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Parameter Identification of Affine Time Varying Systems
Using Traditional and High Order Sliding Modes
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Abstract— Time varying parameter identification of
affine systems with bounded parameters is addressed via
traditional and high order sliding mode parameter observers.
Numerical examples illustrate the effectiveness of the
proposed parameter estimation based on sliding mode control
(SMC) algorithms.

1. INTRODUCTION

In this work we focus on parameter identification in
affine systems with unknown time-varying bounded
parameters. Using extended Kalman Filters [1] usually
yields nonlinear high order equations of the filter, which
stability guarantees just locally. In the discrete time case,
Matrix (non adaptive as well as adaptive) Forgetting
Factor is introduced in the Least Square Method [2,3] to
ensure an acceptable level of nonstationary parametric
identification. Use of SMC is beneficial in parameter
identification of affine systems [4-6], since it can provide
for a global convergence of the estimation error to zero
with no immeasurable noises in system dynamics. Sliding
mode observers and differentiators [4-10] are also used for
state and parameter identification. In particular,
state/parameter identification algorithms based on the
sliding mode differentiators [5-7] are studied in [8].
Analysis of SMC state observers upon measurement noise
is available in [11],[13]. In this paper we propose the
parameter identification algorithm based on a direct
application of “equivalent control” [4-7] to estimating the
right hand side of the differential equations. It is worth
noting that estimating the right hand side of a differential
equation is equivalent to differentiating the state that
allows interpreting the studied parameter estimation
algorithms from the standpoint of state differentiation as
well. Both traditional [4-7] and second order [9],[10]
sliding mode (SOSM) control techniques are used. SOSM
does not require a low pass filter to estimate equivalent
control, since continuous control is generated directly [9].
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II. THE PROBLEM FORMULATION

Dynamics of an affine system with bounded parameters
can be realized as a system of first order differential
equations.

x=AO(x, 1) +y(x,1)

{ y=x+w(t) M
with xe R", ¢(x,t)eR" and w(x,t)e R" are a known
Lipschitz vector fields, y € R" is a measurement vector,
w(t) e R" is an immeasurable bounded noise. The matrix
A(t) is given by

AW ={a, ()|Vi=1n¥j=1n @)
with  a;(?)

parameters. Also, it is assumed that ||A(t)|| <Ar.

to be time-varying unknown bounded

The problem is to design a sliding mode parameter observer
for the system (1), (2) that provides at least asymptotic
estimation error dynamics, when w(¢) =0, i.e.

lim“A(t) - ,&(z)“ ) 3)
t—>o0l
and zone convergence, when ||a)(t)|| <g,le.
lim“A(t) - A(z)“ <5(s), 550 (4)
t—

where ,Zl(t) estimates A(f) .

III. CONSATANT MATRIX A4 OBSERVATION

In this section we consider a particular case of the plant
(1) that obeys the following assumption:

Assumption 1. The following conditions are assumed to be
held for the plant (1)

@ o)=0
(b) A= A(¢) is a constant matrix

© .0 <a+ x|

(d) amatrix ®(t,,...4,) e R"" given by

D(t),....1,) = [P(x(t)). 1)), P(x(t2 s 12)svers p(x(2,):1,)] (5)

is nonsingular for ¢, <...<t,, with ¢, >, >0
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A.  Constant Matrix A Observation Algorithm Based on
Traditional Sliding Mode

The parameter estimation algorithm for the plant given by
(1) is formulated in the following Theorem.

Theorem 1. If Assumption 1 is met for the plant (1) then the
constant matrix 4 can be exactly estimated V¢ >¢, by

A= [Ueq (tysnt,) =Pt ot )]CD(t1 )™

Wty enty) = W () ))oe (x(2,),1,) ] € R
Uy (1) = [ty ()t (1) | € R

. <l

r

(6)

)

with ¢, >¢,, and u,,(1)eR" standing for

equivalent control [4-6] in the observer

X=u, c=y—%, #0)=0
8
w=p 0+ 5+ 47 @+ )& ®)

g

Proof of Theorem 1 is given in Appendix.

Remark 1. Equivalent control u,, () in (6), (7) can be

estimated by low pass filtering (LPF) [4-6] of high
frequency switching part of control # in (8) and adding it to
the known continuous vector field y(x,?):

Uy, (1) =y (x,1) + LPF(v)

9
v=lp s ARG ®

Equivalent control estimate u,,(¢) may converge to u,, ()

only asymptotically due to dynamical properties of LPF.
Usually, only zone convergence can be achieved, i.e.

iy (1)~ 1., ()] < O() (10)

as time increases. For instance, if LPF is given by a transfer
function 1/(1+ zs), then the transient response to a unit step

function will reach 98.2%of its steady state value in
T =4, which can be treated as a settling time, since by this
time the transient response is practically over. So, eq. (10)
holds approximately for ¢t>¢, + T, where T 247 with 7

standing for a time constant of the LPF [12]. Therefore,
using equivalent control estimate (9), the matrix A4 can be
also estimated only approximately, i.e.

