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Abstract—In this paper, we address an output feedback
tracking control problem for the coupled translation and
attitude motion of a follower spacecraft relative to a leader
spacecraft. It is assumed that i) the leader spacecraft is
tracking a given desired translation and attitude motion
trajectory and i) the translation and angular velocity
measurements of the two spacecraft are not available for
feedback. First, the mutually coupled translation and atti-
tude motion dynamics of the follower spacecraft relative to
a leader spacecraft are described. Next, a suitable high-pass
filter is employed to estimate the follower spacecraft relative
translation and angular velocities using measurements of
its relative translational position and attitude orientation.
Using a Lyapunov framework, a nonlinear output feed-
back control law is designed that ensures the semi-global
asymptotic convergence of the follower spacecraft relative
translation and attitude position tracking errors, despite the
lack of translation and angular velocity measurements of the
two spacecraft. Finally, an illustrative numerical simulation
is presented to demonstrate the effectiveness of the proposed
control design methodology.

I. Introduction

Spacecraft formation flying (SFF) has the potential to
enhance space-based imaging/interferometry missions
through the use of distributed apertures. Specifically,
by combining the imaging apertures placed on several
separated spacecraft and by appropriately configuring
the formation geometry, the sensing aperture can be
enlarged beyond the capability of a single spacecraft.
However, effective utilization of the SFF technology
necessitates highly maneuverable spacecraft to be pre-
cisely controlled in a formation so as to maintain a
meaningful separation and orientation. Thus, develop-
ment of a systematic SFF control design framework
incorporating the six degree-of-freedom (DOF') coupled
translation and attitude motion dynamics of spacecraft
is of paramount importance.

The study of dynamics and control for six-DOF
spacecraft has received scant attention in the current
literature. Some recent exceptions include [8], [9]. These
control methods require the use of translation and an-
gular velocity measurements of spacecraft for feedback.
Unfortunately, cost/weight constraints may not permit
the use of translation and angular velocity sensors.
In prior research, several authors have addressed the
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problem of output feedback control of spacecraft. Specif-
ically, using the four-parameter quaternion represen-
tation of the spacecraft attitude, an adaptive output
feedback attitude tracking controller was developed in
[3]. Furthermore, in [10], an adaptive output feedback
position tracking controller was developed for SFF.
However, the output feedback control problem for the
six-DOF coupled translation and attitude motion of
spacecraft formations remains to be addressed.

In this paper, we address the output feedback track-
ing control problem for the six-DOF motion of a follower
spacecraft relative to a leader spacecraft using the
coupled translation and attitude dynamics of a leader-
follower spacecraft pair developed in [7]. A high-pass
filter is employed to generate a velocity-related signal
from the translational position and attitude orientation
measurements. A judicious modification of the generally
recommended [4] filter is implemented to overcome
the complexity arising from the mutual coupling of
the follower spacecraft translation and attitude mo-
tion dynamics. Using a suitable Lyapunov function,
our nonlinear output feedback control law guarantees
asymptotic convergence of the translation and attitude
position tracking errors, despite the lack of translation
and angular velocity feedback.

II. Mathematical Preliminaries

Throughout this paper, several reference frames are
employed to characterize the translation and attitude
motion dynamics of a spacecraft. Each reference frame
used in this paper is assumed to consist of three basis
vectors which are right-handed, mutually perpendicular,
and of unit length. Let F denote a reference frame

and let ¢, j, and k denote the three basis vectors

of F. Then }? 4 denotes the vectrix of the

BN

reference frame F [5]. A vector A can be expressed
in the reference frame F as A 2 a1 4 +asj +ask,
where a1, a2, and a3 denote the components of A along

i, J,and ;, respectively. Frequentljy, we will assemble

these components as A £ [a1 az a3]” . Using the above
vectrix formalism and the usual vector inner product,

a vector A can be expressed in the reference frame F
as Z: AT E:ETA.

The vectrix E has the following two properties: i)
F . F T = I3, where “” denotes the usual vector
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dot product and I,, denotes an n dnnenswnal identity

ol

- J

k
Y % |, where

matrix and i) Fx FT=| _

—

=1

” denotes the usual vector cross product Thus it
follows that A F . A A . F Next, let B be a
Vector which is expressed in F by E - bl i +byj
—|—b3 k and let B 2 [by by b3] Then it follows that
A-B= ATB = BTA and A X B= FTAXB where

0 —ag ag
AX é a3 0 —aj
= 0

T2 a1 . . .
Throughout this paper, various vectors will be ex-
pressed in two or more different reference frames using
the rotation matrix concept. For example, consider

=
a vector A expressed in the reference frame F, has

components Ay, i.e., A=FI A,, where F, denotes the
vectrix of the reference frame F,. Similarly, consider

the vector A expressed in the reference frame F, has

components A, i.e., Z F A,, where FV denotes the
vectrlx of the reference frame Fy. Then, it follows that

_FV - FTA, = CUA,, where CY 2 p, - FT
SO( ) denotes the rotation matrix that transforms the
components of a vector expressed in Fy, (viz., Ay) to the
components of the same vector expressed in F, (viz.,
Ay). Here the notation SO(3) represents the set of all
3 x 3 rotation matrices.

