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Abstract— This paper studies the output regulation problem
of general linear systems with input saturation. The asym-
potically regulatable region which is the set of all initial
states of the plant and the exosystem is given. A feedback
controller based on a stabilizing law is given such that for given
initail pair in the regulatable region, the controller ensures
exponential output regulation.

I. INTRODUCTION

In this paper we consider the regulation problem of linear
system subject to actuator saturation. Such a system has a
control input and an exogenous input which is generated by
an autonomous exosystem. Solving this problem involves
constructing an appropriate state feedback controller that
renders the closed loop system internally stable while the
tracking error tends to zero as time tends to infnity. The
classical output regulation problem has been well studied by
Davison, Francis, Wonham [7], [8], [9]. More recently, there
has been a great deal of renewed interest in the study of
this problem subject to input saturation, which is motivated
from practical considerations of the inherent constraints on
actuators..

It is well known that output regulation inherently requires
internal stabilization and in general, linear feedback control
laws can not be used for the purpose of global asymptotic
stabilization of linear systems subject to input saturation
[2], [3]. A particular nonlinear feedback law using multiple
saturation functions for the global asymptotic stabilization
of such systems was studied in [4], [5] and the research on
regulation problem was achieved in [6].

However, it should be pointed that most of the studies are
subjected to the semi-stable systems, i.e. the eigenvalues of
the system are in the closed unit circle. For arbitrary linear
saturated system with unstable modes, it’s very diffcult to
deal with, since the null-controllable region is not the whole
state space. It was shown that nonlinear controllers could
be designed to make the closed loop system globally stable
[5]. Recently, it was shown in [1] that a straightforward
design procedure and an easily implementable controller
can achieve exponential convergence.

In[10], unstable linear system output regulation with
actuator saturation was studied. Based on a local solution
and the initial conditions which are a little neighborhood of
origin, a nonlinear controller attempts to enlarge the set of
initial conditions.. A recent work[11] studies the problem of
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general linear system. The asymptotically regulatable region
was studied. However, it was defned on a transformed
state of the plant and exosystem and hence did not give
the whole regulatable region if the system does not have
unique equilibrium point. A feedback law was constructed
assuming that a stabilizing control law has been designed.
On a sequence of subsets in the state space of plant and
exosystem, a state feedback law was defned on each of
these sets and the control was executed by choosing one
from this sequence to ensure the transformed state converge
to the origin and achieve regulation.

The objective of this paper is to study the output regu-
lation problem of general linear systems with input satura-
tion and characterize the asymptotically regulatable region
which is the set of all initial conditions of the plant and the
exosystem. We then design a simple feedback controller
based on the stabilizing law in [1] such that for given
initial pair in the regulatable region, the controller ensures
exponential output regulation.

II. PROBLEM STATEMENT AND PRELIMINARIES

Consider the system

z(k+1) = Ax(k)+ Bu(k) + Pw(k) (1)
w(k+1) Sw(k)
e(k) = Cuz(k)+ Quw(k)

where A € R"*" ., Be R"*™ P e R"*¢ S € R** C €
RP*™ () € RP*5. The plant with state z € R"™ , input
u(k) € R™ and |u(k)|,, < 1, subject to the effect of an
exogenous disturbance represented by Pw(k), where w €
R® is the state of an exosystem. e(k) represents the error
between the output Cz:(k) and reference signal —Quw(k).

The problem of constrained output regulation to be ad-
dressed in this paper is the following:
(I) Characterize of the regulatable region : Due to the
constrained input, it’s well known that the initial states of
the plant and the exosystem can not be in the whole space,
we will characterize the set of all initial states (xg,wp) on
which the problem of constrained output regulation is
solvable.
(II) Design of constrained state feedback controller :
If possible, £nd a state feedback law u = f(z,w), with
|f(z,w)|,, < 1and f(0,0) = O,such that the following
conditions hold:

(1). The equilibrium point = 0 of the system z(k+1) =
Az(k) + Bf(z,0) is asymptotically stable.
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(2). For any initial pair (z¢, wg) in the regulatable region,
the closed-loop system satisfes lim e(k) = 0.

To begin with, The following é?solimptions are made:

Al. The pair (A, B) is stabilizable.

A2. S has all its eigenvalues on the unit circle and S is
diagonalizable.