A= [Ueq (tyod,) =W (t) 1yt )]cb(tl,...t,,)‘1 (11)

where Uy, (ty,ey) = [fiog (8 )ty (6)|€ R™™ , 128, + T,
and ”21 - A” <0(7).

Remark 2. In the observer (8) x(z)=x(¢) holds in the

sliding mode o =0, and u, () estimates x(?), ie.

xX(1)=u,,(t) Vt>t,. So, the algorithm in (8) and (9)

represents a traditional SMC-based differentiator [5,6].

B.  Constant Matrix A Observation Algorithm Based on
Second Order Sliding Mode

In order to avoid LPF in (9) that yields only approximate
estimation of the matrix A in (1), it is beneficial to use
second order sliding mode conltrol (SOSM) [9,10], which
provides for a finite time convergence to the sliding variable
o and its derivative ¢ by means of continuous control in
the parameter observation algorithm. The SOSM-based
parameter estimation algorithm for the plant given by (1)
that obeys Assumption 1 is formulated in the following
Theorem.

Theorem 2. If Assumption 1 is met for the plant (1) then the
constant matrix 4 can be exactly estimated V¢ >¢, by

A=[U(t) ) =Pty t,) Dty ,) (12)
W(t),nt)) = [ (x(t))t) ) v (x(2,),1,)] € R™" 13)
Uty ty) = [u(t))o ()] € R
with u(t) = [u; (0)....,u, (1)]" € R" and
u; :ai|0'i|1/2sign(ai+ Biv; +y;(x,t) (14)
v, =sign(o;) Vi=Ln
o, >0.5, A" a+ b||x
os{alnk) "
B =44 (a+ ) Vi=1n
standing for control in the observer
f=u, o=y—% %0)=0 (16)

in the second order sliding mode o =6 =0.
Proof of Theorem 2 is given in Appendix.

Remark 3. There is no need to filter u(z) while estimating
the matrix 4 in (12), since u(¢f) in (14) is already
continues due to integration of a high frequency switching
part of control.
Remark 4. The control function (14), which is called
super-twisting control [9,10], exactly estimates x(¢), i.e.
x(t) =u(t) , in the second order sliding mode c =6 =0.
So, the algorithm in (14)-(16) is an exact second SOSM-
based differentiator [9,10].

IV. TIME-VARYING MATRIX A(t) OBSERVATION

The constant matrix estimation algorithms given by
Theorems 1 and 2 are applicable for the approximate
identification of the slowly varying matrix A(¢) . In this case

the parameter estimation algorithm, let’s say for certainty
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(12)-(16), can be applied for the matrix A(¢) estimation on

the consecutive intervals A¢; =¢,, —t,; Vi=12,... assuming

Assumption 1 holds approximately at all these time-
intervals. It yields a following discrete sequence of the

matrix A(t) estimate:
A(t,), At + Aty),.., AL, + Aty +..4t)),....

Next, in this section we consider a particular case of the
plant (1) with a time-varying matrix A(¢f), which is not
necessarily slow-varying. The plant dynamics under

consideration is given by the linear scalar differential
equation with unknown bounded time-varying coefficients

g" +a,, (g + .+ ag (g =g(0) a7
y=q+o()
where g(t) € R' is a known Lipschitz function, ye R' is

the output measurement, and @ € R' is a measurement

noise. Eq. (17) can be realized in a state variable format (1)
[12] with

[—a, (&) 1 0 .. 0]
—a,,&) 0 1 .. 0
A =] .
—a;(t) 0 0 1 (18)
| —ag(t) 0 0 .. 0]

p(x,t)=xeR", y(x,0)=|0,0,..g(n)]"
The output ¥ € R' in (17) is identified
y=x+o) 19)

In this section we consider a particular case of the plant (1),

(18), (19) that obeys the following assumption:

Assumption 2. The following conditions are assumed to be

held for the plant (1), (18), (19)

(a) the states x,,..,x, of the plant (1), (18) are also

n
measuring available, i.e.
y=x+o(t)
(b) |a;()| <2 Vi=0,n-1

(c) w(@®)=0

(20)

A. Time-varying Matrix A(t) Observation Algorithm
Based on Traditional Sliding Mode

The parameter estimation algorithm for the plant given by
(1), (18), (20) that obeys Assumption 2 is formulated in the
following Theorem.