N

Let us consider the vector A expressed in another
—  —

reference frame F,, has components Ay, i.e., A=FL A,

where FW denotes the vectrlx oi the reference frame
Fu- Then as above, A, —Fu FTA, = CVA,, and
A, 7FV F TA, = cy Aw, where CV & P, - FVTV €

SO(3 )and C¥ & Fy - FT € SO(3). Finally, it follows
that A, = C“CWA and CW =CyCy.

ITI. Follower Spacecraft Relative Dynamic Model

In this section, we review the translation and attitude
motion dynamics of a follower spacecraft relative to a
leader spacecraft [7]. Each spacecraft is modeled as a
rigid body with actuators that provide body-fixed forces
and torques about three mutually perpendicular axes
that define a body-fixed reference frame (i.e., Fp¢ and
Fur located at the mass center of the leader and follower
spacecraft, respectively) as shown in Figure 1. We fully
account for the mutual coupling between the translation
and attitude motion of each spacecraft. For given de-
sired translation and attitude motion trajectories of the
follower spacecraft relative to the leader spacecraft, we
develop the relative translational position and attitude
error dynamics. Finally, we state our control objectives
for the translation and attitude motion of the follower
spacecraft relative to the leader spacecraft.

A. Follower Spacecraft Relative Translation Motion
Dynamics
Let F; be an inertial reference frame fixed at the

center of the earth and let Z be an arbitrary vector
measured with respect to the origin of F;. Then, in

this paper, A (t) denotes the time derivative of A (t)
measured in F;. Using this notation, the translation

motion dynamics of the leader spacecraft is given by [5]

Re = Vo, me Vi=fo + fae = foo (1)
where my denotes the mass of the leader spacecraft,
Re (t) and Vy (t) denote the position and velocity

of its mass center, respectively, f,, () denotes the
inverse-square gravitational force that leads to an

elliptical orbit [2], [5], fq, (¢) denotes the attitude-
dependent disturbance force that causes the leader
spacecraft trajectory to deviate from an ellipse [5], and

fo (t) denotes the external control force. The inverse-
square gravitational force and the attitude-dependent

disturbance force are given as f,= —-&™

N HR[HJ
and fae= -3 Htr(J;) I+2 J@} -5 (Z/
QHRM4
'je . Z) Zzl, respectively, where pu 2 MG with
M being the mass of the earth and G being the

universal gravitational constant, J, is the constant,
positive-definite, symmetric 1nert1a matrlx of the leader

spacecraft expressed in Fiy, .]g = Fbg.]g Fbg denotes
the central inertia dyadic of the leader spacecraft

[5], T denotes the dyadlc of a 3 x 3 identity matrix,

& HRZ | with || Re | 2 \/#. & and tr (-) denotes
R
the trace of a matrix.

Analogous to the leader spacecraft, the nonlinear
translation motion dynamics of the follower spacecraft
is given by [5]

Re=V4,

—

me Vi= for + far — [ (2)

where mg, Re(t), Vi(t), fer (1), far (1), and f; (t) are
defined similar to the case of the leader spacecraft.

Next, we develop the translation motion dynamics of
the follower spacecraft relative to the leader spacecraft.
Before proceeding, for convenience, we introduce the
notation

Pr 2 Rf — Re, Pv EVi—Ve. (3)

Let wyy (t) denote the angular velocity of Fi relative

to Fi. In this paper, A (t) denotes the time derivative
of an arbitrary vector A measured in Fp¢. Using this

notation, the time derivative of vector A measured in
F;i is given by
A = A+wpxA. (4)

Following (4) for vectors Ef (1), I7f(t) PR

. <

(1), and Py (t)

<
Vi + wa X Vi, PR=PR

[ o
yields Re=Ry¢ + Wit X Ry, Vi=
+ be X Pr, and py=pPv + C—be X Py, respectively.

In this paper, we assume that the desired transla-
tional position of the follower spacecraft relative to

the leader spacecraft, denoted by ;Rd (t), is given.
In addition, we assume that the time derivative of
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;R , measured in F; and denoted by ;V L @) A ;R u

is given. Note that sz (t) and its first two time
derivatives are assumed to be bounded functions of

time. Next following (4) for Vectors HR . and Py L vields
de*de + Wpp X de and Pvd—PVd + Wit X dev
respectively.