A3. There exist matrices II and I' that solve the linear
matrix equations

IS =
0 =

All+ BT + P 2)
CI+Q

Notes that the stabilizability of (A, B) is necessary for
stabilization of the plant. Due to bounded controls, the
exosystem must be bounded and S can not have unstable
modes, the stable modes can be ignored. So, we assume
S has all its eigenvalues on the unit circle, but this is not
enough, since for any non-diagonalizable form

Al .
J—{ )\},w1th/\|—l,

we have limg .o |J¥| = 0o, which is unbounded.

The third assumption, due to Francis [8], is the necessary
and suffcient conditions for the existence of solutions to the
unconstrained output regulation problem via state feedback
control.

III. THE REGULATABLE REGION

Consider system (1), a control signal u is said to be
admissible if |u(k)| < 1.

Defnition 3.1: A pair (zg,wg) € R™ x R is said to
be regulatable if there exists an admissible control so that
the time response of (1) satisfes e(K) = 0 for some
K > 0. The set of all regulatable pair (xg,wp) is called
the regulatable region and is denoted by R,.

To begin with, we observe that equation (2) is an “equi-
librium point” description or zero error state equation. At
the equilibrium point x = IIw with v = T'w, the error
e = 0. Due to the restriction that |u(k)|, < 1, it is clear
that e(k) goes to zero asymptotically at this equilibrium
point only if

, k

zg%|FS w()!OO < 1.
So, it’s necessary to restrict the exosystem initial conditions
corresponding to this equilibrium point in the following
compact set

Wr = {wo € R : [['S*wy|__ < p,Vk >0},

for some p € (0,1).

Also note that in general case (m > p), equation (2) has
infnite solutions, so there are infnite equilibrium points
at which the regulation can be achieved. For each of
these equilibrium point, the corresponding initial exosystem
state sets are different. So, the overall regulatable initial
exosystem state set should be the union of all these sets.

Wo = JWwr.
r

Now, we will study the initial conditions of system state
xo and describe the regulatable region R, in terms of W)y
and the null controllable region C(A, B) of the system

x(k+1) = Ax(k) + Bu(k) , |u(k)| < 1.

Deftnition 3.2: A state xo € R"™ is said to be null
controllable if there exists an admissible control so that
the time response satisfes z(K) = 0 for some K > 0.
The set of all null controllable states g is called the null
controllable region and is denoted by C(A, B).

By carrying out a similarity transformation if necessary,
we may assume that A and B are of the form

A — |: 641 ?42 :| c R(n1+n2)x(n1+n2) (3)
_ Bl (n14n2)xXm
B = [ B, } cR

with A; having all eigenvalues outside the unit circle, and
Ag having all eigenvalues on or inside the unit circle. It is
well known that the null-controllable region is C(A4, B) =
C(Al, Bl) @ R"2,

Corresponding to (3), we let

=[n]e=[R]e-[&]

Theorem 1. Let V; € R™ %% be the unique solution to the
linear matrix equation

VoS — A1V = P,
then the regulatable region R, is given by
Ry = {(710,720,w0) € R™ x R™ x Wy :
x10 — Vowo € C(A1, B1)}.

Proof. Since A; and S have no common eigenvalues, the
uniqueness of V' is obvious.
We £rst show that

{(z10, 20, w0) € R™ x R™ x W) :

x10 — Vowo € C(A1, B1)}
= R.

R, C

Given initial pair (zo,wg) € R4, assume there exists
an admissible control u(k) with |u(k)| < 1 such that
klim e(k) =0 . we have

oo

k—1
2(k) = AFzo + > AP Bu(l) + Pw(l)]
=0
k—1 k—1
= Ao+ ) A Bu(l) + ) A PS wg.
=0 =0

So, we get
e(k) = Cx(k) — QS™wy
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T[] [ -gsm ],

Since 1.5* is bounded for all k£ and A¥ — oo as k —
00. SO klim e(k) = 0 only if

00 00
10 + ZAl_l_lplslwo + ZAl_l_lBlu(l) =0.
=0 =0

Defne Vo = — 3 12, A7 "' PiS!, it’s easy to check that
Vo satis€es VoS — A1Vy = Py, and we get x19 — Vowy €
C(Ax1, B1). This proved that R, C R.

