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Abstract—In this paper, we address an output feedback
tracking control problem for the coupled translation and
attitude motion of a follower spacecraft relative to a leader
spacecraft. It is assumed that i) the leader spacecraft is
tracking a given desired translation and attitude motion
trajectory and ii) the translation and angular velocity
measurements of the two spacecraft are not available for
feedback. First, the mutually coupled translation and atti-
tude motion dynamics of the follower spacecraft relative to
a leader spacecraft are described. Next, a suitable high-pass
filter is employed to estimate the follower spacecraft relative
translation and angular velocities using measurements of
its relative translational position and attitude orientation.
Using a Lyapunov framework, a nonlinear output feed-
back control law is designed that ensures the semi-global
asymptotic convergence of the follower spacecraft relative
translation and attitude position tracking errors, despite the
lack of translation and angular velocity measurements of the
two spacecraft. Finally, an illustrative numerical simulation
is presented to demonstrate the effectiveness of the proposed
control design methodology.

I. Introduction

Spacecraft formation flying (SFF) has the potential to
enhance space-based imaging/interferometry missions
through the use of distributed apertures. Specifically,
by combining the imaging apertures placed on several
separated spacecraft and by appropriately configuring
the formation geometry, the sensing aperture can be
enlarged beyond the capability of a single spacecraft.
However, effective utilization of the SFF technology
necessitates highly maneuverable spacecraft to be pre-
cisely controlled in a formation so as to maintain a
meaningful separation and orientation. Thus, develop-
ment of a systematic SFF control design framework
incorporating the six degree-of-freedom (DOF) coupled
translation and attitude motion dynamics of spacecraft
is of paramount importance.

The study of dynamics and control for six-DOF
spacecraft has received scant attention in the current
literature. Some recent exceptions include [8], [9]. These
control methods require the use of translation and an-
gular velocity measurements of spacecraft for feedback.
Unfortunately, cost/weight constraints may not permit
the use of translation and angular velocity sensors.
In prior research, several authors have addressed the
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problem of output feedback control of spacecraft. Specif-
ically, using the four-parameter quaternion represen-
tation of the spacecraft attitude, an adaptive output
feedback attitude tracking controller was developed in
[3]. Furthermore, in [10], an adaptive output feedback
position tracking controller was developed for SFF.
However, the output feedback control problem for the
six-DOF coupled translation and attitude motion of
spacecraft formations remains to be addressed.

In this paper, we address the output feedback track-
ing control problem for the six-DOF motion of a follower
spacecraft relative to a leader spacecraft using the
coupled translation and attitude dynamics of a leader-
follower spacecraft pair developed in [7]. A high-pass
filter is employed to generate a velocity-related signal
from the translational position and attitude orientation
measurements. A judicious modification of the generally
recommended [4] filter is implemented to overcome
the complexity arising from the mutual coupling of
the follower spacecraft translation and attitude mo-
tion dynamics. Using a suitable Lyapunov function,
our nonlinear output feedback control law guarantees
asymptotic convergence of the translation and attitude
position tracking errors, despite the lack of translation
and angular velocity feedback.

II. Mathematical Preliminaries
Throughout this paper, several reference frames are

employed to characterize the translation and attitude
motion dynamics of a spacecraft. Each reference frame
used in this paper is assumed to consist of three basis
vectors which are right-handed, mutually perpendicular,
and of unit length. Let F denote a reference frame
and let

→
i ,

→
j , and

→
k denote the three basis vectors

of F . Then
→
F �

=

[ →
i
→
j
→
k

]
denotes the vectrix of the

reference frame F [5]. A vector
→
A can be expressed

in the reference frame F as
→
A �

= a1

→
i +a2

→
j +a3

→
k ,

where a1, a2, and a3 denote the components of
→
A along

→
i ,

→
j , and

→
k , respectively. Frequently, we will assemble

these components as A �
= [a1 a2 a3]

T . Using the above
vectrix formalism and the usual vector inner product,
a vector

→
A can be expressed in the reference frame F

as
→
A= AT

→
F=

→
F T A.

The vectrix
→
F has the following two properties: i)

→
F · →

F T = I3, where “·” denotes the usual vector

2005 American Control Conference
June 8-10, 2005. Portland, OR, USA

0-7803-9098-9/05/$25.00 ©2005 AACC

ThB04.6

2419



dot product and In denotes an n dimensional identity

matrix and ii)
→
F × →

F T =

[ →
0

→
k −

→
j

−
→
k

→
0

→
i

→
j −

→
i

→
0

]
, where

“×” denotes the usual vector cross product. Thus, it
follows that A =

→
F · →

A=
→
A · →

F . Next, let
→
B be a

vector, which is expressed in F by
→
B �

= b1

→
i +b2

→
j

+b3

→
k , and let B �

= [b1 b2 b3]
T . Then, it follows that

→
A · →

B = AT B = BT A and
→
A × →

B=
→
F T A×B, where

A× �
=

[
0 −a3 a2

a3 0 −a1
−a2 a1 0

]
.

Throughout this paper, various vectors will be ex-
pressed in two or more different reference frames using
the rotation matrix concept. For example, consider
a vector

→
A expressed in the reference frame Fu has

components Au, i.e.,
→
A=

→
F T

u Au, where
→
F u denotes the

vectrix of the reference frame Fu. Similarly, consider
the vector

→
A expressed in the reference frame Fv has

components Av, i.e.,
→
A=

→
F T

v Av, where
→
F v denotes the

vectrix of the reference frame Fv. Then, it follows that
Av =

→
F v · →

F T
u Au = Cu

vAu, where Cu
v

�
=

→
F v · →

F T
u ∈

SO(3) denotes the rotation matrix that transforms the
components of a vector expressed in Fu (viz., Au) to the
components of the same vector expressed in Fv (viz.,
Av). Here the notation SO(3) represents the set of all
3 × 3 rotation matrices.