Now we develop the error dynamics of the translation
motion of the follower spacecraft relative to the leader
spacecraft. We begin by introducing the notation

gRrﬁde_pR, jc;/rﬁpvd_p\/' (5)
Computing the time derivative of both sides of (5)
measured in F; and performing simple manipulations,
we get

. < < . < <
— — —

R, =PRy— PRT Wbt X €R,, O,=Pvy—Py+wh X ey . (6)

It follows from (5) that ER!_ = ;R - ZR and le_ =
sz - ;R. Similarly, it follows from (5) that g\/ = ;Vd
— py and ey = py, — py. Combining (1)-(3), (5),
and (6), we obtain the translation error dynamics of
the follower spacecraft relative to the leader spacecraft
given by

<

€r, = 6y — WptX €R,, (7)
-, T N 1 -
= — Wpt X — - —
&y, Py bf X €y, +mé <fez + fd£> p— fo
: fut far) + ! i (8)
me ef df me f-

Now using the framework of Section II, various
vectors of interest can be expressed in the follower
spacecraft body-fixed reference frame Fy¢ as follows

[Rf Vi prR PR PV PV PRy PRa Pvy DV er, €r, ey

< o
— — — — — —

ey, whr fr for fdf} - be'{Rf Vi PR PR Pv Pv PRy

< . <
— — — —

-
PRy PVa PV. R, R, &

V_Vhere Rf(t)a ‘/t(t)v pR(t)a pR(t)v _PV(t); pV(t)a de(t)a
de(t)v de(t)v DV(t)v eR,-(t)v eRr(t)L evr(t)a e\/r(t))
woe(t), fe(t), fer(t), far(t) € R3 and Fypr denotes the
vectrix of the reference frame Fy¢. Similarly, various
vectors of interest can be expressed in Fy, as follows

[Re Vi fo for fae) £ Foe - %

{Rz Ve fo fe fdz}, where
Rz(t),‘/g(t),fz(t),feg(t), fdg(t) € R® and Fy, denotes
the vectrix of the reference frame Fyy. Next, it follows
from Section II that various vectors of interest originally
expressed in Fyp can be expressed in Fp¢ using the
rotation matrix CPf, which is given in the sequel. Thus,
using (3), (5), and the vectrix formalism of Section II,

we obtain
R¢ = pr, —er, + CP{ Ry, Vi =

pvy — eV + C‘Efevé (10)

Finally, an application of the vectrix formalism of
Section II on (7) and (8) yields

€R, = €\, — wgfeRr, (11)
. 1 be m
ey, :DV_er\/r__be{ e Rz-‘r{tr(JZ) 3y
b me LR ol Rl
1
R O e T Rl e
I Rell2 I Rell AFE
5RY JeR 1
{tr (Jp) Is + 25 — 17”13}4} = fp (12)
2uRfH e WReld  mg

Remark 3.1: We assume that the desired translation
motion dynamics of the follower spacecraft relative
to the leader spacecraft will be typically specified in

the earth-fixed inertial reference frame F;. Let Fi;=

[z’ J k} denote the vectrix of the inertial reference
frame . In addltlon let x( ), y(t), z(t ) € R denote the

components of PR , along ¢, j, and ]g respectlvely
Then, de*Fi D,, where D.(t) € R®, D, 2 [z y z] .

With sz and ;Rd denoting the first and second
derivatives, respectlvely7 of de measured in .7-"1, we

can express PRd and de in i as D, FT de and

D, 2 FT Pr,, respectively, where D, (t), D,(t) € R3.
Now using the rotation matrix framework of Sect1on 11,
we transform D,, D,, and D, to the follower spacecraft
body-fixed reference frame Fy as follows pr, = C’ber,
pv, = Ci.D,, and DV = Ci.D,, where Ci is given in
the sequel.

B. Follower Spacecraft Relative Attitude Dynamics
We begin by characterizing the attitude dynamics

of the leader and follower spacecraft. The attitude
dynamics of the leader spacecraft is given by

he = Tw+ T, (13)
where Z@( t) given by E[—j@ Wi denotes the angular
momentum of the leader spacecraft about its mass

ZzXJz

center, ng( ) given by ng_ | Zg denotes

|Re
the gravity gradient torque [5], and 7, (t) denotes the
control torque.

