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Fuzzy Adaptive Vibration Suppression
And Noise Filtering for Flexible Robot Control

Anthony Green and Jurek Z. Sasiadek, Senior Member, IEEE

Abstract— Tracking the end effector of a two-link flexible
robot is simulated using control strategies with an inverse
dynamics robot model and Jacobian transpose control law.
Results are presented for linear quadratic Gaussian (LQG)
dynamic regulator with extended Kalman filter (EKF); LQG
with fuzzy logic adaptive EKF (FLAEKF); LQG with EKF
and FLAEKF combined with fuzzy logic system (FLS)
vibration suppression. In general, FLS vibration suppression
overrides noise filtering in achieving tracking accuracy. In
comparison with classical PID control or even with more
advanced adaptive control strategies FLS vibration
suppression gives better trajectory tracking while execution
time remains acceptable.

I. INTRODUCTION

OPEKATIONAL problems with space robots relate to
several factors, one most importantly being structural
flexibility and subsequently significant difficulties with
position control. Elastic vibrations of the links coupled
with their large rotation and nonlinear dynamics is the
primary cause. This paper demonstrates the control of a
two-link flexible robot end effector mounted on a
stationary spacecraft tracking a square trajectory 12.6m x
12.6m. The dominant assumed mode of vibration for an
Euler-Bernoulli cantilever beam is coupled with rigid-link
dynamics to form an Euler-Lagrange inverse flexible
dynamics robot model. Initially, tracking results are
obtained without vibration suppression or noise filtering.
Then, EKF and FLAEKF state estimators are implemented
in a linear quadratic Gaussian (LQG) dynamic regulator to
determine their effects on tracking accuracy when the robot
system is subjected to process and measurement noise.
Finally, a fuzzy logic system (FLS) is included to adapt the
control law and suppress residual vibrations. Square
trajectory tracking studies for rigid and flexible dynamics
models were presented in previous work. Good results
were achieved using an input shaping method to reduce
residual vibrations coupled with an inverse kinematics
control strategy for both linear and nonlinear control laws
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and a recursive order-n algorithm to model a two-link
flexible robot [1]. A FLS adaptive control strategy is used
to suppress vibrations in tracking a flexible robot without
noise filtering [2]. Results are compared in tracking a two-
link robot manipulator for control with linear quadratic
regulator (LQR) and LQG with Kalman filter, EKF and
FLAEKEF [3]. A model reference adaptive control (MRAC)
technique using a modal expansion for the first three
significant vibration modes is used to control a single-link
flexible robot resulting in reduced errors and decreased
settling time of transient responses to step inputs [4].

II. FLEXIBLE ROBOT

A End Effector—,

Shoulder
Joint

AN
Link 1

Elbow Joint

Fig. 1. Flexible robot.

The flexible robot shown in Fig. 1 has planar motion and
vibration modes. Gravity and friction effects are omitted.
Robot parameters are; length of each link L; = L, = 4.5m;
flexural rigidity EI = 1676 N-m” and link mass density p =
0.335 kg/m [1].

A. Rigid Dynamics

The nonlinear rigid-link dynamics of a multilink robot is
derived by the Euler-Lagrange formulation in terms of
kinetic and potential energies. Given an independent set of
generalized coordinates, q; = qy,......,qn, the total kinetic and

potential energies stored in the system, T and U
respectively, is defined by the Lagrangian [5].

£(q;.6;)=T-U, i=leen (1)

For a robot subjected to generalized force F; acting on a
generalized coordinate ¢; the dynamic equations of motion
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are given by.

For space robot applications the gravity potential energy
is zero and omitted in this presentation. For an n-degree-of-
freedom (n-dof) robot the Euler-Lagrange rigid dynamics
equations are [5].

T=M(8)8+C(6,0)6 ()

B. Flexible Dynamics

Accurate tracking control of a flexible robot is
compounded by deformation of its flexible links and an
effective control strategy must be able to suppress residual
vibrations to achieve tracking accuracy. Coupling assumed
modes of vibration for an Euler-Bernoulli beam with
rotating rigid links models the two-link flexible robot and
captures its nonlinear flexible multibody interactions. The
flexible dynamics equations are derived in Euler-Lagrange
form. Assumed modes accommodate configuration changes
during operation, whereas, natural modes must be
continually recomputed [6]. For an Euler-Bernoulli beam
with flexural rigidity EI and uniformly distributed load
p(x,t), the equation of motion is given by.

