowed bound A for robust
stability. Numerical results are listed in Table I using
Proposition 2. It is clear to see that as « increases, h
decreases.

Table. Bound h calculated for different o

al 0|05 1 |15] 2 |25 3
h |42 ] 35 [ 29| 25 | 21| 18 | 16

Case II h(k) is a time-varying delay.

For a = 0, by Proposition 1 the considered system is
asymptotically stable for h(k) satisfying 7 < h(k) < 13,
while for o = 1, applying Proposition 2 one can guarantee
that the system is robustly stable for h(k) satisfying 8 <
h(k) < 12.

V. CONCLUSION

This paper has proposed stability criteria for a class
of uncertain linear discrete-time systems with interval-like
time-varying delay. A sum inequality has been established
and employed to derive the criteria which are dependent
on the lower and upper bounds of the time-varying delay.
A numerical example has demonstrated the effectiveness of
the criteria.
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