Next, let Whe (t) denote the angular velocity of Fye

relative to % and let A (t) denote the time derivative
of an arbitrary vector A(t) measured in Fie. Then, the

time derivative of h, measured in F; is given by hy =

o

— — e . .
he + wpe X he. Once again, using the framework of
Section II, various vectors of interest can be expressed in

o
- — —

. A -
Foe as [he Woe Tee Te] 2 Foe - | he Wor Tae Te] where

he(t), @ne(t), Tae(t), Te(t) € R3. Now an application of
the vectrix formalism of Section II on (13) yields
(14)

. X
Jowpe = —wbg.]gwbg—l—ng—l—Tg.
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Next, we characterize the kinematic equation that
relates the time derivative of the leader spacecraft
angular orientation to its angular velocity as follows

[5]

Fbﬂ =E(ebe, Coe)wve, E(eves CGoe) £ [Ebz +Cb€[3] :
Che _5}34 (15)

where (epe(t), Coe(t)) € R?® xR represents the quater-
nion, which characterizes the attitude of Fy, with re-
spect to Fi. By construction, (epe, (pe) must satisfy the
unit norm constraint e{,ep, + (2, = 1. Following [5], the
rotation matrix C}, € SO(3), which brings the inertial
frame F; onto the spacecraft body- ﬁxed reference frame
Fie, is given as Ch, = Cleve, Cor) 2 (G — eiyene) Is +
25bg€g€ — 2@,@5&. The dynamic and kinematic equations
of (14) and (15) represent the attitude dynamics of the
leader spacecraft.

The attitude dynamics of the follower spacecraft is
analogously given by (13) with subscript ¢ replaced by f.
In addition, various vectors of interest can be expressed
in the follower spacecraft body-fixed reference frame Fy¢

N~

as [hf Wot Taf Tt o Ebf . Ef ;bf ;éf F;‘:| The attitude
dynamics of the follower spacecraft is then characterized
by the following dynamic and kinematic equations

(16)

. X
Jrwps = —wipJiwps + Tgr + T,

£]
(bt
Following the definition of C},, the rotation matrix

; € SO(3), which brings the inertial frame F; onto
the follower spacecraft body-fixed reference frame Fiy,
is given as Cl; 2 C(epf, (). The dynamic and kine-
matic equations of (16) and (17) represent the attitude
dynamics of the follower spacecraft.

Next, we develop the attitude dynamics of the fol-
lower spacecraft relative to the leader spacecraft. Let
(e:(t), (:(t)) € R® x R denote the unit quaternion
characterizing the mismatch between the orientation of

the follower spacecraft Fi¢ and the orientation of the
leader spacecraft Fiy. In addition, (e, ¢;) can be char-

acterized using (epf, Cpt) and (epe, Che) as [erT CJT =
_ X

Cheent beEbeT+ b | The
CoeCot + € pEnf

corresponding rotation matrix CPf € SO(3), which

brings the leader spacecraft body-fixed reference frame
Fre onto the follower spacecraft body-fixed frame Fyy,

is given as CPf = C(e,, (;) and satisfies CPf = CL.Ci, .
Next, let w, (t (t) denote the angular ve1001ty of ]:bf
relative to Fye. Then, it follows that wrfwa — wbz

Now using the framework of Section II, we express Wy
in the follower spacecraft body-fixed reference frame Frof
as

E(evt, Co)wpt. (17)

F(ebt, Cot, €bes Cor) 2

wr 2 Fpee @, wi(t) € R3 (18)
In addition, we can obtain

wr = wpt — Chfwoe, (19)

Zr = be — be X ;r — 3]3[ . (20)

<
Expressing W, in the follower spacecraft body-fixed

reference frame Fiof as wy 2 Frf - ﬁr, we(t) € R3,
we can now express (20) in the follower spacecraft
body-fixed reference frame Fp¢. Finally, multiplying the
resultant expression by Jr on both sides, we obtain

Jwr = (21)

We now use (14), (16), (19), and (21) to obtain the
following attitude dynamics of the follower spacecraft
relative to the leader spacecraft

. X bl -
wabf - wabfwr — Jbefwbg.

. X
war:f(wr + C}E’fwbg) Jf(wr + Cﬁfwbe) - Jf(Cl]ngbe) pr
_Jbef JZ ( — w&szbz + Tge + Tl) + Tgf + 7. (22)

In addition, the attitude kinematics of the follower
spacecraft relative to the leader spacecraft is given by

f Z } — E(en,G)or

Next, we characterize the desired orientation of the
follower spacecraft relative to the leader spacecraft using
a desired, follower spacecraft body-fixed reference frame

Fry- Let Ur 4 (t) denote the desired angular velocity

(23)

©

of F., with respect to Fi, and let w,, (t) denote

the time derivative of w;, measured in F;,. Using the
©

framework of Section II, we express W, and w;, in the
desired, follower spacecraft body-fixed reference frame

. A - — 9,
F:, as follows [wrd wrd} S Fr, -[wrd Wry }, where

Wy, (t),dn, (t) € R and F,, denotes the vectrix of the
reference frame F.,. The angular orientation of the
desired, follower spacecraft body-fixed reference frame
Fr, with respect to the leader spacecraft body-fixed
reference frame Fy, is characterized by the desired unit
quaternion (e, (t), ¢, (t)) € R® x R, whose kinematics
is governed by

1] -
Gra

The corresponding rotation matrix C?f € SO(3), which
brings the leader spacecraft body-fixed reference frame
Fre onto the desired, follower spacecraft body-fixed

reference frame F,, is given by C = C(ery,Gry)- Using
(24), it follows that

2 (Crd érd - él'd Erd) - 26;; érd7
2 (Cl"d érd - é:Td €rq ) 2€rd 6lfd

In this paper, we will assume that e, ¢, and their
first two time derivatives are all bounded functions of
time, which yields boundedness of w;, and w;, given
above.

