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Robust fault diagnosis for linear time-delay systems
with uncertainty

You Fuqgiang, Tian Zuohua, Shi Songjiao

Abstract— This paper deals with the problem of fault
diagnosis problem for a class of linear systems with delayed
state and uncertainty. The systems are transformed into two
different subsystems. One is not affected by actuator faults, so
the robust observer can be designed under certain condition.
The other whose states can be measured is affected by the
faults. The proposed observer is utilized in an analytical
redundancy based approach for actuator and sensor fault
detection and diagnosis in time-delay systems. Finally, the
applicability and effectiveness of the proposed method is
illustrated through numerical examples.

Index Terms - Fault detection and diagnosis; robust
observer; linear systems; time delay; uncertainty

1. INTRODUCTION

Owing to the increasing demand for high reliability in
many industrial processes, much attention has been paid
to the problem of fault detection and diagnosis (FDD) in
dynamic systems over the past two decades. Fruitful results
can be found in a survey paper [1] and books [2, 3].

It is well known that faults in a dynamic system can take
many forms. They can be actuator faults, sensor faults,
unexpected abrupt changes of some parameters or even
unexpected structure changes [4, 5]. The purpose of
detection is to generate an alarm to inform the operators that
there is at least one fault in the system. This can be achieved
from either the direct observation of the systems inputs and
outputs or the use of certain types of redundant relations (i.e.,
model-based fault detection and diagnosis). However,
compared with fault detection, fault diagnosis is not an easy
task, as it requires that after the alarm has been set, an
estimation of the location and the size of the fault should be
made. Recently, some results for fault diagnosis have been
obtained, for example, [6, 7, 8] based on adaptive or robust
observers and [9] using learning approach. However, all
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those papers dealt with fault diagnosis for delay-free
systems.

Time delay is commonly encountered in various
engineering systems, such as chemical processes, long
transmission lines in pneumatic, hydraulic and rolling mill
systems, which wusually results in unsatisfactory
performances and is frequently a source of instability.
Compared with rather rich literature on FDD of delay-free
systems, there are very fewer research results on FDD of
time-delay systems, as pointed out by Yang, H. in [10], but
Yang, H. does not consider the uncertainty. In this paper, we
have taken an approach similar to that of [8] for designing an
observer for a class of linear time delay systems with
uncertainties. At first, the systems are transformed into two
different subsystems. The first subsystem is decoupled from
actuator fault and the other is affected by the fault, but its
states can be measured directly. As a generalization of the
observer design approach in [8], a robust observer design is
proposed for FDD. By using the estimation of states with
bounded accuracy, we can approximate the fault by using
the discretization of the other subsystems. When fault signal
is greater than certain threshold, one can detect it or even
diagnosis it.

Robust Observer Design

Consider a linear time delay systems with uncertainty,

F=A¥+ Y AX-1)+ Buv Bf, + DEW)  (la)

y=Cx =[C, 0% (1b)

where Xe€ R" is the state vector, u€ R? is the input
vector, and the actuator fault is modeled as an additional
f,€eR" , yeR” is the

p>m , £(x) with £(0)=0 system model uncertainties,

input output  vector,

high-order nonlinearities or exogenous
disturbance, 7, € [0, d](i = 1,--- N) are delays, d is a certain

positive number, and C|is an px p nonsingular matrix..
Assumption 1: p(C*E )=m

Define a transformation x = M ~'x , where

|G oo
o 1



Then the system described by (1) can be transformed into

N
Xx=Ax+) Ax(t—7,)+Bu+Ef + D¢

i=1

4, N A‘U) B, E, D,
=| A4, x+ Y|4 W(t=7)+| B, u+|E, |f, +| D, £
A3 i=1 A;i) B3 E3 D3

(22)
1 0 0
=Cx = (p—m)x(p—m) X 7b
y { 0 10 (2b)
where

A=MAM™, A4, =MAM™,B=MB,E=ME,D=MD
Partition x is given as

X b2
X=Xy | =)V
X3 X3

It can be seen that x,,x, can be calculated from y,,y,,
andx, € R"”, whose estimate is required.
According to assumption 1, p(CE)=m , from the

structure of matrix C, it is easy to show that
3)

From (3), without loss of any generality, it can be
assumed that F, is nonsingular.