Let us consider the vector
→
A expressed in another

reference frame Fw has components Aw, i.e.,
→
A=

→
FT

wAw,
where

→
F w denotes the vectrix of the reference frame

Fw. Then, as above, Au =
→
F u · →

F T
wAw = Cw

u Aw and
Av =

→
F v · →

F T
wAw = Cw

v Aw, where Cw
u

�
=

→
F u · →

F T
w ∈

SO(3) and Cw
v

�
=

→
F v · →

FT
w ∈ SO(3). Finally, it follows

that Av = Cu
vCw

u Aw and Cw
v = Cu

vCw
u .

III. Follower Spacecraft Relative Dynamic Model

In this section, we review the translation and attitude
motion dynamics of a follower spacecraft relative to a
leader spacecraft [7]. Each spacecraft is modeled as a
rigid body with actuators that provide body-fixed forces
and torques about three mutually perpendicular axes
that define a body-fixed reference frame (i.e., Fb� and
Fbf located at the mass center of the leader and follower
spacecraft, respectively) as shown in Figure 1. We fully
account for the mutual coupling between the translation
and attitude motion of each spacecraft. For given de-
sired translation and attitude motion trajectories of the
follower spacecraft relative to the leader spacecraft, we
develop the relative translational position and attitude
error dynamics. Finally, we state our control objectives
for the translation and attitude motion of the follower
spacecraft relative to the leader spacecraft.

A. Follower Spacecraft Relative Translation Motion
Dynamics

Let Fi be an inertial reference frame fixed at the
center of the earth and let

→
A be an arbitrary vector

measured with respect to the origin of Fi. Then, in

this paper,
•→
A (t) denotes the time derivative of

→
A (t)

measured in Fi. Using this notation, the translation

motion dynamics of the leader spacecraft is given by [5]
•→
R� =

→
V �, m�

•→
V �=

→
fe� +

→
fd� −

→
f�, (1)

where m� denotes the mass of the leader spacecraft,→
R� (t) and

→
V � (t) denote the position and velocity

of its mass center, respectively,
→
fe� (t) denotes the

inverse-square gravitational force that leads to an
elliptical orbit [2], [5],

→
fd� (t) denotes the attitude-

dependent disturbance force that causes the leader
spacecraft trajectory to deviate from an ellipse [5], and
→
f� (t) denotes the external control force. The inverse-
square gravitational force and the attitude-dependent
disturbance force are given as

→
fe�= − µm�

||
→
R�||3

→
R�

and
→
fd�= − 3µ

2||
→
R�||4

[{
tr (J�)

→
I +2

→
J�

}
· →
Z� −5

(→
Z�

· →
J� · →

Z�

) →
Z�

]
, respectively, where µ �

= MG with
M being the mass of the earth and G being the
universal gravitational constant, J� is the constant,
positive-definite, symmetric inertia matrix of the leader
spacecraft expressed in Fb�,

→
J�

�
=

→
FT

b�J�

→
F b� denotes

the central inertia dyadic of the leader spacecraft
[5],

→
I denotes the dyadic of a 3 × 3 identity matrix,

→
Z�

�
=

→
R�

||
→
R�||

with ‖ →
R� ‖ �

=

√→
R � ·

→
R �, and tr (·) denotes

the trace of a matrix.
Analogous to the leader spacecraft, the nonlinear

translation motion dynamics of the follower spacecraft
is given by [5]

•→
Rf=

→
V f, mf

•→
V f=

→
fef +

→
fdf −

→
ff, (2)

where mf,
→
Rf (t),

→
V f (t),

→
fef (t),

→
fdf (t), and

→
ff (t) are

defined similar to the case of the leader spacecraft.
Next, we develop the translation motion dynamics of

the follower spacecraft relative to the leader spacecraft.
Before proceeding, for convenience, we introduce the
notation

→
ρR

�
=

→
Rf −

→
R�,

→
ρV

�
=

→
V f −

→
V � . (3)

Let
→
ωbf (t) denote the angular velocity of Fbf relative

to Fi. In this paper,
�→
A (t) denotes the time derivative

of an arbitrary vector
→
A measured in Fbf. Using this

notation, the time derivative of vector
→
A measured in

Fi is given by
•→
A =

�→
A +

→
ωbf ×

→
A . (4)

Following (4) for vectors
•→
Rf (t),

•→
V f (t),

•→
ρR (t), and

•→
ρV (t)

yields
•→
Rf=

�→
Rf +

→
ωbf ×

→
Rf,

•→
V f=

�→
V f +

→
ωbf ×

→
V f,

•→
ρR=

�→
ρR

+
→
ωbf ×

→
ρR, and

•→
ρV=

�→
ρV +

→
ωbf ×

→
ρV, respectively.

In this paper, we assume that the desired transla-
tional position of the follower spacecraft relative to
the leader spacecraft, denoted by

→
ρRd (t), is given.

In addition, we assume that the time derivative of

2420



→
ρRd measured in Fi and denoted by

→
ρVd (t) �

=

•→
ρRd

is given. Note that
→
ρRd (t) and its first two time

derivatives are assumed to be bounded functions of

time. Next, following (4) for vectors
•→
ρRd and

•→
ρVd yields

•→
ρRd=

�→
ρRd

+
→
ωbf × →

ρRd and
•→
ρVd=

�→
ρVd

+
→
ωbf × →

ρVd ,
respectively.

