
Force and Moment Characterization of
Flapping Wings for Micro Air Vehicle Application

Zaeem A. Khan, Graduate Student, Sunil K. Agrawal. Ph.D., Professor
Department of Mechanical Engineering

University of Delaware, Newark, DE 19716
agrawal@me.udel.edu

Abstract— This paper presents a method for investigating
the unsteady aerodynamics of flapping wings for micro air
vehicle application. For this purpose, a robotic flapper was de-
signed and fabricated which can flap dynamically scaled wings
in a desired kinematic pattern. An aerodynamic model and
wing testing methodology was developed based on unsteady
aerodynamic mechanisms. This model additionally accounts
for the wing twisting. The experimental results show a good
agreement with published data and the aerodynamic model
compares well with the experimental results. The focus of the
present work is on hovering flight, however, the methodology
is general and can be extended to forward flight in future.

I. INTRODUCTION

The creation of flapping wing micro air vehicles (FW-
MAV) is a challenging problem. Flapping wing flight
offers high maneuverablity and the capability to hover as
witnessed in insects and hummingbirds. These properties
make FWMAVs suitable for micro air vehicle missions
such as reconnaissance and surveillance.

As shown in Fig. 1, the aerodynamic module is fun-
damental to the design process of a FWMAV. The mod-
ule takes the wing and body kinematics as inputs and
gives the aerodynamic forces and torques. These are then
used to compute the rigid body dynamics, navigation and
control algorithms, and to perform design optimization.
The aerodynamics of flapping wings is unsteady and a
largely unexplored area. Due to the complexity of solving
Navier-Stokes equation [2] for flow around flapping wings,
experimental methods are widely used. Experimental in-
vestigation of fruit fly aerodynamics has been reported
[6]. Flow visualization experiments using scaled hawkmoth
wings were performed [5]. These experiments led to the
discovery of unsteady aerodynamic mechanisms that are
responsible for high lift in biological flying species.

In our work, we conduct experiments on flapping wings
using a robotic flapper. However, our focus is the FWMAV
aerodynamics and design. Therefore, we keep the wing
kinematics to be very general and use a generic insect-like
wing for testing. We have additionally taken into account
the effects of wing twist along the span. The aerodynamic
moments are also determined experimentally using a six-
axis force torque sensor. Based on these results, we present
a model which takes into account the unsteady effects. This
model constitutes the aerodynamic module.

Fig. 1. The architecture of FW-MAV Design

II. AERODYNAMIC MODEL

A. Wing motion terminology

We consider the left wing of a typical insect. As shown in
Fig. 2(A), the wing frame (xw, yw, zw) can be described by
three succesive rotations with respect to frame (xs, ys, zs)
attached at the wing base. First, rotation about zs axis by
an angle φ, next a rotation about the current x′ axis by an
angle θ and finally rotation about the current y′′ axis by an
angle ψ. Therefore, the wing position is given by the body
sequence 3-1-2 rotation and by angles (φ, θ, ψ). φ is called
the flap angle. The motion of the wing due to flap angle
φ is called the flapping translational motion as shown
in Fig. 2(B). For a wing section located at a distance r
from the flapping axis, the translational speed is given by
φ̇r. ψ is the rotation or feather angle. The yw axis attached
to the wing is the feather axis. The rotation of the wing
about the feather axis through an angle ψ is refered to as
the rotational motion. Flapping wing typically rotates at
the extremes of the stroke. The plane defined by (xs, ys)
axes represents the stroke plane. The frame (xs, ys, zs)
is refered to as the stroke plane frame. θ is the out
of stroke plane or elevation angle. If θ = 0, the motion
is called planar flapping. In this paper, we will consider
planar flapping.
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Fig. 2. (A) Wing angles (φ, θ, ψ). (B) Translational motion

B. Quasi-steady state analysis

The steady state force equation for flapping wing can be
derived using the blade element method (BEM). The force
on a section of wing at a distance r from the flapping axis
is given by

dFsteady =
ρ

2
CF (α) |ūT (r, t)|2c(r)dr, (1)

where |ūT (r, t)| is the translational speed of the section,
CF (α) is the force ceofficient of the section which is a
function of the local angle of attack α and c(r)dr is the
area of the section.

Simplified models based on quasi-steady state assump-
tion have been developed [10]. According to this assump-
tion, the motion during flapping cycle is replaced by a
series of static positions having instantaneous velocity and
angle of attack [3]. The force is determined using Eq. (1)
which is not a function of wing rotation and acceleration. It
is only a function of the translational speed |ūT (r, t)| = φ̇r
of the section. The quasi-steady analysis underestimates the
lift required to support an insect during hovering [3].