Now we develop the error dynamics of the attitude
motion of the follower spacecraft relative to the leader
spacecraft. Let (ec, (t), ec,(t)) € R® x R denote the
unit quaternion characterizing the mismatch between
the actual orientation of the follower spacecraft Fi
relative to the leader spacecraft Fi, and the desired
orientation of the follower spacecraft F;, relative to

E(ery; Grg)wra- (24)

Wry -

(25)

Wry -
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the leader spacecraft Fip. Next, (ee,, ec,) can be char-

acterized using (e, ) and (e, Gy) as [el eq]” =

(er,Cr,Erd,Crd) The corresponding rotation matrix
Crd € SO(3) that brings the desired, follower space-
craft body-fixed reference frame F, onto the follower

spacecraft body-fixed frame Fy¢ is given by [1], [3], [5]

Cll;(fi = C(CENGCr)v (26)

and satisfies

crd = cbtopt (27)
Next, let we, (t) denote the angular velocity of Fig
with respect to Fr,. Then, it follows that

— — —

We, = Wp— Wy, . (28)
Now using the framework of Section II, we express ;er
in the follower spacecraft body-fixed reference frame Fy¢
as

We, 2 Fof- e, we(t) € R, (29)

In addition, we can now obtain
we, = wy— Clfwy,, (30)
£e,. = ir — Wy X (3&- - Jr> - %rd . (31)

Expressing Be!_ in the follower spacecraft body-fixed
Fhor - "T;e,» d)er(t) S Rgv
noting that w, = be - Wy, and using (9), (18), and (29),
we can express (31) in the follower spacecraft body-fixed
reference frame Fi¢. Finally, multiplying the resultant
expression by J; on both sides, we obtain Jiw., = Jrw,+
Jrws (wr — we, ) — JiCrn, .

We now use (22) and (30) to obtain the following
open-loop attitude tracking error dynamics of the fol-
lower spacecraft relative to the desired attitude refer-
ence frame Fi,

reference frame Fir as we, 4
<o

Jiwe, =— (Wer + Ctr)(fiwrd + Cgfwbe) “J (Wer + Ctr)(fiwrd
X
— Ji(Chfwne)” (we, + Chfwry) + Jp(we, + Chiwr,

chbf J[ ( - w}:et]gwb@

be
+Chtwhe)

be X ~rd rd -
+Chtwhe) Chiwry — JiChidr, —

3
R RS JeRe + 70) +

B R JtRy + 7.
([ Rel[? !

3
B (32)

In addition, using (23), (24), (26), and (30), the open-
loop attitude tracking error kinematics is given by

éEr —

é. |

Next, we rearrange the attitude dynamics of (32) to
obtain

Eec,, e¢)we, (33)

qu'Je!_ = —wé wae,. + Tunr + Tknr + 7%, (34)

where Tun; (), Tiny () € R? are defined as

(C}I;?wrd
+Chfwhe) " Jwe, — Jp(Chwpe) ™ (we, + Chiwry ) + Jg(we,
+c‘§fwb[) “(Chwra )= Tt it (= wiyJewne), (35)
Tine 2 = (Chiwry ) ) Je(Chfwry) + Jp(Chfwry) : (Chfwr,)
~JiChtion, = JiCrt Iy (TRl R JeRe + 7e) + 1 Tt R TRy
(36)

A be |\ X d be
Tunr 2 — (we, + Cptwhe) Je(Chiwry + Chiwhe) —

Remark 3.2: The definition of 7y,, in (35) depends
on we, and wyy, which are not measured. Thus, 7y,, can
not be used in the control design. On the other hand,
the definition of 7y,, in (36) depends on the desired
follower spacecraft attitude trajectory, the attitude of
the follower spacecraft relative to the leader spacecraft,
the translational position Ry, the leader spacecraft
control torque, and the translational position Ry, signals
that are assumed to be known/measured. Thus, 7, can
be used in the control design.