Now we develop the error dynamics of the translation
motion of the follower spacecraft relative to the leader
spacecraft. We begin by introducing the notation

→
eRr

�
=

→
ρRd − →

ρR,
→
eVr

�
=

→
ρVd − →

ρV . (5)

Computing the time derivative of both sides of (5)
measured in Fi and performing simple manipulations,
we get
•→
eRr=

�→
ρRd

−
�→
ρR+

→
ωbf ×

→
eRr ,

•→
eVr=

�→
ρVd

−
�→
ρV+

→
ωbf ×

→
eVr . (6)

It follows from (5) that
�→
eRr =

�→
ρRd

−
�→
ρR and

•→
eRr =

•→
ρRd −

•→
ρR. Similarly, it follows from (5) that

�→
eVr =

�→
ρVd

−
�→
ρV and

•→
eVr =

•→
ρVd −

•→
ρV. Combining (1)–(3), (5),

and (6), we obtain the translation error dynamics of
the follower spacecraft relative to the leader spacecraft
given by
�→
eRr =

→
eVr −

→
ωbf × →

eRr , (7)
�→
eVr =

•→
ρVd − →

ωbf × →
eVr +

1
m�

(→
fe� +

→
fd�

)
− 1

m�

→
f�

− 1
mf

(→
fef +

→
fdf

)
+

1
mf

→
ff . (8)

Now using the framework of Section II, various
vectors of interest can be expressed in the follower
spacecraft body-fixed reference frame Fbf as follows[
Rf Vf ρR ρ̇R ρV ρ̇V ρRd ρ̇Rd ρVd DV eRr ėRr eVr

ėVr ωbf ff fef fdf

]
�
=

→
F bf ·

[ →
Rf

→
V f

→
ρR

�→
ρR

→
ρV

�→
ρV

→
ρRd

�→
ρRd

→
ρVd

•→
ρVd

→
eRr

�→
eRr

→
eVr

�→
eVr

→
ωbf

→
ff

→
fef

→
fdf

]
, (9)

where Rf(t), Vf(t), ρR(t), ρ̇R(t), ρV(t), ρ̇V(t), ρRd(t),
ρ̇Rd(t), ρVd(t), DV (t), eRr(t), ėRr(t), eVr(t), ėVr(t),
ωbf(t), ff(t), fef(t), fdf(t) ∈ R

3 and
→
F bf denotes the

vectrix of the reference frame Fbf. Similarly, various
vectors of interest can be expressed in Fb� as follows

[R� V� f� fe� fd�] �
=

→
F b� ·

[
→
R�

→
V �

→
f�

→
fe�

→
fd�

]
, where

R�(t), V�(t), f�(t), fe�(t), fd�(t) ∈ R
3 and

→
F b� denotes

the vectrix of the reference frame Fb�. Next, it follows
from Section II that various vectors of interest originally
expressed in Fb� can be expressed in Fbf using the
rotation matrix Cb�

bf , which is given in the sequel. Thus,
using (3), (5), and the vectrix formalism of Section II,
we obtain

Rf = ρRd − eRr + Cb�
bf R�, Vf = ρVd − eVr + Cb�

bf V�. (10)

Finally, an application of the vectrix formalism of
Section II on (7) and (8) yields

ėRr = eVr − ω×
bfeRr , (11)

ėVr = DV −ω×
bfeVr −

1

m�
Cb�

bf

[
µm�

||
→
R�||3

R� +
{
tr (J�) I3

3µ

2||
→
R�||4

+2J� − 5RT
�

J�R�

||
→
R�||2

I3

}
R�

||
→
R�||

+ f�

]
+

1

mf

[
µmf

||
→
Rf||3

Rf

+ 3µ

2||
→
Rf||4

{
tr (Jf) I3 + 2Jf −

5RT

f
JfRf

||
→
Rf||2

I3

}
Rf

||
→
Rf||

]
+

1

mf
ff. (12)

Remark 3.1: We assume that the desired translation
motion dynamics of the follower spacecraft relative
to the leader spacecraft will be typically specified in
the earth-fixed inertial reference frame Fi. Let

→
F i=[→

i
→
j

→
k

]T

denote the vectrix of the inertial reference
frame Fi. In addition, let x(t), y(t), z(t) ∈ R denote the
components of

→
ρRd along

→
i ,

→
j , and

→
k , respectively.

Then,
→
ρRd=

→
F T

i Dr, where Dr(t) ∈ R
3, Dr

�
= [x y z]T .

With
•→
ρRd and

••→
ρRd denoting the first and second

derivatives, respectively, of
→
ρRd measured in Fi, we

can express
•→
ρRd and

••→
ρRd in Fi as Ḋr

�
=

→
F T

i ·
•→
ρRd and

D̈r
�
=

→
F T

i ·
••→
ρRd , respectively, where Ḋr(t), D̈r(t) ∈ R

3.
Now using the rotation matrix framework of Section II,
we transform Dr, Ḋr, and D̈r to the follower spacecraft
body-fixed reference frame Fbf as follows ρRd = C i

bfDr,
ρVd = C i

bfḊr, and DV = Ci
bfD̈r, where C i

bf is given in
the sequel.

B. Follower Spacecraft Relative Attitude Dynamics
We begin by characterizing the attitude dynamics

of the leader and follower spacecraft. The attitude
dynamics of the leader spacecraft is given by

•→
h � =

→
τg� +

→
τ�, (13)

where
→
h � (t) given by

→
h �=

→
J� · →

ωb� denotes the angular
momentum of the leader spacecraft about its mass
center,

→
τg� (t) given by

→
τg�= 3µ

||
→
R�||3

→
Z� ×

→
J� ·

→
Z� denotes

the gravity gradient torque [5], and
→
τ� (t) denotes the

control torque.
Next, let

→
ωb� (t) denote the angular velocity of Fb�

relative to Fi and let
◦→
A (t) denote the time derivative

of an arbitrary vector
→
A(t) measured in Fb�. Then, the

time derivative of
→
h � measured in Fi is given by

•→
h � =

◦→
h � +

→
ωb� × →

h �. Once again, using the framework of
Section II, various vectors of interest can be expressed in