Theorem 3. If Assumption 2 is met for in the plant (1), (18),
o)
p
of the time-varying matrix A(¢) can be exactly estimated by
u,, (t)—rt
g, ()= r(0) on
x,(2)

(20) and x;(1)#0 Vt>t,, t, then the elements

a(t)=

where
a([) = [an—l(t): an—Z(t):-"’aO(t)]T > I’(l) = [ X5 X35 00 Xy 90]T

Ugg (#H)eR" and ¢, standing for equivalent control and

with

reaching time correspondingly [4-6] in the observer

)ézu-i—t//(t), o=y—-x, x(0)=0

N (22)
= (o 4 Wl

Proof of Theorem 3 is omitted for brevity.
Remark 5. Equivalent control u, () in (21) can be

estimated by low pass filtering (LPF) [4-6] of high
frequency switching control u in (22)
o, () = LPF (u(t)) (23)

Equivalent control estimate #,,(f) may converge to
U, (t) only asymptotically due to dynamical properties of
LPF. Usually only zone convergence is achievable, and eq.
(10) holds for LPF in (23) as time increases. Practically eq.
(10) holds after the transient response in the LPF dies out,
and the elements of time-varying matrix A(¢) in (1) and
(18) are to be estimated for ¢>¢,. +7, T =4r via the
sliding mode parameter observer (21)-(23) as

u,,(t)—r(t

a0y e O =70

x;(2)

and ||&(t) - a(t)" < O(r) as time increases.

(24)

B.  Time-varying Matrix A Observation Algorithm Based
on Second Order Sliding Mode

Use of high order sliding mode technique, in particular
super-twisting algorithm [9], allows avoiding filtering of
equivalent control in (22), (23) and achieving exact time-
varying matrix estimation in a finite time. The SOSM-based
parameter estimation algorithm for the plant given by (1),
(18), (20) that obeys Assumption 2 is formulated in the
following Theorem.

Theorem 4. If Assumption 2 is met for the plant (1), (18),
(20) and x,(¢1) #0 V¢>t,, then the elements of the time-

varying matrix A(¢) can be exactly estimated by

a(t) - D=

25
x,(9) =

where
a([) = [an—l(t): an—Z(t):-"’aO(t)]T > I’(l) = [ X5 X35 005 Xy 90]T

with u(t) =[u,(¢),...,u, ()] € R" standing for control [9]

12,
u[:a[|0',«| sign(o;) + p;v;

_ (26)
v, =sign(o;) Vi=ln
@; 2 0.5 iler] + i @7

Bz 4(1,,4 |x1| + |xi+1 |) Vi=ln-1
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a, 2 0.5 A)x)|, B, =4%|x|

— - (28)
A >|a;0)  Vi=0,n-1

and ¢, standing for the reaching time in the observer
Y=u+y(), o=y—3 0)=0 (29)

Proof of Theorem 4 is omitted for brevity.

Remark 6. Control u(¢) is continuous in SOSM that occurs
in the observer (29) in a finite time ¢, . So, there is no need
in using LPF, and the matrix A(z) estimate is exact in (25).
Remark 7. It is worth noting that ﬁeq +w(¢) and u+wy(t)
evaluate derivatives of the vector state of the plant (1), (18)

in the traditional and SOSM estimation algorithms, and
represent sliding mode differentiators [5],[6],[9],[10].

V. MEASUREMENT NOISE EFFECTS IN
PARAMETER OBSERVATION ALGORITMS

In this section we study effects of nonzero bounded
measurement noise on matrix A(#) estimation in the plant
given by (1), (18) and (20) using traditional and second
order sliding mode estimation algorithms discussed in

Sections III and IV. This study was done upon the following
assumption:

Assumption 3. The following conditions are assumed to be
held for the plant (1), (18), (20)

@ olt)=0, |o]<e in(20)
(b) |a;()| <4 Vi=0,n-1
The effect of the bounded measurement noise on SMC-

based parameter estimation algorithm is formulated in the
following Theorem.

Theorem 5. If Assumption 3 is met for the plant (1), (18),

(20), y,()#0 Vt>t, +T, t, Sm and provided
&(t):_deq(t)_F(t)
»n@) (30)

F(t):[J/2»Y3,~--,yn,0]

be the estimate of the elements of the time-varying matrix
A(t) , with ﬁeq defined by (22) and (23), then the following

inequality holds
a(t)—a(t)|=0()+O(e) Vi>t, +T

as time increases.
Proof of Theorem 5 in given in Appendix.