C. Control Objectives

In this paper, the control objective for the translation
motion dynamics of the follower spacecraft relative to
the leader spacecraft requires that the mass center of
the follower spacecraft relative to the mass center of the
leader spacecraft track the desired relative translation
motion trajectory, i.e., pr (t) —pPr, (t) as t — oco. In
addition, it is required that pg(t) — g, (t) as t — oco.
Using (1)—(3), (5), and (9), the follower spacecraft
relative translation motion tracking control objective
can be stated as follows

lim eg,(t), ey, (t) = 0. (37)
t—o0

The control objective for the attitude dynamics of the
follower spacecraft relative to the leader spacecraft re-
quires that the actual attitude of the follower spacecraft
track the desired attitude trajectory, i.e., the rotation
matrlx be must coincide with the rotatlon matrix
CP! in steady-state. Using (27), this control obJectlve

can be equivalently characterized as hm be = I.

Furthermore, it is required that wy (¢) erd( )ast — oo.
With the aid of the unit norm constraint of (e.,, ec,)
and using (26), (28), and (29), the follower spacecraft
attitude tracking control objective can be equivalently
stated as follows

lim e, (t), we, (t) = 0. (38)
t—o0

The control objectives of (37) and (38) are to be met
under the constraint of no direct velocity feedback (i.e.,
Vi and wyr are not measured).

IV. Follower Spacecraft Output Feedback Control
Design

In this section, we develop an output feedback con-
troller based on the system dynamics of (11), (12), (33),
and (34) such that the tracking error variables eg,, ey,
ée,, and w, exhibit asymptotic stability. Before proceed-
ing with the control design, for notational convenience,
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we introduce two matrices T'(t) € R**3 and P(t) € R3*3
defined as

1 €¢, —€e3 Ceo )
A e R
“Cey  Cgy €¢r

where eg, (1), s, (1), €e,(t) € R are the components of
ee,. Using (39), é., of (33) can be written in a compact
form as follows

¢ = (40)

r

Twe,, = Pé., = we,.
Next, we define the position and velocity tracking error
variables 7 (t),vo(t) € R® as follows
T 1T
Tof [eﬁr eeTr] ) Uoé [e\T/r eeTr] (41)
Now differentiating ro in (41) with respect to time and
using (11) and (41), we obtain

rg = |:6.R":|_’U0—Q,

€e

(42)

r

T
where Q(t) € RS is defined as Q 2 [(wgfeRr)Tom} )

A. Velocity Filter Design

To account for the lack of follower spacecraft transla-
tion and angular velocity measurements viz., V; and wy,
or equivalently the velocity tracking errors viz., ey, and
wr, a filtered velocity error signal ef(t) € RS is produced
using a filter. The filter is constructed as shown below

ef = —kro+p, (43)
where k > 0 is a positive, constant filter gain, p(t) € R®
is a pseudo-velocity tracking error generated using

p=—(k+1)p+ E*rg +Tro+ A, p(0) = kro(0), (44)

where T'(t) € RS0 and A(f) € RS are

defined as T 2diag< kols, kilgfg and
(1—e?rear)

T

A ﬁ { k[P (6f2 +€5r) —C}’;Cflwrd} XeRr) 01><3} R

respectively, kg > 0 is a constant, k; > 1 is a constant,
and ey, (t) € R is obtained by decomposing ey as

T
ef = [6?1 6?2} with ey, (t), ey, (t) € R3.
To assist in the development of the filtered velocity

error signal ey dynamics, we introduce an auxiliary
tracking error variable n(t) € R® as follows

n 2 vo + ef + 7o. (45)

Note that using (45) in (42) produces
fo = n—ep—1ro—K. (46)
Next, we decompose 1 as n = [an 772]T, where

m(t),m.(t) € R3. Using this decomposition, (45) yields

T =ey +ep +er,, Ny =éc +ef, +ee.  (47)

In addition, solving for wp in (19), and substituting for
wy from (30) in the resulting equation, we obtain

whe = P(n, — Cfs — €e,) + Cl;(fiwrd + Cl]oofewbe’ (48)

where (40) and (47) have been used. Next, substitute
(48) into the definition of © and rearrange terms to
decompose () as

Q = O +Q (t), () R’ (49)

T

T
where Q; = [((Pnz—i—CEféwbe)XeRr) 01><3:| and

T T
Oy = ((—P (ef2 + esr) + C}g(fiwrd)x 6R1_> 01><3]

To obtain the closed-loop dynamics of ey, we take
the time derivative of (43), which yields

éf = —kn—e;+Tro+ Kk, (50)
where (43), (44), (46), and A = —k€Q, have been used.