Fb� as [h� ω̇b� τg� τ�] �
=

→
F b� ·

[
→
h �

◦→
ωb�

→
τg�

→
τ�

]
, where

h�(t), ω̇b�(t), τg�(t), τ�(t) ∈ R
3. Now an application of

the vectrix formalism of Section II on (13) yields

J�ω̇b� = −ω×
b�J�ωb� + τg� + τ�. (14)
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Next, we characterize the kinematic equation that
relates the time derivative of the leader spacecraft
angular orientation to its angular velocity as follows
[5][

ε̇b�

ζ̇b�

]
=E(εb�, ζb�)ωb�, E(εb�, ζb�) �

=

1
2

[
ε×b� + ζb�I3

−εT
b�

]
,

(15)
where (εb�(t), ζb�(t)) ∈ R

3 ×R represents the quater-
nion, which characterizes the attitude of Fb� with re-
spect to Fi. By construction, (εb�, ζb�) must satisfy the
unit norm constraint εT

b�εb� +ζ2
b� = 1. Following [5], the

rotation matrix Ci
b� ∈ SO(3), which brings the inertial

frame Fi onto the spacecraft body-fixed reference frame
Fb�, is given as C i

b� = C(εb�, ζb�) �
=

(
ζ2
b� − εT

b�εb�

)
I3 +

2εb�ε
T
b�−2ζb�ε

×
b�. The dynamic and kinematic equations

of (14) and (15) represent the attitude dynamics of the
leader spacecraft.

The attitude dynamics of the follower spacecraft is
analogously given by (13) with subscript � replaced by f.
In addition, various vectors of interest can be expressed
in the follower spacecraft body-fixed reference frame Fbf

as [hf ω̇bf τgf τf] �
=

→
F bf ·

[
→
hf

�→
ωbf

→
τgf

→
τf

]
. The attitude

dynamics of the follower spacecraft is then characterized
by the following dynamic and kinematic equations

Jfω̇bf = −ω×
bfJfωbf + τgf + τf, (16)[

ε̇bf

ζ̇bf

]
= E(εbf, ζbf)ωbf. (17)

Following the definition of Ci
b�, the rotation matrix

C i
bf ∈ SO(3), which brings the inertial frame Fi onto

the follower spacecraft body-fixed reference frame Fbf,
is given as Ci

bf
�
= C(εbf, ζbf). The dynamic and kine-

matic equations of (16) and (17) represent the attitude
dynamics of the follower spacecraft.

Next, we develop the attitude dynamics of the fol-
lower spacecraft relative to the leader spacecraft. Let
(εr(t), ζr(t)) ∈ R

3 × R denote the unit quaternion
characterizing the mismatch between the orientation of
the follower spacecraft Fbf and the orientation of the
leader spacecraft Fb�. In addition, (εr, ζr) can be char-
acterized using (εbf, ζbf) and (εb�, ζb�) as

[
εT
r ζr

]T =

F (εbf, ζbf, εb�, ζb�) �
=

[
ζb�εbf − ζbfεb� + ε×bfεb�

ζb�ζbf + εT
b�εbf

]
. The

corresponding rotation matrix Cb�
bf ∈ SO(3), which

brings the leader spacecraft body-fixed reference frame
Fb� onto the follower spacecraft body-fixed frame Fbf,
is given as Cb�

bf = C(εr, ζr) and satisfies Cb�
bf = C i

bfC
i
b�

T .
Next, let

→
ωr (t) denote the angular velocity of Fbf

relative to Fb�. Then, it follows that
→
ωr=

→
ωbf − →

ωb�.
Now using the framework of Section II, we express

→
ωr

in the follower spacecraft body-fixed reference frame Fbf
as

ωr
�
=

→
F bf · →

ωr, ωr(t) ∈ R
3. (18)

In addition, we can obtain

ωr = ωbf − Cb�
bf ωb�, (19)

�→
ωr =

�→
ωbf − →

ωbf × →
ωr −

◦→
ωb� . (20)

Expressing
�→
ωr in the follower spacecraft body-fixed

reference frame Fbf as ω̇r
�
=

→
F bf ·

�→
ωr, ω̇r(t) ∈ R

3,
we can now express (20) in the follower spacecraft
body-fixed reference frame Fbf. Finally, multiplying the
resultant expression by Jf on both sides, we obtain

Jfω̇r = Jfω̇bf − Jfω
×
bfωr − JfC

b�
bf ω̇b�. (21)

We now use (14), (16), (19), and (21) to obtain the
following attitude dynamics of the follower spacecraft
relative to the leader spacecraft

Jfω̇r=−
(
ωr + Cb�

bf ωb�

)×
Jf

(
ωr + Cb�

bf ωb�

)
− Jf

(
Cb�

bf ωb�

)×
ωr

−JfC
b�
bf J

−1
�

(
− ω×

b�J�ωb� + τg� + τ�

)
+ τgf + τf. (22)

In addition, the attitude kinematics of the follower
spacecraft relative to the leader spacecraft is given by[

ε̇r

ζ̇r

]
= E(εr, ζr)ωr. (23)

Next, we characterize the desired orientation of the
follower spacecraft relative to the leader spacecraft using
a desired, follower spacecraft body-fixed reference frame
Frd . Let

→
ωrd (t) denote the desired angular velocity

of Frd with respect to Fb� and let
�→
ωrd (t) denote

the time derivative of
→
ωrd measured in Frd . Using the

framework of Section II, we express
→
ωrd and

�→
ωrd in the

desired, follower spacecraft body-fixed reference frame

Frd as follows
[
ωrd ω̇rd

]
�
=

→
F rd ·

[ →
ωrd

�→
ωrd

]
, where

ωrd(t), ω̇rd(t) ∈ R
3 and

→
F rd denotes the vectrix of the

reference frame Frd . The angular orientation of the
desired, follower spacecraft body-fixed reference frame
Frd with respect to the leader spacecraft body-fixed
reference frame Fb� is characterized by the desired unit
quaternion (εrd(t), ζrd(t)) ∈ R