The effect of the bounded measurement noise on SOSM-
based parameter estimation algorithm is formulated in the
following Theorem.

Theorem 6. If Assumption 3 is met for in the plant (1), (18),
(20), y;(t)#0 Vt¢>¢, and provided

€2y

i =-"0""0 5[y s, ]
()
be the estimate of the elements of the time-varying matrix
A(t) with u(?) defined by (26)-(29), then the following
inequality holds
la@) -a@)|=0("?) vi>t,

Proof of Theorem 6 is given in Appendix.

(32)

(33)

VI. EXAMPLES

A. Time-Varying Matrix A(t) observation

The LTV system in (1), (18) and (20) is considered for
n=2, x,(0)=3.0,x,(00=5.6, w()=0, and simulated
with @(¢) as a vector-Gaussian noise with zero mean and
0.02 standard deviation. The unknown time-varying
parameters a,(¢) and a,(¢) are defined in the simulations

ay(t)=0.1-0.2-1(1—2)+0.2-1(t —4) +
[1(z —2.5) - 1(t —3.5)]0.1sin10¢
a(t)=02+02-1(t-1.5)-03-1(r=3)+
[1(z —1.8)~1(r —2.7)]0.2sin20¢
The simulations were performed using Euler method with a

(34)

step size 107 . Traditional SMC-based parameter observer
is designed in (21) and (23) with control

u; =10sign(c,) Vi=12 (35)
The LPF dynamics is taken in a transfer function format
1/(0.004s +1) .

The results of the simulations that demonstrate a,(¢) and
a,(t) estimations via the parameter observer (21)-(23) and
(35) are shown in Figures 1 and 2. High accuracy robust to
noise estimation with zone convergence is confirmed. High
frequency control switching is significantly attenuated by

the LPF. SOSM-based parameter observer is designed in
(25)-(29) with control

12 .
u,-=40|0i| sign(o;) +10v, (36)

v, =sign(o;) Vi :l,_2

A0

25

-25

-&0
n

Time {sec)

Fig. 1. Estimation of a,, via the SMC parameter observer
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Time (sec)

Fig. 2. Estimation of a, via the SMC parameter observer
The results of the simulations that demonstrate a, and q,
estimations via the parameter observer (25)-(29) and (36)
are similar to the ones obtained by the SMC observer.

B. Constant Matrix A Observation Algorithm
The DC-motor dynamics is given by

~blJ km/J}F} m
+| |V,
R, /L, |i,| |1

dls|_
dt|i, | |—k,/L,

nw=E+w, vy, =i, +,
where & is an angular velocity (rad/s), i, is an armature
current (A4 ); V, is an armature voltage (V' ); J = 2kgm? is
a moment of inertia; L, =1H is an armature inductance;
bk, ky, R
electromotive force coefficients and an armature resistance
respectively, which are to be estimated; ¢ =0.5s,

t, =4.0 s. The measurement noises are Gaussian with zero

« are viscous friction, motor torque and back

means and 0.02 standard deviations. The unknown
parameters are defined for the simulations
[b.k,,, ky, R, ]=[0.5, 10, 0.1, 1] (37)

The simulations were performed using Euler method with a
step size 107> via SMC-based (6)-(8) and SOSM-based
(12)-(14) parameter estimations algorithms. The LPF
dynamics is taken in a transfer function format
1/(0.004s + 1), which is used in both observers. The results

of parameter estimations are presented in Table 1.

m»>

Table 1
b k, k, R,
SMC  parametef 0.4804 | 9.7202 | 0.0972 | 1.0228
observer
SOSM parametey 0.4968 | 9.9128 | 0.1021 | 0.9683
observer

Based on Figures 1-4 and Table 1 one can conclude that
the both algorithms provide robust to noise parameter
estimation. The accuracy of the parameter estimation
achieved by SOSM-based estimator is higher then the one
achieved via traditional SMC-based observer.

VIL

Parameter identification of affine time—varying systems
is addressed using sliding mode control. A toolbox that
consist of traditional SMC-based and SOSM-based
parameter observers is developed for the plants with

constant unknown parameter matrix and the plants given
h

CONCLUSIONS

by n™ order LTV differential equation with unknown
time-varying coefficients. Effect of measurement noise to
the parameter estimation algorithms is revealed as a small-
size zone convergence, which is proportional to the upper
bound of the measurement noise and to the time constant
of LPF for the traditional SMC-based parameter estimation
algorithms, and to the square of the upper bound of the
measurement noise for the SOSM-based algorithm.