C. Quasi-unsteady state analysis

Based on a study of different aerodynamic models [1],
[7] and [9], we modify Eq. (1) as follows

dFT = dFsteady(φ̇) + dFunsteady(φ̇, ψ̇, φ̈, ψ̈), (2)

where dFT is the total force on the section, dFsteady is
the steady state or translational force given by Eq. (1)
and dFunsteady is the unsteady force which is a function
of wing rotation and acceleration. The current focus is to
determine the mathematical form of dFunsteady.

Leading edge vortex (LEV) Force

When a thin wing translates at a high angle of attack a
vortex is created above the leading edge which increases
the circulation and consequently the lift force significantly
[2, 4]. It was also found that in revolving wings un-
dergoing translational motion, the LEV remains attached
and the resultant force due to LEV remains normal to
the wing surface [4]. Based on this study, we conclude

that the force due to LEV ‘dFlev’ acts normal to the
wing surface and it is not a function of wing rotation
and acceleration. Therefore, it can be modeled by steady-
state Eq. (1) which can be thought of as a product of a
function dF1 = 1/2 ρ |ūT (r, t)|2c(r)dr which captures
the physics of dFsteady = dFlev and a coefficient C1(α)
that adjusts the magnitude. Since dFlev is generated during
the translational phase of wing motion, it can be refered to
as translational force.

Fig. 3. (A) The combined rotational and translational/LEV
effect on a wing section. (B) Virtual mass force acting at a
section.

Rotational Force

If the wing rotates about the feather axis with an angular
rate ψ̇, a rotational circulation force is generated which can
be modeled by selecting the flow velocity |ūT (r, t)| in Eq.
(1) at a location ‘i’ along the chord [9] as shown in Fig.
3(A). The total flow velocity ū(r, t) can be written as a
vector sum of translational velocity ūT (r, t) and rotational
velocity ūR(r, t). The combined rotational and translational
force is given by

dFlev+rot = C1(α)
ρ

2
|ū(r, t)|2c(r)dr, (3)

The coefficient of rotational force C2 appears as the non-
dimensional parameter di − do(r) in the expression for
|ū(r, t)| which can be adjusted to scale the rotational force.
If the wing has only translation then Eq. (3) simplifies to
Eq. (1) and we get the translational force only.

Angle of attack (α): The local or section angle of attack
α is given by

α = tan−1
[un(r, t)

ut(r, t)

]
sgn(ut), − π/2 < α < π/2 (4)

where un(r, t) and ut(r, t) are the components of ū(r, t)
normal and tangential to the chord.
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Virtual Mass force

As the wing accelerates, it moves along with it a mass
of air, assumed to be contained in a cylinder with diameter
equal to the chord [1], [3]. The acceleration of this mass
of air shows up as a virtual mass force (see Fig. 3B) and
can be written as

dFvirtual mass = C3
ρπ

4
u̇n(r, t)c(r)2dr = C3dF3. (5)

where u̇n(r, t) is the rate of change of normal velocity
component at the mid-chord location in the wing frame
and dm = ρπc2/4 is the mass of air enclosed in a thin
cylinder of width dr and a diameter equal to the chord
c(r) at a distance r from the flappping axis. The coefficient
C3 is included in order to adjust the magnitude while the
function dF3 captures the physics of virtual mass effect.

D. Total Force

We can write the total force on a section as a sum of
Eq. (3) and Eq. (5)

dFT = C1
ρ

2
|ū(r, t)|2c(r)dr + C3

ρπ

4
u̇n(r, t)c(r)2dr, (6)

If we substitute the expressions for un(r, t) and u̇n(r, t) in
Eq. (6), we get

dFT = C1dF1 + dF2(C1, C2) + C3dF3, (7)

where C1dF1 is dFlev and dF2(C1, C2) and C3dF3 are
the unsteady rotational and virtual mass forces respectively.
Eq. (7) can be integrated for the entire wing. Therefore,
FT = C1F1 + F2(C1, C2) + C3F3.

E. Assumptions in the model

• Superposition of steady and unsteady aerodynamic
effects holds.

• LEV force can be modeled by the steady-state aero-
dynamic equation.

• Chordwise-force due to skin friction is ignored based
on experimental results [4].

• The total force dFT acts normal to the chord and at
the mid-chord location at every section throughout the
flapping cycle.