3 × R, whose kinematics
is governed by[

ε̇rd

ζ̇rd

]
= E(εrd , ζrd)ωrd . (24)

The corresponding rotation matrix Cb�
rd ∈ SO(3), which

brings the leader spacecraft body-fixed reference frame
Fb� onto the desired, follower spacecraft body-fixed
reference frame Frd , is given by Cb�

rd = C(εrd , ζrd). Using
(24), it follows that

ωrd = 2
(
ζrd ε̇rd − ζ̇rdεrd

)
− 2ε×rd ε̇rd ,

ω̇rd = 2
(
ζrd ε̈rd − ζ̈rdεrd

)
− 2ε×rd ε̈rd . (25)

In this paper, we will assume that εrd , ζrd , and their
first two time derivatives are all bounded functions of
time, which yields boundedness of ωrd and ω̇rd given
above.

Now we develop the error dynamics of the attitude
motion of the follower spacecraft relative to the leader
spacecraft. Let (eεr(t), eζr(t)) ∈ R

3 × R denote the
unit quaternion characterizing the mismatch between
the actual orientation of the follower spacecraft Fbf
relative to the leader spacecraft Fb� and the desired
orientation of the follower spacecraft Frd relative to
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the leader spacecraft Fb�. Next, (eεr , eζr) can be char-
acterized using (εr, ζr) and (εrd , ζrd) as

[
eT

εr
eζr

]T =
F (εr, ζr, εrd , ζrd). The corresponding rotation matrix
Crd

bf ∈ SO(3) that brings the desired, follower space-
craft body-fixed reference frame Frd onto the follower
spacecraft body-fixed frame Fbf is given by [1], [3], [5]

Crd
bf = C(eεr , eζr), (26)

and satisfies

Crd
bf = Cb�

bf C
b�
rd

T
. (27)

Next, let
→
ωer (t) denote the angular velocity of Fbf

with respect to Frd . Then, it follows that

→
ωer =

→
ωr − →

ωrd . (28)

Now using the framework of Section II, we express
→
ωer

in the follower spacecraft body-fixed reference frame Fbf
as

ωer
�
=

→
F bf · →

ωer , ωer(t) ∈ R
3. (29)

In addition, we can now obtain

ωer = ωr − Crd
bf ωrd , (30)

�→
ωer =

�→
ωr − →

ωbf ×
(→
ωer −

→
ωr

)
−

�→
ωrd . (31)

Expressing
�→
ωer in the follower spacecraft body-fixed

reference frame Fbf as ω̇er
�
=

→
F bf ·

�→
ωer , ω̇er(t) ∈ R

3,

noting that ω̇r =
→
F bf ·

�→
ωr, and using (9), (18), and (29),

we can express (31) in the follower spacecraft body-fixed
reference frame Fbf. Finally, multiplying the resultant
expression by Jf on both sides, we obtain Jfω̇er = Jfω̇r+
Jfω

×
bf (ωr − ωer) − JfC

rd
bf ω̇rd .

We now use (22) and (30) to obtain the following
open-loop attitude tracking error dynamics of the fol-
lower spacecraft relative to the desired attitude refer-
ence frame Frd

Jfω̇er =−
(
ωer + Crd

bf ωrd + Cb�
bf ωb�

)×
Jf

(
ωer + Crd

bf ωrd

+Cb�
bf ωb�

)
− Jf

(
Cb�

bf ωb�

)×(
ωer + Crd

bf ωrd

)
+ Jf

(
ωer + Crd

bf ωrd

+Cb�
bf ωb�

)×
Crd

bf ωrd − JfC
rd
bf ω̇rd − JfC

b�
bf J

−1
�

(
− ω×

b�
J�ωb�

+
3µ

‖R�‖5
R×

� J�R� + τ�

)
+

3µ

||Rf||5
R×

f JfRf + τf. (32)

In addition, using (23), (24), (26), and (30), the open-
loop attitude tracking error kinematics is given by[

ėεr

ėζr

]
= E(eεr , eζr)ωer . (33)

Next, we rearrange the attitude dynamics of (32) to
obtain

Jfω̇er = −ω×
erJfωer + τunr + τknr + τf, (34)

where τunr(t), τknr(t) ∈ R
3 are defined as

τunr
�
= −

(
ωer + Cb�

bf ωb�

)×
Jf

(
Crd

bf ωrd + Cb�
bf ωb�

)
−

(
Crd

bf ωrd

+Cb�
bf ωb�

)×
Jfωer − Jf

(
Cb�

bf ωb�

)×(
ωer + Crd

bf ωrd

)
+ Jf

(
ωer

+Cb�
bf ωb�

)×(
Crd

bf ωrd

)
− JfC

b�
bf J

−1
�

(
− ω×

b�J�ωb�

)
, (35)

τknr
�
= −

(
Crd

bf ωrd

)×
Jf

(
Crd

bf ωrd

)
+ Jf

(
Crd

bf ωrd

)×(
Crd

bf ωrd

)
−JfC

rd
bf ω̇rd−JfC

b�
bf J

−1
�

(
3µ

‖R�‖5 R×
� J�R� + τ�

)
+ 3µ

‖Rf‖5 R×
f JfRf.

(36)

Remark 3.2: The definition of τunr in (35) depends
on ωer and ωb�, which are not measured. Thus, τunr can
not be used in the control design. On the other hand,
the definition of τknr in (36) depends on the desired
follower spacecraft attitude trajectory, the attitude of
the follower spacecraft relative to the leader spacecraft,
the translational position R�, the leader spacecraft
control torque, and the translational position Rf, signals
that are assumed to be known/measured. Thus, τknr can
be used in the control design.