APPENDIX

Proof of Theorem 1. The existence of the sliding mode in
the observer (8) is to be proved. For the sliding variable
dynamics obtained from (1) and (8)

o=Ap(x,t)+y(x,t)—u (38)
the control function (8) makes the inequality

V <—pa2V (39)
valid, where

V= % olo (40)

is a Lyapunov function for (38). It means that the origin of
(38) is globally asymptotically stable with a reaching time

2V (0 o (0
O _lpol o
P P
So, the sliding mode exists in the observer (8) V¢ >¢, and
equivalent control u,, (¢) that satisfies =0 [4-6] obeys
the following equation:
Ugy = AP(x,1) + Y (x,1) (42)
The validity of (6) is demonstrated. Indeed, after
computing u,, (f), ¢(x,7) and y(x,t) in the time instances
t <..<t, with t; >t, =¢,, eq. (42) is rewritten as
Uegg(tyseisty) = AD(t,...1,) + W (Ey5e008,)
and yields (6). 0

(43)

Proof of Theorem 2. The existence of the second order
sliding mode in the observer (14)-(16) is to be proved.

Indeed, it is well known that a solution z(f)e R' and its

derivative z(¢) of the differential equation

z+alz|'*sign(z) + B [sign(z)dz = () (44)

converges to zero in a finite time if « > 0.5V/C and p=4C
with |£(f)| < C [9,10]. The o; dynamics are obtained

G; = A;p(x,0) +y; (x,1) —u, (45)
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where A; stands for the i row of the matrix 4 and

th

w,;(x,t) is the i" coordinate of the vector w(x,7). The

control function (14) being substituted into (45) yields
. /2 .
o+ |0'l~ | sign(o;)+ f; |signo; )dt = A;p(x,t)

By comparing (44) and (46) one can conclude that eq. (46)
converges to second order sliding mode o, =6, =0 in a

(46)

finite reaching time ¢,; for a; and f; selected from (15).
In the second order sliding mode eq. (45) becomes

Ap(x,t) +w(x,t)—u=0 47)
The validity of (12) is to be demonstrated. Indeed, after
computing u(t), @(x,t) and w(x,f) in the time instances

t, <..<t, with t, >t, =t, =maxt,;, eq. (47) is rewritten
i=l,n

ri o

ajd)(tl ooty )+ () 5ent) = U(t,5e008,) =0 (48)
and yields (18). 0
Proof of Theorem 5. Control in (22) is taken in a format
u=M(y)SIGN (o) (49)
where M (y) is a scalar positive function
M(y)= max {(Pi + Ay |J’1| + |yi+1|)‘
i=Ln-1 (50)

(oy + Blyilh ="l + e+ 7)
with SIGN(o) = [Sign(al ), sign(cy),..., sign(c, )]T ,0>0.
Introducing V(o) = ||x - )2”2 and taking into account (49)
and (50) one can obtain
V=2(x- &) (A0)x —u) < 2x - 54" (] + &)~
—2M(y)(x = %) SIGN(x - % + )
Applying the inequality that is derived in [13]

(51

2" SIGN(z + w) > z |z;| - 24/ (52)

i=1
to (51) we obtain
¥ < ofv— i (] + £)-2m () - H - 24/ne )=
A #|(4* (o] + &)~ M)+ 4M (e
Substituting (50) into (53) implies

Vs—2ﬁ||x—51|+4\/Z{A+s1y1;+|34|+5+pJ =2V +6
0= 4\/;¢[As1yld|ﬂ| te+ ,‘JJ

Using Lemma 2 from the Appendix in [13], one can
conclude that V' converges to the domain

Qix={r<u} #iz(iT

2p

(53)

(54)

(55)

in a finite time ¢, that is {1 - %} — 0 as time increases.

+

So, the following equation holds within the domain (55)
O=Ax-u,, =Ay—u,, — Ao —>
(56)

"Ay — Uy ||<O(€)

Due to estimation of u,, by means of LPF in (23)

q

U1y () — 1, (t)" <O(r), and (28) becomes

Ay —i,, | <0(e) + 0@x)
Eq. (57) yields (31). 0

(57)

Proof of Theorem 6. Theorem 4 conditions implies the fact
that super-twisting control in (26)-(29) gives an exact
estimate of x; in the plant (1), (18) and (20) with zero

measurement noise. It is proved in [9] that if x; is measured

with noise ®;, then the following inequality holds Vi = I,_n

by (1) = %, (1) = O("'?) (58)
Equality (58) can be rewritten as follows:
lu(t) - ()| = 0(e""?) (59)

which, taking into account (32), yields (33). [
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