If for any initial pair (zg,wp) € R we can £nd an
admissible control u(k) with |u(k)|,, < 1 such that
klim e(k) = 0 then we will end the prove. This will be
dgnog in next section. |

Remark 3.1: Note the difference between theorem 1 and
the theorem in [11], since I' may not be unique, the set of
initial state x( corresponding to a given wy is also different,
the former set is big then the later in [11].

IV. STATE FEEDBACK CONTROLLER DESIGN

In this section, we will construct a feedback controller
that solves constrained output regulation problem . We will
consider two cases of the given system.

Case 1. Assume there exists matrix V' which satisfes
VS—-AV =P

We will rearrange A and B into

A = [ (’)41 212 } e R(mi+na)x (n)+n) )

B

|: By :| c R(n;—&-n;)xm

with A; having all eigenvalues on or outside the unit
circle, and A, having all eigenvalues inside the unit circle.
Notice the difference in partition (4) and partition (3).
Corresponding to (4), we let

[ ] I N W
o= =l [e=[ B ]v= 1]

and the above equation becomes
uls-le L e )= R]
| V2 | 0 A Vol | Po|°
Lemma 1 [1] Let A € (0,1), for every initial condition
To € Cy 2 C(A\ 1Ay, A1 By), there exists a state feedback
law u(k) = h[z(k)] such that the solution of z(k + 1) =
Ayz(k) + Byu(k) satises z(k) € M¥pc, (29)Cy , and the
control signal satisfes |u(k)| . < A¥pe, (z9) < AF.
The construction of this state feedback controller can be
found in [1]. We will construct a control law which is based
on this feedback controller to achieve regulation.

Theorem 2 Assume there exists matrix V which
satistes V.S — AV = P, for every initial pair (xq,wp) €

(3310,.’1?20,1[]0) S Rnll X Rn; X Wr : 210 — Viwg € C)\},
under the following controller
uw(k) = hlz(k) — NViw(k) —
+(1 = A9 Tw(k)

(1= A" yw(k)]

the closed-loop system satisfes lim e(k) = 0.

Proof. Corresponding to (4), ng can divide system (1)
into two subsystems

zi(k+1) = Aiz(k)+ Biu(k) + Prw(k)  (5)
xo(k+1) = Agx(k) + Bou(k) + Pyw(k)  (6)
wk+1) = Swk)
e(k) = Cu(k)+ Qu(k)
Defne
i(k) = z(k) + NVw(k) + (1 — \*)Tw(k)

or

Zi(k) = zi(k) — NViw(k) — (1 — AW Tw(k),

for i = 1,2. Then we can get
e(k) = Cla(k)+ M NVwk)+
+Qu(k)
= Ci(k) + N CVw(k) — TTw(k)].

Since V.S — AV = P, we have AV —V S+115— AIl = BT’
or

(1= A")Iw(k)]

AV =WV S+1LS — A1y, = BT
AgVy — VoS + 115 — Aolly, = Boll
so, for 1 = 1,2, we have
Fi(k+1) = Aiz(k) — (1 = \F)BiTw(k) + Bju(k).

We now construct a controller which is based on the
controller in Lemma 1.

u(k) = h[Z1 (k)] + (1 = \)Tw(k).

Apply the above controller to these two subsystems, we get
z1(k+1) = A1Z1(k) + B1h[Z1(k)]
Ta(k+1) Ap®o(k) + Bah[E1 (k)]

Notes that T19 = z19 — Viwg € Cy, by Lemma 1 , we
get

lim (k) = 0

k—o0

bz (k)] < A

Since A, is stable and |h[Z;(k)]|,, < A, it follows that
Zo(k) also converges to the origin. It is easy to see that

k)l = [plE (k)] + (1 = A")Tw(k)| <1
Jim (k) = lim [Cz(k) + \*C[Vw(k) — Tw(k)]]
= [lim MOV —11)S*w,
=0
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Le. the closed-loop system satis£es klim e(k) = 0. [

Case II. Assume there doesn’t exist any matrix V' which
satisfes VS — AV = P
In this case, we use partition (3) and

II; A0 114 B, P
[Hz]s_{o AQHH2 e TR |
Let Vj be the unique solution of VS — A1V = P.