C. Control Objectives
In this paper, the control objective for the translation

motion dynamics of the follower spacecraft relative to
the leader spacecraft requires that the mass center of
the follower spacecraft relative to the mass center of the
leader spacecraft track the desired relative translation
motion trajectory, i.e.,

→
ρR (t) →→

ρRd
(t) as t → ∞. In

addition, it is required that
•→
ρR (t) →

•→
ρRd

(t) as t → ∞.
Using (1)–(3), (5), and (9), the follower spacecraft
relative translation motion tracking control objective
can be stated as follows

lim
t→∞ eRr(t), eVr(t) = 0. (37)

The control objective for the attitude dynamics of the
follower spacecraft relative to the leader spacecraft re-
quires that the actual attitude of the follower spacecraft
track the desired attitude trajectory, i.e., the rotation
matrix Cb�

bf must coincide with the rotation matrix
Cb�

rd in steady-state. Using (27), this control objective
can be equivalently characterized as lim

t→∞Crd
bf = I3.

Furthermore, it is required that
→
ωr (t) →→

ωrd (t) as t → ∞.
With the aid of the unit norm constraint of (eεr , eζr)
and using (26), (28), and (29), the follower spacecraft
attitude tracking control objective can be equivalently
stated as follows

lim
t→∞ eεr(t), ωer(t) = 0. (38)

The control objectives of (37) and (38) are to be met
under the constraint of no direct velocity feedback (i.e.,
Vf and ωbf are not measured).

IV. Follower Spacecraft Output Feedback Control
Design

In this section, we develop an output feedback con-
troller based on the system dynamics of (11), (12), (33),
and (34) such that the tracking error variables eRr , eVr ,
eεr , and ωr exhibit asymptotic stability. Before proceed-
ing with the control design, for notational convenience,
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we introduce two matrices T (t) ∈ R
3×3 and P (t) ∈ R

3×3

defined as

T =
1

2

[
eζr −eε3 eε2

eε3 eζr −eε1

−eε2 eε1 eζr

]
, P = T−1, (39)

where eε1(t), eε2(t), eε3(t) ∈ R are the components of
eεr . Using (39), ėεr of (33) can be written in a compact
form as follows

ėεr = Tωer , ⇒ P ėεr = ωer . (40)

Next, we define the position and velocity tracking error
variables r0(t), v0(t) ∈ R

6 as follows

r0
�
=

[
eT
Rr

eT
εr

]T
, v0

�
=

[
eT
Vr

ėT
εr

]T
. (41)

Now differentiating r0 in (41) with respect to time and
using (11) and (41), we obtain

ṙ0 =
[

ėRr

ėεr

]
= v0 − Ω, (42)

where Ω(t) ∈ R
6 is defined as Ω �

=

[(
ω×

bfeRr

)T
01×3

]T

.

A. Velocity Filter Design
To account for the lack of follower spacecraft transla-

tion and angular velocity measurements viz., Vf and ωbf,
or equivalently the velocity tracking errors viz., eVr and
ωr, a filtered velocity error signal ef(t) ∈ R

6 is produced
using a filter. The filter is constructed as shown below

ef = −kr0 + p, (43)

where k > 0 is a positive, constant filter gain, p(t) ∈ R
6

is a pseudo-velocity tracking error generated using

ṗ = − (k + 1) p + k2r0 + Γr0 + ∆, p(0) = kr0(0), (44)

where Γ(t) ∈ R
6×6 and ∆(t) ∈ R

6 are

defined as Γ �
= diag

{
k0I3,

k1

(1−eT
εreεr)

2 I3

}
and

∆ �
=

[(
k
[
P (ef2 + eεr) −Crd

bf ωrd

]×
eRr

)T

01×3

]T

,
respectively, k0 > 0 is a constant, k1 > 1 is a constant,
and ef2(t) ∈ R

3 is obtained by decomposing ef as

ef =
[
eT

f1
eT

f2

]T

with ef1(t), ef2(t) ∈ R
3.

To assist in the development of the filtered velocity
error signal ef dynamics, we introduce an auxiliary
tracking error variable η(t) ∈ R

6 as follows

η �
= v0 + ef + r0. (45)

Note that using (45) in (42) produces

ṙ0 = η − ef − r0 − Ω. (46)

Next, we decompose η as η =
[
ηT

1 η2

]T , where
η1(t), η2(t) ∈ R

3. Using this decomposition, (45) yields

η1 = eVr + ef1 + eRr , η2 = ėεr + ef2 + eεr . (47)

In addition, solving for ωbf in (19), and substituting for
ωr from (30) in the resulting equation, we obtain

ωbf = P (η2 − ef2 − eεr) + Crd
bf ωrd + Cb�

bf ωb�, (48)

where (40) and (47) have been used. Next, substitute
(48) into the definition of Ω and rearrange terms to
decompose Ω as

Ω = Ω1 + Ω2, Ω1(t), Ω2(t) ∈ R
6, (49)

where Ω1 =
[((

Pη2 + Cb�
bf ωb�

)×
eRr

)T

01×3

]T

and

Ω2 =
[((−P (ef2 + eεr) + Crd

bf ωrd

)×
eRr

)T

01×3

]T

.

To obtain the closed-loop dynamics of ef , we take
the time derivative of (43), which yields

ėf = −kη − ef + Γr0 + kΩ1, (50)

where (43), (44), (46), and ∆ = −kΩ2 have been used.