Assumption 2: There exist positive constants ¢, f and
¥ such that

[0, - E,.E;'D,)é| < e | D2 < B.(Ds - B, B5' D) < ¥

Remark 1: Assumption 2 implies the system uncertainty
in the transformed system (2) is bounded. This improves
existing results in [8, 11, 12], in which a perfect decoupling
of system uncertainty is required.

Let
I -EE;' 0
§=|0 I 0 4
0 -EE" I

By premultiplying (4) into (2a), we have that
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5 -EE | (A -EE 4] | AD-EE A
X, = 4, X+ AP
B -EE'%, | | A —EEj 4, | T A —E B AP
B,-E,E]'B, 0 D,-EE;'D,
x(t—7,)+ B, u+|E, |f, + D, &
Ba _EsEz_le 0 D3 _E3E2_1D2

&)

It is clear that in (5) the actuator faults enter only through

the second block row, whereas the other two block rows are
not affected by any faults. Define

_ -1 G -1 40)
G,=A4,-EE;'d, H,=A"-EE; A
J,=B,-E,E;B, j=13
Then the first and the third block rows of (5) can be

rewritten as

N
X —EEy'x, =Gx+ Y Hx(t—7,)+Ju+(D, — E\E;' D))
i=1
(6)
N
Xy —EyEY'x, = Gyx+ ) Hyx(1 —7,) + Jyu+ (D — ESE;' D)
i=1
(7
Partitioning G, H ;as
G =l6,6,, G, H, =1

Then we can rewrite (6) and (7) as

H, H,| j=13

Jl

N
Xy = Gyxy +ZH33X3(t_Ti)+s+(D3 _EsEngz)'f ()

=
N
V=G0, +ZHl3x3(t_Ti)+(Dl _ElEngz)f )
=1
where

N
s=Gyx, +Gyx, +ZH31X1(I_Z',')
N = (10)
+Y Hayx,(t—7,)+ EsE;' %, +J3u

i=1

. -1
v=x-EE, x,-Gx, —-G,x,

N N
- Hx,(t—7,)- > H,x,(t—7,)—Ju

i=1 i=1

Since the dynamical system represented by (8) and (9) is
driven by known input § and uncertain term
(D, — E,E;'D,)¢ , its state can be estimated with a robust

observer:

)

. N
Xy =Gyi, +ZH33£3U—T,‘)+S
= N (12)
+K(v=G;7, —Zan;(f—Ti))
i=1

where K is the observer’s gain. Substituting v and § of
(10) and (11) into (12) yields



. N
%; = (Gy; — KGp3)x; + Z (Hy— KH 3)X,(t—1;)

i=1

+(G;, —KGy))x, +(Gy, — KGyy)x,

+i(H31 —KHn)xl(t—r,-)+ﬁj(H32—Kle)xz(t—r,,)

i=1 i=1
+(E,E,' = KEE; )%, + KX, + (J; — KJ, )u
(13)
Note that the above observer uses the derivative of the
outputs that is not available for direct measurement. To
solve this problem a new variable W is defined as follows, in
order to eliminate the need for differentiating the output:

w= 3%, [(EsE;' = KE\E,")x, + Kx,] (14)
then (13) can be expressed in the following form:
N
w=(G;; —KG]3)W+Z(H33 —KH )Wt —1,)
i=1
+(J5—KJ u+[G;, — KG, + K(Gy; — KGj3)Ix,
+[Gy, = KGy, +(Gyy = KG, )(EE,' —KEE, ),
N
+Z[H31 —KH, +K(H;; —KH,;)]x (1 —7,)
i=1
n i[sz —-KH,,
i+ (Hy— KH13)(E3E;1 - KEIE;)]xZ(t -7)
(15)
In which case the error dynamics of e, = x; — X, is
N
és=(G33_KG13)33+Z(H33_KH13)33(1_T/) (16)
i=1

+(Dy = E;E;'D,)é+ K(D, - E\E;' D,)é
Assumption 3: The matrix H, is of full row rank.

It is note that Assumption 3 does not lose any generality
from the structure of (5).

The following theorem establishes conditions under
which the observer’s error dynamics (16) converges to a
bounded set.