III. EXPERIMENTAL INVESTIGATION

A. Robotic Flapper

In order to determine the coefficients C1, C2 and C3,
we conducted experimental investigation. For this purpose,
a robotic flapper was designed and fabricated at the Uni-
versity of Delaware. It is shown in Fig. 4. The flapper is
driven by three independent servo motors designed to give
three degrees-of-freedom flapping motion, i.e, φ, θ, ψ.

Fig. 4. Figure shows the robotic flapper designed and
fabricated at University of Delaware. It is driven by three
independent servo motors and can give 3-DOF flapping wing
motion. A six-axis force torque sensor (Nano 17) from ATI
industrial automation is mounted at the base of the wing.

Fig. 5. Figure shows the sensor co-ordinate frame f4

and the postive direction of force and moment components
(Fx, Fy, Fz,Mx,My,Mz). The directions of lift and drag force
are also identified.

Flapper Kinematics

The flapper coordinate system is shown in Fig. 5. For the
case of hovering flight, the body of FWMAV is assumed
to be stationary with respect to the earth. The body frame
fo(x̂0, ŷ0, ẑ0) is also the inertial frame. The rotation matri-
ces between the frame f1(x̂1, ŷ1, ẑ1) and the wing frame
f3(x̂3, ŷ3, ẑ3) and between the wing frame f3 and sensor
frame f4(x̂4, ŷ4, ẑ4) are given by

R3
1 =

⎛
⎝ 0 0 1

Cψ −Sψ 0
Sψ Cψ 0

⎞
⎠ , R4

3 =

⎛
⎝−1 0 0

0 −1 0
0 0 1

⎞
⎠ , (8)

The lift and drag force is given by

⎛
⎝ 0

Lift
Drag

⎞
⎠ = R4

1

⎛
⎝ Fx

Fy

Fz

⎞
⎠ , (9)
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TABLE I

WING GEOMETRY USED IN THE EXPERIMENT

section spanwise location ‘r’(m), chord c(r)(m), do(r)%
1 0.105 0.270 0
2 0.155 0.287 0
3 0.205 0.284 0
4 0.255 0.271 0
5 0.305 0.261 0
6 0.355 0.254 0
7 0.405 0.236 0
8 0.455 0.212 0
9 0.505 0.180 −0.03
10 0.555 0.115 −0.27

where Lift and Drag are along ŷ1 and ẑ1 directions
respectively and R4

1 = R3
1R

4
3. The velocity and normal

acceleration components are given by

|ū(r, t)|2 = (φ̇r sin ψ)
2

+ (φ̇r cos ψ + C2c(r)ψ̇)
2
, (10)

u̇n(r, t) = −(φ̈r cos ψ − ψ̇φ̇ sin ψ + 0.5c(r) ψ̈), (11)

If we substitute |ū(r, t)|2 and u̇n(r, t) given by Eq. (10)
and Eq. (11) into Eq. (6) and integrate, we get the total
force FT = C1F1 + F2(C1, C2) + C3F3 where

F1 =
ρ

2
φ̇2

∫ R

0

r2c(r)dr (12)

F2 = ρ
2 [2C1C2ψ̇φ̇ cos ψ

∫ R

0
rc(r)2dr +

C2
2ψ̇2

∫ R

0

c(r)3dr] (13)

F3 = ρπ
4

[−φ̈ cos ψ
∫ R

0
rc(r)2dr + ψ̇φ̇ sinψ

∫ R

0
c(r)2dr

−0.5ψ̈

∫ R

0

c(r)3dr] (14)

B. Flow similarity

To achieve flow similarity, the reduced frequency K
along with Reynolds number Re and wing geometry should
match for the prototype and experimental wing. For the
case of hovering flapping flight, these are given by [4, 10]

Re =
8ΦR2f

νΛ
, K =

π

2ΦΛ
. (15)

where ν is the kinematic viscosity, R is the wing length,
Φ is the flapping amplitude, f is the flapping frequency in
cycles/sec and Λ is the wing aspect ratio. We selected an
Re range for FWMAV design to be 12,000-25,000 based
on hummingbird. The scaled wing geometry used in the
experiment is given in Table I.