B. Open-Loop Auxiliary Tracking Error Dynamics
We begin by differentiating η of (45) with respect to

time and substituting the time derivative of (40) and
(41) to produce

η̇ =
[

ėVr

Ṫ ωer + T ω̇er

]
+ ėf + v0 − Ω, (51)

where (42) has been used. Next, we multiply M(t) ∈
R

6×6 defined as M �
= diag

{
mfI3, P

T JfP
}

on both sides
of (51) to yield

Mη̇ =

[
mfėVr

P T JfP Ṫωer + P T JfPT ω̇er

]
+M (ėf + v0 − Ω) . (52)

Using (34) and (39), PT JfPT ω̇er in (52) is ex-
pressed as PT JfPT ω̇er = PT (Jfωer)

×
ωer + PT (τunr

+τknr + τf). Next, we substitute for ωer from (40) into
PT JfP Ṫωer + PT JfPT ω̇er to obtain

P T JfP Ṫωer + P T JfPT ω̇er =P T
(

JfP Ṫ + (JfP ėεr)
×
)

P ėεr

+P T (τunr + τknr + τf) . (53)

To simplify notation, we define an inertia-like
matrix J�(t) ∈ R

3×3 as J� (eεr , eζr) �
= PT JfP

and a coriolis-like matrix C�(t) ∈ R
3×3 as

C� (eεr , eζr , ėεr , ėζr) �
= J�ṪP + PT (JfP ėεr)

×
P . Using

these definitions, (53) is given by

PT JfP Ṫωer + PT JfPT ω̇er=C�η2 − C� (ef2 + eεr)
+PT (τunr + τknr + τf) ,(54)

where (47) has been used.
Next, to simplify ėf + v0 − Ω term in (52), we use

(49), (50), and v0 from (45) to produce

ėf + v0 − Ω = −k̄η − 2ef + Γ̄r0 + k̄Ω1 − Ω2, (55)

where k̄ �
= k − 1, Γ̄ �

= Γ − I6.
Finally, using (12), (54), and (55), the

open-loop dynamics η of (52) yields Mη̇ =
Λ− k̄Mη + N + M

(
Γ̄r0 − 2ef − Ω2

)
+ χ + k̄MΩ1 + uf,

where N(t), Λ(t), χ(t), uf(t) ∈ R
6 are defined as

N �
=

[{
mfDV − mf

m�
Cb�

bf

[
µm�

‖R�‖3 R� +
(

3µ
2‖R�‖4

){
tr

(
J�

)
I3 +2J�

− 5RT
�

J�R�

‖R�‖2 I3

}
R�

‖R�‖ + f�

]
+

[ µmf
||Rf||3

Rf +
(

3µ
2||Rf||4

){
tr

(
Jf

)
I3

+2Jf − 5RT

f
JfRf

||Rf||2
I3

} Rf
||Rf||

]}T (
P T τknr

)T
]T

, Λ �
= [01×3
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(C�η2)
T
]T , χ �

=

[(
− mfω

×
bfeVr

)T (
− C�

(
ef2 + eεr

)
+P T τunr

)T
]T

, and uf
�
=

[
fT
f

(
PT τf

)T
]T

, respectively.
Remark 4.1: The inertia- and coriolis-like matrices

of J� and C� satisfy the skew-symmetric property of
zT

(
1
2 J̇� + C�

)
z = 0, ∀z ∈ R

6. See [3] for details.

C. Stability Analysis
To facilitate the following stability analysis, we

introduce several variables. We define an auxiliary

error variable y(t) ∈ R
6 as y �

=

[
ηT

1 (Pη2)
T
]T

=[
yT
1 yT

2

]T , where y1(t), y2(t) ∈ R
3. Next, we de-

fine a combined error variable x(t) ∈ R
18 as

x �
=

[
eT
Rr

eT
f

√
k1eT

εr√
1−eT

εreεr
yT

]T

and a constant ma-

trix M̂ ∈ R
6×6 as M̂ �

= diag {mfI3, Jf}. In addition, we
define χ1(t) ∈ R

6 and χ2(t) ∈ R
3 as

χ1
�
=

[
I3 03×3

03×3 (PT )−1

]
χ, (56)

χ2
�
=

[(
keT

f + k̄ηT M
) [ (

Pη2 + Cb�
bf ωb�

)×
03×3

]]T

.(57)

Finally, we define some positive constants, λ1, λ2, keRr
,

k̂, ky, and kmax as λ1
�
=

1
2 min

{
k0, 1, mf, λmin

{
Jf

}}
,

λ2
�
=

1
2 max

{
k0, 1, mf, λmax

{
Jf

}}
, keRr

�
= k0 − 1,

k̂ �
= k̄λmin

{
M̂

}
, ky

�
= k̂ − 1, and kmax

�
=

max
{

keRr
, ky

}
, respectively, where λmin

{
X

}
and

λmax

{
X

}
represent the minimum and maximum

eigenvalue, respectively, of a matrix X .
Remark 4.2: Using (56) and (57), it can be shown

that χ1 and χ2 satisfy ‖χ1‖ ≤ ρ1(‖x‖)‖x‖ and ‖χ2‖ ≤
ρ2(‖x‖)‖x‖, respectively, where ρ1(·) and ρ2(·) are some
nondecreasing functions. Note that the definition of
χ depends on τunr, which is dependent on the leader
spacecraft angular velocity ωb�. If the leader spacecraft
control inputs f� and τ� are designed using the control
design framework of [6], or an output feedback extension
of [6] in the spirit of this paper, then the leader space-
craft will asymptotically track the desired translation
and attitude motion. In this case, it is reasonable to
assume that ωb�(t) ∈ L∞, which can be used to show
boundedness of χ1.