Theorem 1: If the pair (G,;,G,;) is observable and

Assumptions 1 and 2 hold, then system (8) can be estimated

by (14) and (15). Furthermore,
2(|K]er + 7 A (P’
S < =0 17
"e " ﬂ’min (Q)ﬂ’min (P) ( )

for all +>0, where A

‘max

() and A, () denote the
maximum and minimum eigenvalues of a symmetric matrix
respectively, and P is the positive definite solution of

(G33 _KGls)TP+P(G33 —KG13)+£ln

+ iiw};—KHB)(Hn—Kan}P=—Q (o

i=l €;

where Q is positive definite matrix, £,(i=1,---,N) are
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N
positive constants and € = ) &, . Moreover, the observer’s

i=1
gain:
-1 T J 1 T J 1 TN\-1
K=prP" (G, +PZ_H33H13)(ZE_H13H13) (19)
i=l €; i=l €
In fact, according Assumption 3, (H,H;)™" exists,
spreading (18), and squaring interrelated K items, it can be
obtained,
T < 1 o T\-1
[PK_(GIS+PZ;H33[_113)(27H13I{13) ]

i=1 & i=1 &

i

N N1 N B
Q —H HY)IPK—(G+PY —H HL)(Q —HHj) T

i=1 € i=l & i=1 €

20
+G3T3P+PG33+P§:1H33H32P+8[”—(G1T3+ (20)
N1 N [:11 i v
P Q- Hol) (Gl Py HH) =0
By ché)osing K as iln (19), it can be obtailned;
G;,P+ PG, + Pii H,H.P+d, — (G, +
o @1

N N B N
P;szzles)(;;Hlng) ](G1T3 +P;Z}]z3H1§)T =-0

For a given positive definite matrix O, by solving (21), we

can obtain the positive definite solution P, and then K is
determined.
Proof: Consider the Lyapunov function

N
V=elPe,+Y & [ e(s) ei(s)ds (22)
i=1 i

From error dynamics (16), we have that
V=ey[(Gy;, —KG;)" P+P(Gy; —KG,;)le,

N
+2283TP(H33 —KH y)es(1-7,)

=l (23)
+2e,PIK(D, — E\E;'D,)é +(Dy — EyE;' D,)E]

N N
T T
+Z€[e3 €3 _Zgie?a(t_ri) e;(t—1;)

i=1 i=1

It is easy to show that

N
zze;p(Hx —KH,))e(t—7,) <

i=1

1 24
N _e3TP(H33_KH13)(H33_KH13)TP63 24)

2| &
- +ee,(t-7) et -1)
According to (18) and Assumption 2, it can be obtained
that
V < el Qe, + 2(|K|e+ 7)es P < A (O)es]” +22]Plles |

(25)



It can be seen that ) have the maximum value when

2K+ ]1A

"83 || B A’min (Q)

N
On the other hand, define = =%Zgi _[_T e, (5) e;(s)ds,
i=l i

from (22), we have that

Ain Pes|” +E SV < A (Pes| +2 (26)
We can further obtain that
2 4
A Plles| +2 <V < 4K+ 9 A (P @7)

ﬂ’min (P)[/?’min (Q)]2
Thus relation (17) holds. This completes the proof.
Lemmal (theorem 2.4 in [13]): Let A<0Oand Q>0,

then the minimal and maximal eigenvalues of the solution
matrix of (28), satisfy:

Arin (O)
|z

Aunax (Q)
<A (P)S——m o=
(A+4") () 2min{Re{A(4)}H}
2jmax{Re{A(4)}] < Ao (P) < P (A4 A7)

‘min

‘max

valid when A

‘max

(A+47)<0
A"P+PA=-0 (28)
Remark 2: Let
G =Gy, —KG),
N

é:g[ﬂ +P|:ZL(H33 _KH13)(H33 _KH13)T:|P+Q

i=l €}

from (17) and (18) and lemma 1, we have

fe, < 2Kl { (A @1 }
A (G4 G| [ 2 (@2 (©)

(Gy;,Gy3) is

Because the observable,

|/1

‘max

pair
(G+GT )| can in theory be made arbitrarily large if an

appropriate observer gain K is chosen. Hence, the above
estimate error e, can be made arbitrarily small. Of course,

because of sensor noise in practice, this observer gain
K cannot be too large either.