C. Force and Moment in sensor frame

From observations of wing during the experiment, we
found that the wing deforms due to aerodynamic loads.
Both spanwise bending and twist were present. As a first
approximation, we ignore the spanwise bending. We model

twist by assuming a linear variation from root to the tip of
the wing. The twist δψi at the ith section is given by

δψi = β
ri − ro

R − ro
, β = Kβ [un(rm, t)]2 sgn(un). (16)

where ri is the location of the section, ro is the distance
between the root chord and the flapping axis and rm is the
location of a section at the mid-span, for instance, section
5 in Table I. β is the magnitude of twist proportional to
the normal velocity un(rm, t) computed at rm. The normal
velocity is squared to give the same effect as aerodynamic
force. The magnitude of the twist is visually matched with
the experiment by varying the value of the coefficient Kβ .
Based on the assumption that the total force at the ith

section is normal to the chord, we can transform this force
into the sensor frame as follows:

⎛
⎝ dF i

x

dF i
y

dF i
z

⎞
⎠ =

⎛
⎝ Cδψi −Sδψi 0

Sδψi Cδψi 0
0 0 1

⎞
⎠

⎛
⎝ 0

dF i
T

0

⎞
⎠ , (17)

The moments in the sensor frame can be computed as
follows:

dM i
x = −ridF i

y , dM i
y = ridF i

x, (18)

dM i
z = [0.5− do(ri)]c(ri)dF i

T , (19)

where 0.5 gives the mid-chord location of dF i
T based on

our assumption. The forces and moments can be summed
in the sensor frame

Fx =
N∑

i=1

dF i
x, Fy =

N∑
i=1

dF i
y, Fz =

N∑
i=1

dF i
z = 0 (20)

Mx =
N∑

i=1

dM i
x, My =

N∑
i=1

dM i
y, Mz =

N∑
i=1

dM i
z (21)

where the Fz component of sensor force is ignored since
it is in the spanwise direction. Therefore,

FT =
√

Fx
2 + Fy

2. (22)

IV. DETERMINATION OF COEFFICIENTS

A. Determination of C1

In order to determine C1, we select the flapping kine-
matics such that the functions F2 and F3 become zero at
some point in the flapping cycle but F1 remains non-zero.
This means φ̇ �= 0, while ψ̇ = φ̈ = ψ̈ = 0. We selected the
following kinematic pattern

φ(t) = Φ sin(ωt) , ψ(t) = −Ψ cos(ωt) , (23)

where Φ and Ψ are flap and rotational amplitudes respec-
tively. This pattern gives ψ̇ = 0 and maximum values of

1518



TABLE II

TESTING SCHEME

Flap Amplitude Φ (deg). Re K
46 12,404 0.332
63 17,000 0.2477

74.5 20,000 0.2095

TABLE III

ANGLE OF ATTACK AT MID-STROKE, (φ = 00)

s.no. Rotational Amplitude Ψ (deg). α (deg)
∗ 90.0 0.0
1 75.0 15.0
2 64.0 26.0
3 52.4 37.6
4 41.2 48.8
5 30.0 60.0
6 19.0 71.0
7 8.0 82.0
8 0.0 90.0

φ̇ and ψ̈ at the mid-stroke position, i.e, at φ = 0. The
term involving ψ̈ in F3 gives the rotational virtual mass
effect which is small in comparison to the translational
virtual mass effect and we ignore it in subsequent analysis.
Therefore, F2 and F3 become zero and Flev = C1F1 is
non-zero at the mid-stroke. Therefore, the sensor measures
FT = Flev and

C1 =
FT

F1
=

Flev

1/2ρ φ̇2
∫ R

0
r2c(r)dr

, at φ = 0, (24)

Procedure

Three different values of flap amplitude Φ were chosen
as shown in Table II along with values of Re and K. For
each flap amplitude, the rotational amplitude Ψ and eight
correponding α from 0 to 90o were chosen at the mid-
stroke position, as shown in Table III. Experiment was not
conducted at α = 0o and we assumed C1(0) = 0. This
is because normal force is zero on a symmetric flat plate
at α = 0. The chordwise friction force is ignored in our
model. In all, 24 kinematic patterns were tested.

The plot of C1 against α in Fig. 6 shows that the flap
amplitude has little effect on the slope (dC1/dα). Fig. 6
also shows a linear relationship between C1 and α which
can be approximated as C1(α) = 7

π
|α|.

B. Determination of C2

C1 and C2 occur implicitly in F2. Therefore, the best
way to determine C2 is to adjust it untill the model matches
with the experimental results. The value of C2 is based on
di. We found that di = 0.75 gives best results.