Theorem 4.1: The output feedback control law uf(t)
given by

uf = kef − N − M
(
Γ̄r0 − 2ef − Ω2

) −
[

k0eRr
k1eεr

(1−eT
εreεr)

2

]
,

(58)
ensures semi-global asymptotic convergence of the fol-
lower spacecraft relative translational position and ve-
locity tracking errors and the follower spacecraft relative
attitude position and angular velocity tracking errors
as delineated by lim

t→∞eRr(t), eVr(t), eεr(t), ωr(t) = 0,
if the initial condition of eεr is selected such that
‖eεr(0)‖ 	= 0 and k, k0 are selected such that kmax >

ρ2
1

(√
λ2
λ1
||x(0)||

)
+ ρ2

2

(√
λ2
λ1
||x(0)||

)
.

Proof. The proof follows by showing that the
time derivative of the positive definite function V �

=
1
2k0eRr

T eRr +
1
2ef

T ef + 1
2

k1eT
εr eεr

1−eT
εreεr

+ 1
2yT M̂ y is negative-

semidefinite, where k, k0 are selected such that kmax >

ρ2
1

(√
λ2
λ1
||x(0)||

)
+ ρ2

2

(√
λ2
λ1
||x(0)||

)
. Next standard

signal chasing arguments are employed to show that
all signals in the closed-loop system remain bounded.
Finally, Barbalat’s Lemma is used to accomplish the
result of Theorem 4.1. See [3], [10] for a similar proof.

V. Illustrative Simulation

In this section, we illustrate the output feedback
controller of Section IV such that a follower spacecraft
with mutually coupled translation and attitude motion
dynamics tracks a desired trajectory relative to a leader
spacecraft, where the leader spacecraft with mutually
coupled translation and attitude motion dynamics also
follows a given desired trajectory. In this paper, the
desired translation motion trajectory for the leader
spacecraft is a natural elliptical orbit around the earth
[6]. The following problem data is used in our simula-
tion: M = 5.974×1024 kg, G = 6.673×10−11 m2/kg · s2,
m� = 410 kg, J� = diag (17, 20, 18) kg · m2, a =
4.2223 × 107 m, and e = 0.01, where a and e denote
the semi-major axis and the eccentricity, respectively,
of the desired elliptical orbit of the leader spacecraft.
Typically, for useful operation, a body-fixed spacecraft
axis must point towards a specified direction. Thus, the
desired attitude trajectory of the leader spacecraft is
generated such that the leader spacecraft body-fixed
axis (viz., the −x axis of the desired, leader spacecraft
body-fixed reference frame Fd) points towards the earth
center [6].

Next, we consider a leader-follower SFF configuration
with the following parameters for the follower space-
craft: mf = 410 kg and Jf = diag (7, 20, 18) kg · m2.
The desired translation motion trajectory of the
follower spacecraft relative to the leader space-
craft is selected as

→
ρRd= 25 sin(ωtrt)

[
1 − e−0.2t3

] →
i

+25cos(ωtrt)
[
1 − e−0.2t3

] →
j −25 sin(ωtrt)

[
1 − e−0.2t3

] →
k ,

where ωtr = 5×10−5 rad/s. We use (9) and the rotation
matrix C i

bf to obtain the desired follower spacecraft
relative translation motion trajectory components, i.e.,
position ρRd , velocity ρVd , and acceleration DV , which
are expressed in the follower spacecraft body-fixed
reference frame Fbf. The initial value of C i

bf is obtained
as outlined below. Finally, noting that Ṙ� = V�−ω×

b�R�

and using (10), the actual follower spacecraft position
and velocity are initialized to Rf(0) = ρRd(0) − [25
−15 15]T + Cb�

bf (0)R�(0) and Vf(0) = ρVd(0)
+Cb�

bf (0)V�(0), respectively, where Cb�
bf (0) is obtained

from C i
bf(0) = Cb�

bf (0)C i
b�(0). Although this desired

relative translation motion trajectory may not cor-
respond to a practical scenario, we contend that it
demonstrates the efficacy of the proposed controller to
track aggressive trajectories, which may arise during the
formation reconfiguration process. Alternatively, one
can produce a follower spacecraft desired translation
motion trajectory based on natural orbital motion.

Next, the desired attitude trajectory of
the follower spacecraft relative to the leader
spacecraft is specified by the unit quaternion as
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follows εrd = [ 0.9165 cos(ωart) 0.4472 sin(ωart)
0.8 sin(ωart) ]T , ζrd = 0.4, where ωar = 1× 10−4 rad/s.
For this desired attitude trajectory, ωrd and ω̇rd
can be computed using (25). The actual follower
spacecraft attitude and angular velocity are initialized
to εbf(0) =

[
0.6 −0.3 0.4

]
, ζbf(0) = 0.6245, and

ωbf(0) =
[

0.5 −0.3 0.2
]T rad/s. These values of

εbf(0), ζbf(0) satisfy the unit norm constraint and are
used to obtain C i

bf(0) = C(εbf(0), ζbf(0)).
The control gains in (58) are tuned by trial and error

to achieve a good tracking response and are given as
k = 60, k0 = 1, and k1 = 1. For the above problem and
design data, the results of numerical simulations are
provided in Figure 2. In particular, Figures 2(a) and (b)
depict the translational position and velocity tracking
errors. Furthermore, Figures 2(c) and (d) depict the
relative angular orientation tracking errors (in terms of
the error quaternion) and the angular velocity tracking
errors. Finally, Figures 2(e) and (f) show the control
forces and torques used by the follower spacecraft.

VI. Conclusion
In this paper, we addressed an output feedback

tracking control problem for a follower spacecraft with
coupled translation and attitude motion when only
translational position and attitude orientation mea-
surements are available. A Lyapunov based tracking
controller was designed with guaranteed semi-global,
asymptotic stability for the position and velocity track-
ing errors. This control design methodology required
only position measurements while estimating velocity
error through a high pass filtering scheme. A numerical
simulation was presented to illustrate the efficacy of this
control design.
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Fig. 1. Schematic representation of the leader-follower spacecraft
system
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Fig. 2. Follower spacecraft tracking errors and control inputs
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