&/ ox? (Bl Pue)/6x ) dx + m(x) 2Pu(x.0)/ & “
=p(x, 1)

The normal modes ¢;(x) must satisfy (6).

" n 2
B (0| -0} m@)g 60 =0 (©)
and its boundary conditions
GO=¢ ®=0 ¢ L)=¢ L)=0
Substituting assumed modes for normal modes leads to an

approximate solution for (5) as the deformation of a beam
subjected to transverse vibrations given by [7].

ux 0= 2 4,099, ™)

where; ¢i(x) are assumed mode shapes.

C. Cantilever Assumed Modes

From transverse beam vibration theory, cantilever mode
shapes are given by [7].

¢ (X) = A[coshh ;x - cosh ;X - k; (sinhA ;x -sink;x)] (8)
where; A = 0.1 is an arbitrary constant, A ;L = (i-0.5)t,

i=1,.... ,n are numerically approximated roots of the
characteristic equation cos(A;L)cosh(AiL) + 1 = 0 and

kci = coskCiL-%cosh?»CiL/sin?»CiL+sinhkciL .

Modal frequencies are given by.
2
g = (h,L)*EI/ pL? 9)

The deformation u(x,t) in (7) substitutes into the Euler-
Lagrange dynamics equations for which elastic kinetic and

potential energies are given by [7].

T, - 1/2[§§qiqj LLmjm(x)de (10)
1]

nn "
U, = 1/2[zzqiqj [ EI0 de an

1]
Combining rigid and elastic terms the matrix equations are
given by [8].

=M (q)§+C(d.q)q+Kq  (12)

M contains rigid and flexible link elements, C contains
rigid and elastic Coriolis and centrifugal effects and K is a
stiffness matrix. The generalized coordinate vector q
contains joint angles and flexible link deformations. The
calculation of assumed modes assumes small elastic
deformation where second-order terms of interacting elastic
modes can be neglected and orthogonality simplifies (12).
Omitting elastic Coriolis and centrifugal components gives
the rigid dynamics coupling matrix C in (4). A complete
derivation of full dynamics equations for a multi-degree-of-
freedom (multi-dof) manipulator was previously published
[9].

The Jacobian transpose reference control law is given by

2]
=00k, (5 o)

Proportional and derivative (PD) gains for the dominant
assumed mode are given by.

K, = diag[mfl mil] =diag[150.79 150.79]

(13)

(14)

Ky=diag| 200 | 200, |=diag[17.364 17.364] (15)
for ®.; = 12.28 Hz and damping ratio £. = 0.707.

Rigid-link robot kinematic equations relating end
effector positions X, y to joint angles 0,, 6, shown in Fig. 1
are given by [5].

x=Llcos(61)+chos(91+62) (16)

y:Llsin(61)+L2sin(61+92) (17)
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Using (16) and (17) the Jacobian J is derived as [5].

ox o
691 692
&
% %, (18)

-LlsinG1 - Lzsin(()1 +92)

_ - Lzsin(e1 + 62)

Llsine1 + chos(e1 + 92) chos(O1 + 92)

III.CONTROL STRATEGIES

The control strategy shown in Fig. 5 may comprise a
combination of different techniques including; an EKF or
FLAEKEF for noise filtering, with or without FLS vibration
suppression. Because of the difficulty with deriving and
modeling nonminimum phase (zero dynamics) state
estimators, the filters used in this study are those derived
for a minimum phase rigid-link dynamics robot
manipulator [3]. The control law is transpose Jacobian with
PD feedback and may be adapted by a FLS to achieve
vibration suppression. The EKF and FLAEKF are shown in
Figs. 6 and 7. These filters are implemented as part of a
linear quadratic Gaussian (LQG) dynamic regulator that
includes separate linear quadratic regulator (LQR) full state
feedback gains and extended Kalman filter recursive
subroutines [3], [10]. The FLAEKF provides a more
accurate state estimate for control law regulation and
elimination of tracking divergence experienced with an
EKF [3].