C. Determination of C3

If we modify the kinematic pattern given by Eq. (23)
by taking Ψ = 00, then F2 becomes zero for the entire
cycle while F1 becomes zero at the ends of the stroke,

Fig. 6. Coefficient of LEV/translational force C1 Vs ᾱ

i.e, at φ = φmax and φ̇ = 0. However, F3 is maximum
there since φ̈ is maximum. Therefore, the total force FT ,
measured by the sensor at the ends of the stroke is due to
virtual mass effect.

C3 =
FT

F3
=

Fvirtual mass

F3
, at φ = φmax. (25)

The value of C3 was found to vary between 0.5 and 1.0
for all 24 kinematic patterns.

V. COMPARISON OF EXPERIMENTAL RESULTS

In order to compare the experimental results with pub-
lished data, we determine the coefficient of lift and drag at
the mid-stroke. These are given by

CL =
Lift

F1
, CD =

Drag

F1
(26)

where lift and drag force is computed from Eq. (9). Eq.
(26) is applicable since CL and CD are the decomposition
of C1. The polar plot in Fig. 7 shows high values of CL

and CD and compares well with the published data [4, 8].

Fig. 7. Lift and drag polar plot for three stroke amplitudes,
i.e, Φ = 46o, 63o, 74.5o . These coefficients are computed at
the mid-stroke position during the flapping cycle similar to
the determination of C1 .
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VI. COMPARISON OF EXPERIMENTAL RESULTS WITH

AERODYNAMIC MODEL

The coefficients C1, C2 and C3 will now be used in
the aerodynamic model and comparison will be made
with the experimental data. To compare the model with
the experiment, we select two patterns having rotational
amplitudes of Ψ = 75o and Ψ = 0o (entries 1 and 8 in
Table III). In both cases, the flap amplitude is Φ = 46o.
These represent the extreme cases. If the model compares
well with the experimental data for these two cases, we
expect good comparison for the patterns in between.

A. Comparison of Fy component of aerodynamic force

Fig. 8 shows the Fy component of aerodynamic force in
the sensor frame for the two kinematic patterns. Fig. 8(A),
(C) are the plots of individual aerodynamic mechanisms
C1F1, F2, C3F3 which are components of the total force
transformed in the sensor Fy direction for half cycle.
Fig. 8(B), (D) shows how the individual aerodynamic
mechanisms contribute to the total force which compares
well with the experimental results.

Fig. 8. Comparison of Fy component of total aerodynamic
force FT = C1F1 + F2(C1, C2) + C3F3. (A) and (B) shows
the comparison for the pattern having amplitudes Φ = 46o ,
Ψ = 74.9o , (C) and (D) shows the comparison for the pattern
having amplitudes Φ = 46o , Ψ = 0o.

For the pattern in Fig. 8(A) and (B), the rotational force
F2 dominates as far as magnitude is concerned. This shows
that the quasi-steady aerodynamic force given by C1F1,
is inadequate for modeling flapping wing aerodynamics
when wing rotation is present. The virtual mass force C3F3

is maximum at the ends of the stroke and adjusts the
total force at the ends as shown in Fig. 8(D). However,
its contribution is small compared to translational and
rotational effects.

B. Comparison of Fx component of aerodynamic force

The match with the experimental data is less accurate in
the case of Fx component. This is due to the approximate

match of twist δψ with the actual wing in terms of both
the spanwise distribution as well as variation during the
cycle. We found this typical behavior in all the 24 kinematic
patterns.

C. Comparison of aerodynamic moments

The Mx and Mz components show a good match with
the experimental data. The accuracy of Mx component
indicates that the model accurately distributes the Fy com-
ponent along the span. Similarly, the accuracy of Mz com-
ponent idicates that our assumption of mid-chord location
of force dFT at every section is valid. The comparison of
My component is approximate due to the fact that it is de-
pendent on Fx component which compared approximately
with the experiment. This behavior of moments was found
to be consistent in all 24 kinematic patterns.

VII. CONCLUSION

This paper presents a methodology for the experimental
determination of steady and unsteady aerodynamic force
coefficients based on the principle of dynamic similarity.
These coefficients are used in the quasi-unsteady aerody-
namic model which additionally takes into account the
wing twist due to aerodynamic loads.

The purpose of this research was to develop the aero-
dynamic module which is an essential part of FWMAV
system modeling and design as shown in Fig. 1. Based on
the results, we conclude that the model can be used in the
aerodynamic module for the determination of aerodynamic
force and moment components. However for any given
wing shape, the coefficients must be determined using the
robotic flapper. This procedure can also be used to optimize
wing geometry and wing kinematics.
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