B. Open-Loop Auxiliary Tracking Error Dynamics

We begin by differentiating n of (45) with respect to
time and substituting the time derivative of (40) and
(41) to produce

. ey,
7’ =

Twe, + T, ] Tértom @ Gl

where (42) has been used. Next, we multiply M (t) €
R6%6 defined as M 2 diag {mffg, PTJfP} on both sides
of (51) to yield

. . mfévr . .
Mn = |:PTJfPTWer + PTJPToe, :| +M (éf +vo — Q). (52)
Using (34) and (39), PTJiPTw., in (52) is ex-
pressed as PTJ;PTw, = P (Jiwe,)” we, + PT (Tun:
+Tkny + 7t). Next, we substitute for we, from (40) into
PT JiPTw,, + PT J;PT,, to obtain

PT JPTwe, + PTJPTée, =PT (JfPT + (JpPée,)™ ) Pé.,

+P" (Tuny + Tiny +71) . (53)

To simplify notation, we define an inertia-like
matrix J*(t) € R¥>3 as J*(e.,ec) 2 PTJP
and a coriolis-like matrix C*(t) € R¥3 as
C* (€eys €y berrbc,) 2 JTP + PT(JPé.,)” P. Using
these definitions, (53) is given by

PT JPTwe, + PT JtPTwe,=C 1y — C* (e, + e2,)
+PT (Tunr + Tknr + Tf) 7(54)

where (47) has been used.
Next, to simplify é5 + vp —  term in (52), we use
(49), (50), and v from (45) to produce

éf—l-vo—Q:—/;377—26f+f‘7“0+1%91—92, (55)
where k 2k —1,T 2T — I.

Finally, wusing (12), (54), and (55), the
open-loop dynamics 7 of (52) yields Mn =

A—l_an—l—N—i—M(Fro —Zef—Qg) +x + kMO + ug,
where N(t), A(t), x(t), us(t) € RS are defined as
N £ [{meVf L Obf [t Re + (g7 ) {tr (Je) I +27c

[EAR
T
5RTJ R,

— i s b ray + £ + [y e+ (ari) {tr (i) Ts

s5RY JeR R T 7T
+2J¢ 7“%f‘f‘2f13}—“R£H]} (PTTknr) } A L2 (0143
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(C’*nz)T}T, X2 [( — mfw]:fevr)T ( — C’*(ef2 + €5r)

7T 7T
—|—PT7—unr) , and uf 2 {fT (PTTf)

Remark 4.1: The inertia- and coriolis-like matrices

of J* and C* satisfy the skew-symmetric property of

T (%J* + C*) 2z =0, Vz € RS. See [3] for details.

, respectively.

C. Stability Analysis

To facilitate the following stability analysis, we
introduce several variables. We define an auXiTliary
error variable y(t) € RS as y 2 [an (PUQ)T} =

[y yQT]T, where y1(t),y2(t) € R3. Next, we de-
fine a combined error variable z(t) € R!® as
2| ek €T SRVATC | ! d tant ma-
< [ RS Jieren Yy } and a constant ma
trix M € R6%6 as M 2 diag {mflg, Jr}. In addition, we
define x1(t) € RS and XQ( ) € R? as

I 0
we et o« (56)
_ bl x T
& (ke 4 Rptan) | (Pt O | o)
X

Finally, we define some positive constants, A;, A, keR ,

I<; ky, and Kpax as A2 %mm{ko,l mg, mm{Jf}
Ay A 1 max{k:o,l mg, Inax{Jf}} keRr = kO -

D’_.\“/_/

o EAmin{M}, ky 2% — 1, and ey 2
max k‘eRr , ky}, respectively, where )\min{X } and
Amax 3 X } represent the minimum and maximum

eigenvalue, respectively, of a matrix X.

Remark 4.2: Using (56) and (57), it can be shown
that x, and x satisfy [[x1]| < po([|z[])]z] and [Ix2 <
pa(||z||) |||, respectively, where py(-) and ps(-) are some
nondecreasing functions. Note that the definition of
x depends on Tu,,, which is dependent on the leader
spacecraft angular velocity wye. If the leader spacecraft
control inputs f; and 74 are designed using the control
design framework of [6], or an output feedback extension
of [6] in the spirit of this paper, then the leader space-
craft will asymptotically track the desired translation
and attitude motion. In this case, it is reasonable to
assume that wpe(t) € Lo, which can be used to show
boundedness of x;.

Theorem 4.1: The output feedback control law ug(t)
given by

’U,f:]fef—N—M(fT()—2€f—Qg)— [ kiee,
(

koeRr
1763'; ear)z
(58)
ensures semi-global asymptotic convergence of the fol-
lower spacecraft relative translational position and ve-
locity tracking errors and the follower spacecraft relative
attitude position and angular velocity tracking errors
as delineated by tlim er, (t),ev.(t),eq (t),wr(t) = 0,
— 00

if the initial condition of e, is selected such that
le,(0)|| # 0 and k, ko are selected such that kpyax >

ot (/21 O)) + 23 (/31201

Proof. The proof follows by showing that the
time derivative of the p051tlve definite function V 2

1koeR TeR +1 sef 6f+211 o Z+§y
semidefinite, where k, ko are selected such that kpax >
pf( i‘—f||x(0)||) + p%( i‘—f||x(0)||) Next standard
signal chasing arguments are employed to show that
all signals in the closed-loop system remain bounded.