II. FAULT DETECTION AND ISOLATION

In this section, a simple approach for detecting and
isolating the actuator fault is proposed to estimate the
magnitude of the actuator fault f, .

Theorem 2: Suppose that the magnitude of the actuator
fault signal satisfies

fa

> (29)

N

-1 -1 (i)

E) Ay + E, 2A23
i=1

o+|ee
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where ¢ is as in relation (17), «, £,y is as in Assumption
2, and A,,is the third block column of 4, . Then actuator

faults can be detected.
Proof: The second row within matrix (5) is written as
Xy = Ay X, + Apyx, + Ayyx; + Byu+E, f, + D, &

3 (i) 3 (i) 3 (i) (30)
+ A X (=T )+ A X, (t—T)+ Y A X (t-T,)
i=1 i=1 i=l
Discretization of this system yields
OE, f, (k) = x,(k +1) = x,(k) — 6 4y, x, (k) + Ay,x, (k)
N N
A (0)+ 3 ADx (k= ©,)+ Y A%, (k- ©,) (1)

i=1 i=1

N
+ ) Ax, (k- ©,)+ Bu(k)]+ 6D,&
i=1

where k represents the kth time step, and & is the
sampling period satisfying 7, = ©,0, ©, is positive integer,
i=1,---N.Assuming that no fault occurs during the initial
transient of the observer and using the estimation x, (k) for
x; (k) , we can approximate the actuator fault as

% (k+1)—x, (k)
é

fuk) = E5' ~[ Ay, (k) + Ay, (k)

. 40 SV (32)
+ Ay, (k) + ZAZI x(k-0,)+ ZAzz x,(k-0,)

i=1 i=1

N
+ 3 A% (k- ©,) + Byu(k)]}
i=1

with no uncertainty, the actuator fault estimate fa would
have a zero norm of there is no actuator fault and a nonzero
norm if an actuator fault occurs, where x,,x, are linear
combination of ), and thus are known signals.The estimate

error of the actuator fault is given by
Sy = f, (k)= 1, (k)
N
=—E, Aye; (W)~ Ey' Y A4;¢,(k—©,)+E,'D,¢

i=1
which, according to (17) and Assumption 2, is bounded
by

(33)

o) s+l

If this norm bound of the fault estimate error is taken as
the threshold, actuator fault detection can be achieved if
condition (29) holds. In addition, the fault can be isolate by

N
E)' Ay + Ey' Y A (34)
i=1

checking the nonzero entry or orientation of fAu .

This completes the proof.

A similar approach as above can be employed for
detection and isolation for sensor faults. To account for the
effect of sensor failures, consider writing the output
equation in system (1b) as

y=Cx+E.f, (35a)

where matrix £, € R”™ , and f, € R™ represents the



vector of sensor failures which is completely unknown.
Consider now representing the sensor fault vector f, as
the output of the following dynamical system [14]:
fo=Af +u, (35b)
where 1 is unknown and A is Hurwitz. Augmenting (1)
and (35) we get

x _ X N )_C(I—T,.) fu _
L’j_é{f’s}r;ﬁ{ﬂa—%)}rﬁu+ELJ+D§ (36a)

(36b)

ﬁ{ﬂ E{f ﬂ c-lc E]

Note that the above system is again in the form of (1). In
the design of the observer for system in (1), it was assumed

that p(CE)=m , In terms of the system in (36), this
condition would translate into the requirement that
p[CE E]Jl=m+m, , on the hand, if
pICE E ]#m+m,, then the observer for this system

other

cannot be designed.
Theorem 3: Consider system (36), with E_in (35), if

pI[CE E,]=m+m,, system (36) can be transformed to

the form of (2). In addition, for the newly transformed
system, if Assumption 2 and conditions in theorem 1 are
satisfied, then we can design observer for system (36) and
detection and isolate both the actuator and sensor faults.

Proof: similar to the proof of theorem land theorem 2,
omit it.

III. EXAMPLE

In this section, we will illustrate the applicability of the
aforementioned techniques on a couple of numerical
examples. First example illustrates how actuator fault
detection and diagnosis can be accomplished in a time delay
systems, whereas the second example illustrates that it is
possible to perform both actuator and sensor fault detection
and diagnosis with slight modifications as described in the
above.