A.. Extended Kalman Filter

The EKF recursive subroutine shown in Fig. 6 is based
upon discrete linearized state-space equations for a rigid
dynamics robot given by [3], [10], [11], [12].

X1 = DXy + Wi

(19)
7= Cixg + vy (20)
for time increments k >0 where; z, iS a measurement

vector; Py is a state transition matrix; wi ~ N(i, Q) and

vi ~ N(p, Ry) are process and measurement noise;

Qi = E[wy wkT], Ry = E[vg VkT] and Ny = E[w va] are
process noise, measurement noise covariance and cross-
covariance matrices respectively.

EKF state estimation is a well-established theory based
on a priori and a posteriori state estimates; a priori and a
posteriori error covariance matrices; projected state
estimate and error covariance matrices and Kalman gain. It
is left to the reader to review extensive literature on this
topic [10], [11], [12], [13].

B. Fuzzy Logic Adaptive Extended Kalman Filter

The FLAEKF shown in Fig. 7 is an extension to the EKF
in which the recursive equations are adapted by a

weighting parameter o. Adaptive noise covariance, cross-
covariance and error covariance matrices are given by the
following equations [3], [13].

Q= Qka-Z(kH) Q1)
R, =R a2 (k) (22)
N = N, a2(H) (23)
Py = Pi(aZk, axl (24)

As k increases, Q, and R, decrease so the most recent
measurement is weighted higher. The FLAEKF adapts the
value of a according to the magnitude of P, and non-zero

means X such that optimality and a zero-mean white noise
condition is maintained. The FLAEKF behaves as an EKF
whena =1. Using the Kalman gain equation for an EKF
and (21)-(24), the Kalman gain K, for the FLAEKF is
derived as [3], [13].

a’C, PYCl
Ky = (02PN, )| +Ri + CiNi (25)
el
The a priori state estimate is given as.
Xi = @ X, (26)
and error covariance matrix is given as.
P = o’ @, PO + Qy @7)
The a posteriori state estimate is given as.
R = &k + K (24 2k) (28)

where; 7y is a predictive measurement vector and zy - zi
a measurement residual vector. The a priori state estimates
and error covariance at time k = 0 are X, and Pg "
The a posteriori error covariance matrix is given as.
Ny

o (29)

Pﬁ = (I ‘Kka) Pﬁ_ - Kk

for initial condition at k =0, P§ =Py

Assuming Gaussian statistics and from a conditional
density viewpoint the mean-square estimation error is given
as [12].

&k = E(xilzk) (30)
The mean state estimate is given as.
Rk = Rt Mic(zi-2i,) 31)
-1

where; M = PiCl (CkPiCT + Ry) (32)

and the error covariance of the residuals is given as.

-1
-1

P, = [(Pk) +CERi(‘Ck} (33)
The fuzzy wvariables each have four triangular

membership functions and all universes of discourse fall
into the positive right half-plane to satisfy the condition
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o > 1[14]. Input variables are mean and error covariance of
the residuals given by (31) and (33). Verbal descriptors for
zero (ZERO), small (S), medium (M), and large (L) are
used to label membership functions shown in Figs. 2 (a),
(b) and (¢) that generate sixteen fuzzy rules of the form;
IF P,is S AND Mean is S THEN a is M

The fuzzy rules form the rule matrix given in Table 1.

Process and measurement white noise input the system
as Gaussian random number distributions whose variance
are noise covariance Q. and Ry in the EKF recursive
equations. The cross covariance Ny = E[w; vi' | models the
noise cross-correlation of control inputs and observed
measurement outputs and is computed as the product of
standard deviations of Qy and Ry diagonal elements, such
that;

Ni= E[wy Vi ]~0,,0,, where; Ny = 1 for w, = v, = N(0, 1).