By lemma 1 , there exits a control u = § h(v/J) such
that the origin of

v(k+1) = Ajv(k) + 6 By h(v/d)

has a domain of attraction 6C(A;, By). According to [12],
there exists a control u = ¢ sat(f(v)) such that the origin
of

v(k +1) = Av(k) + 6 B sat(f(v(k)))

has a domain of attraction S5 = §C(A1, By) x R"2 .

for any initial pair (0, wo) €
{($1o,$go,w0) € R™ x R"2 x Wr : 10 — Vle S C)\},
defne a new state z = x — [lw, or z; = z; — [w,

zZ9 = I9 — HQ’LU .
Let &1 (k) = 21 (k) — N*Vow(k) — (1 — A\¥)I w(k), note
that 71 (k) = 21 (k) — A*(Vo — I;)w(k) and

lim (k) = 21(k).

By theorem 2, under the controller

u(k) = hlz(k) =X Vow (k) —(1=X)Hyw(k)|4+(1=XF)Tw(k)

we can get

k—oo
So there is a £nite K such that z(K) € S;. Finally, let the
overall controller to be

u(k) = hlz(k)=XVow(k)—(1=XF) I w (k)| +(1-A)Tw(k),

if 2(k) — Tw(k) ¢ Ss;

u(k) = Dw(k)+6 sat{ flz(k)—TTw(k)]}, z(k)—Tw(k) € Sp.

then under this control,

lim [z(k) — Tw(k)] =0

k—oo

and
lim e(k) = 0.

k—o0

Remark 4.1: Given any (zo,wg) € R, there
always exist I E}Hd )\/ such that (xg,wo) €
{(l‘lo,xgo,’wo) € R™ x R™ x Wr : 219 — Viwg € Cx ¢ .
So, we can always £nd an admissible control u(k) with
|u(k)|, < 1 such that klingo e(k) = 0. This end the prove
of Theorem 1.

V. EXAMPLES

In this section, we will give two examples using the
controller developed above.

Example 1. A second-order antistable system is de-
scribed by

o) = | 5 }x(k)—# [ - }u(k)
* [ W ol }w(k)
wk+1) = ; ”w(k)
e(k) = (1) (l)]x(k;)— H Hw(k).
with zg = [ =1 —1] and wo = [ 2 2 J.Its easy to

see that equation (2) has unique solution

10 —05 0
H{o 1]’FSAP[—0.2 —0.3}’

and the unique solution to V.S — AV = P is

025 0
V= [ 025 —0.5 }

We apply the following controller to the system

u(k) = hlz(k) —0.99"Vw(k) — (1 — 0.99%)Tw(k)]

+(1 = 0.99%)Tw(k),

the closed loop response and control action are plotted in
Fig.1.

2 2
15 15
1 1
x 05 < 05
0 0
-05 -05
-1 -1

0 50 100 150 200 0 50 100 150 200
1 1
05 05
s 0 S0
-05 -05
-1 -1

0 50 100 150 200 0 50 100 150 200

Fig. 1. Response of system in example 1
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Example 2. A second-order antistable system is de-
scribed by

ok = | 24 1(.)2}1:(1@“[(1) Hu(k)
01 O
+[ 0 Ol}ww)
wk+1) = | 1.199]10(1@)
ek) = | ¢ ”x(k)—“) ”w(k).
withzg=[1 —11] and wg =] 0.108 0.32 ]'.It’s easy

to see that equation (2) has unique solution

10 -1.5 1
H_[o 1}F_S_A_P_[L20w}’
and the unique solution to V.S — AV = P is
V= 0.3391 —0.5747
~ | 0.7429 —0.9593 |-

We apply the following controller to the system
u(k) = hlz(k) —0.99Vw(k) — (1 — 0.99%)Tw(k)]
+(1 = 0.99%)Iw(k),

the closed loop response and control action are plotted in
Fig.2.

2 2
1 1
x 0 X' 0
-1 -1
2 -2
0 50 100 150 200 0 50 100 150 200
Time Time
1 1
0.5 0.5
5 0 50
-05 -05
-1 -1
0 50 100 150 200 0 50 100 150 200
Time Time

Fig. 2. Response of system in example 2

VI. CONCLUSIONS

In this paper we studied the regulation problem of linear
system subject to actuator saturation. The asymptotically
regulatable region which is the set of all initial conditions
of the plant and the exosystem is given. A simple feedback
controller based on a stabilizing law is also given. For every

arbitrary large compact subset of the regulatable region, the
controller ensures exponential output regulation.
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