Example 1: For simplicity, consider a three-order system:
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-2 15 1 -1 2 02
$=[-05 -1 1lx+| 0 -1 0 |x(t-7)
3 05 -3 0 05 -06
1 0.5 0.7
+ 1+ 1 |f,+]05|
1 -0.6 0.6

1 0 O
= x
"Zlo 025 0
E=0.1xrandN(0, 1) where randN(0, 1) denotes the

gaussian white noise with zero mean value and unity
standard deviation.

By selecting
1 0 0
M=/0 025 0
0 0 1
We have that
-2 6 1
A=MAM™ =|-0.125 -1 0.25
3 2 -3
-1 8 02
A=MAM"'=| 0 -1 0
0 2 -06

B=MB=[1 025 1
D=MD=[0.7 0.125 0.6]" E=ME=[05 025 —0.6|

G =A-EE'4,=[-175 8 03]
Gy=A,-EE;'4,=[27 -04 -24]

H =AY -EE'4" =[-1 10 02]
H, =AY —EE'A" =[0 -04 -0.6]
|- BB D)<, D& < B, |05 - EE'DE| < ¥
(D) - £.E;' D) < = 0.045 | D& < B =0.0125
(D - E,E,' D)) < 7 =0.09

Thus (G;;,G,;) is observerable, and all the assumptions

in theorem 1 hold, according theorem 1, Select
0 =104, =1, by solving (21), we obtain P =3, and

according (19), K =2, it can be further obtained that:
Jes] < 2(|Kler + ) Ao (P
o ﬂmi“ (Q)ﬂ'min (P)

5+ |B=0.15

=d=0.10

71>

So the threshold is set to 0.15. Fig. 1 illustrate the estimates
of actuator faults 1 as follow:

N

-1 -1 (i)

E, Ay + E, ZAzls
i=l




7 0 t<2
“ 106 t>2
1
k]
0E i~ o A L A e L B T T e
a4
0.2
D I amerd
.I_I a 1 3 L
a 2 5 0 15

Fig. 1 f, fault detection and

It can be seen that actuator fault can be detected and
isolated in a desired manner.

Example 2: In this example, we consider a time delay
system where it is desired to detect its actuator fault as well
as one of its sensor faults. The system is described by

diagnosis

-2 151 -1 2 02 1
x=|-05 -1 1|x+/0 -1 O x(t—7)+|1|u
3 05 -3 0 05 -06 1
0.5 0.2
+1 f,+]05|¢
-0.6 0.1

Moo 0
Y=o 025 of TIPS

The value of A4, in (32) was set to zero in this example; the
augmented system was assembled and is given by

-2 1510 (-1 2 02 0
x _|-05 -1 10 'x}L 0-1 0 0 {x(t—z’)
f. 3.05-3 0|f, 005 -06 0| f.(t—7)
0 0 0 0 L 00 0 O
1 05 0] (0.2
+1qu 1 0 f"}+0‘5§
1 —0.6 0u, | |01
0 0 1] | 0
[1 0 o ofx
y{o 025 0 1“11}

The detail calculation similar to example 1, omit it. It was
assumed that the sensor fails at # =2 and this is followed by
the actuator failure that occurs at # =12 . Simulation results
in Fig. 2 clearly indicate that an accurate estimate of both
failures was obtained, and therefore the faults can be
detected with no difficulty.

t<2 0
Ja= {1 2

/= 0 t<12
*10.840.1sin(0.47) 2<r<12 "¢

t>12
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|

5 E]

[ ) m
Fig. 2 sensor and actuator fault detection and diagnosis

IV. CONCLUSION

This paper presents a novel approach for actuator fault and
sensor fault diagnosis of time-delay systems. A simple
approach for designing observer for time-delay systems has
been presented. The observer design approach was extended
for fault detection and diagnosis of both sensors and
actuators. The fault detection and isolation approach that
was proposed in this paper uses a robust observer to detect
and identify actuator faults and sensors faults with certain
accuracy under bounded uncertainties. Simulated examples
are included to demonstrate the applicability of the proposed
method and encouraging results are obtained
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