Finally, Barbalat’s Lemma is used to accomplish the
result of Theorem 4.1. See [3], [10] for a similar proof.

TN y is negative-

V. Illustrative Simulation

In this section, we illustrate the output feedback
controller of Section IV such that a follower spacecraft
with mutually coupled translation and attitude motion
dynamics tracks a desired trajectory relative to a leader
spacecraft, where the leader spacecraft with mutually
coupled translation and attitude motion dynamics also
follows a given desired trajectory. In this paper, the
desired translation motion trajectory for the leader
spacecraft is a natural elliptical orbit around the earth
[6]. The following problem data is used in our simula-
tion: M = 5.974x10%* kg, G = 6.673x 10711 m? /kg - 52,
me = 410 kg, J, = diag(17,20,18) kg-m?, a =
4.2223 x 10" m, and e = 0.01, where a and e denote
the semi-major axis and the eccentricity, respectively,
of the desired elliptical orbit of the leader spacecraft.
Typically, for useful operation, a body-fixed spacecraft
axis must point towards a specified direction. Thus, the
desired attitude trajectory of the leader spacecraft is
generated such that the leader spacecraft body-fixed
axis (viz., the —z axis of the desired, leader spacecraft
body-fixed reference frame Fq) points towards the earth
center [6].

Next, we consider a leader-follower SFF configuration
with the following parameters for the follower space-
craft: my = 410 kg and J; = diag(7,20,18) kg-m?
The desired translation motion trajectory of the
follower spacecraft relative to the leader space-

craft is selected as sz: 25 sin(wirt) [lfe’o'2t3 i

+25c0s(wirt) [1 —e 02| 95 sin(wut) [1 - e—o-ﬂ k,

where wy, = 5x 1077 rad/s. We use (9) and the rotation
matrix C}; to obtain the desired follower spacecraft
relative translation motion trajectory components, i.e.,
position pgr,, velocity pv,, and acceleration DV, which
are expressed in the follower spacecraft body-fixed
reference frame Fy¢. The initial value of C}; is obtained

as outlined below. Finally, noting that R, = V, —wngg
and using (10), the actual follower spacecraft position
and velocity are initialized to R¢(0) = pr,(0) — [25
—15 157 + CRO)R(0) and Vi(0) = pv,(0)
+CPE(0)V,(0), respectively, where CPf(0) is obtained
from Ci.(0) = CPf(0)Ci,(0). Although this desired
relative translation motion trajectory may not cor-
respond to a practical scenario, we contend that it
demonstrates the efficacy of the proposed controller to
track aggressive trajectories, which may arise during the
formation reconfiguration process. Alternatively, one
can produce a follower spacecraft desired translation
motion trajectory based on natural orbital motion.
Next, the desired attitude trajectory  of
the follower spacecraft relative to the leader
spacecraft is specified by the unit quaternion as
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follows e, = [ 0.9165cos(wart) 0.4472sin(wy,t)
0.8 sin(wart) ]T, Cry = 0.4, where w,y = 1 x 1074 rad/s.
For this desired attitude trajectory, wy, and wy,
can be computed using (25). The actual follower

spacecraft attitude and angular velocity are initialized
to ene(0) = [ 0.6 —0.3 0.4 |, (e(0) = 0.6245, and

wpe(0) = | 0.5 =03 0.2 }T rad/s. These values of
ebt(0), Cpe(0) satisfy the unit norm constraint and are
used to obtain C}(0) = C(epe(0), (be(0)).

The control gains in (58) are tuned by trial and error
to achieve a good tracking response and are given as
k =60, kg =1, and k; = 1. For the above problem and
design data, the results of numerical simulations are
provided in Figure 2. In particular, Figures 2(a) and (b)
depict the translational position and velocity tracking
errors. Furthermore, Figures 2(c) and (d) depict the
relative angular orientation tracking errors (in terms of
the error quaternion) and the angular velocity tracking
errors. Finally, Figures 2(e) and (f) show the control
forces and torques used by the follower spacecraft.

VI. Conclusion

In this paper, we addressed an output feedback
tracking control problem for a follower spacecraft with
coupled translation and attitude motion when only
translational position and attitude orientation mea-
surements are available. A Lyapunov based tracking
controller was designed with guaranteed semi-global,
asymptotic stability for the position and velocity track-
ing errors. This control design methodology required
only position measurements while estimating velocity
error through a high pass filtering scheme. A numerical
simulation was presented to illustrate the efficacy of this
control design.
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