ZERO S M L
1.0 —
0 n/3 2n/3 T
M ean [rad]
(a)
ZERO S M L
1.0 —
0 40 80 120
Pz [rad?]
ZERO S M L
1.0 —
1 10000 20000 30000
o
(c)

Fig. 2. Fuzzy membership functions:
(a) Mean, (b) Pz, (c) a.

TABLE 1
FLAEKF RULE MATRIX
Mean
Z S M L
o
Z V4 S M L
N S S M L L
A M M L L L
L L L L L

For either an EKF or FLAEKF the LQG dynamic
regulator control law is given by [3], [10].

= K%, (34)

T
where; K is a gain matrix determined by the algebraic
Riccati equation in the derivation of a LQR based on state-
space form of the rigid-link robot dynamics equations. The
LQR is not included in this study but the LQ gains are
computed and form a component of the LQG dynamic
regulator. The LQG dynamic regulator control law is fed
back to form a resultant control law given by [10].

T=T +7T (35)

k

t=J"(60) {Kp (Zi) +Ky (giﬂ -K%,  (36)

C. Fuzzy logic adaptive vibration suppression

The FLS shown in Fig. 5 is developed intuitively with
membership functions for input and output variables shown
in Figs. 3 (a) and (b). Vibration suppression is achieved by
adapting the control law in (13) by a fuzzy output variable
A determined in the FLS with elastic deformation inputs J,
and 6, fed back from the flexible dynamics [2]. As the
magnitude of elastic transverse deformation for each link
varies positively or negatively, it complements or counters
deformation of the other link. Verbal descriptors for
positive (P), positive maximum (PMAX), positive medium
(PM), zero (ZERO) and negative (N) are used to label the
membership functions shown in Figs. 3 (a) and (b) to
generate nine fuzzy rules of the form;

IF 8, is N AND &, is P THEN A is PMAX

N ZERO P

ZERO PM PM A X
1.0 1.0
-5.0 0 5.0 .
Meters 0 * 1.0
(a) (b)

Fig. 3. Fuzzy membership functions: (a) §; and 95,
(b) Output variable\.

The value of A varies according to the magnitude of
resultant deformation within a range from ZERO for zero
deformation to PMAX for the largest deformation thereby
forming a symmetric fuzzy rule matrix given in Table II.
Universes of discourse range from -5 m to 5 m for &, and 3,
and 0 to 1.0 for A. Values of §; and J, are normalized by
gain K, = 5 before entering the FLS [2].
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TABLE 11
FLS RULE MATRIX
0,
A N Z ERO P
N PMAX PM  PMAX
<& ZERO PM Z ERO PM
P PMAX PM PMAX

The adapted form of 7, in (13) is given by [2].

T =Kd JT(G){KP(ZX)+K({§XH (37)
y

y

Applying LQG dynamic regulator control in (34) to (37)
provides a resultant control law given by.

T= KSK{JT(G)[KP(E;}—K({%H} -Kx,  (38)

IV. SIMULATION RESULTS

Tracking without noise filtering or vibration suppression
is shown in Fig, 4. Tracking with an EKF and FLAEKF
shows minor improvements in Figs. 8 (a) and (b) where the
FLAEKF produces a slightly better result than EKF.
Tracking with FLS vibration suppression at Ky = 15 and
noise filtering with EKF and FLAEKF gives nearly
identical results shown in Figs. 8 (c) and (d). Tracking
times are 9 min 44 sec without noise filtering or vibration
suppression, 14 min 37 sec for FLS with EKF and 14 min 6
sec for FLS with FLAEKF. Matlab/Simulink™, Control
Systems and Fuzzy Logic Toolboxes were used for
simulation [15].

V. CONCLUSION

Vibration control of a flexible robot using an inverse
dynamics  strategy alone is ineffective. = Minor
improvements are achieved using noise filtering with
FLAEKF being better than an EKF. These difficulties are
overcome using FLS adaptive vibration suppression that
overrides the minor effect using either an EKF or
FLAEKF. The results confirm the FLS adaptive strategy is
more effective in suppressing nonlinear elastic vibrations
than noise filtering algorithms derived from state-space
rigid-link dynamics equations.
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