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Abstract’'—— We present new results for the stability
analysis of discrete dynamic fuzzy systems with
nontriangular membership functions. We use arguments
similar to those applied to the stability analysis of
systems with triangular ~membership functions,
including: the concept of fuzzy positive definite and
fuzzy negative definite functions. We use a fuzzy
Lyapunov  function candidate  with triangular
membership functions to derive the new stability
conditions for systems with nontriangular membership
functions. We apply our results to two numerical
examples.

1. Introduction

The stability analysis of fuzzy systems has been the
subject of extensive research (see the extensive review of
[6]). Many of these results are only applicable to the
stability analysis of a particular controller but some
provide general stability conditions.

The best known stability condition for fuzzy systems
is the common Lyapunov condition of Tanaka and
Sugeno [7]. The use of these conditions was greatly
simplified by the possibility of testing them using linear
matrix inequalities (LMIs) [8]. However, these
conditions are only sufficient and can be restrictive in
some situations.

Another Lyapunov-like fuzzy analysis and synthesis
approach was developed by Margaliot and Langholz [3].
Their approach is the “computing with words” version of
Lyapunov stability analysis. The approach is very
promising especially for systems with low-order
dynamics whose behavior is known qualitatively rather
than described by a mathematical model.

Another Lyapunov-like approach uses fuzzy
Lyapunov function candidates analogously to traditional
Lyapunov stability analysis [4], [5]. If the function is
fuzzy positive definite and its changes along the system
trajectories are fuzzy negative definite, then we conclude
asymptotic stability. If the changes are negative
semidefinite we conclude stability in the sense of
Lyapunov. However, the results of [4] and [5] are only
applicable to systems with triangular membership
functions.

In this paper, we use the concept of fuzzy positive
definite function and fuzzy negative functions to obtain
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general fuzzy Lyapunov stability results for systems with
nontriangular membership functions. However, we
restrict the membership functions for the definite
functions used in stability testing to the triangular type.
We obtain stability results for Takagi-Sugeno-Kang
(TSK) discrete dynamic systems as well as a stability
result for Mamdani systems.

The paper is organized as follows. In Section II, we
state the main properties of the fuzzy systems examined
in the paper. In Section III, we review the definitions of
fuzzy definite functions and derive our main stability
results. In Section IV, we apply our methodology to a
simple example. Section V summarizes and comments
on our main results.

I1. Fuzzy Systems and Their Properties

For a systematic stability analysis, we start by
reviewing Sugeno’s classification of fuzzy systems [6].
He classified fuzzy systems into three types. The first
type is that first introduced by Mamdani with fuzzy rules
of the form

R, . IFxis A, , THEN y'is H'

i
1

7

oA, =4 a4 ] )

X:[x]

i, =1..,N,, j=l..,n

J
where A;’ and H'"" are fuzzy sets. The second and

third are called TSK systems. They typically have rules
of the form (1) but with consequent in the form of a
mathematical function. A popular form of TSK systems
has constant consequents of the form

h . = |pii Jyivein ,

. iy, [ 1 . n ]T (2)
i;=L..,N, j=L..,n

where h; ; is a vector of singletons. A more general

1y

form includes (2) as a special case and has the
consequents

- . 7
f — iy, iy, ,
0=l g o] o
i :l,...,Nj, j=L...,n
where f; , (x) are functions of x;, i = 1, ..., n.

Typically, the consequent functions are affine or linear
but Sugeno’s formulation includes more complex forms.
The fuzzy systems analyzed in this paper comprise

four principal components:



a) A fuzzifier that maps to normal and complete fuzzy
sets.

b) A complete fuzzy rule base of the form (1), with
fuzzy, constant, linear or nonlinear consequents.

¢) A fuzzy inference engine with the T-norm in fuzzy
implication and product inference.

d) A weighted-average defuzzifier.

For TSK systems the output is then of the form

Z"'fo'“"’" (x)ll[uAl/, (xj (k))
y: L=
z ZH”A/( f(k))

=1 i,=1 j=1

“)

Researchers have used a variety of membership
functions with the most popular being triangular or
Gaussian [8], [9], [10]. For Gaussian membership
functions, we have

n Lz 00=m, )
[pm&@w»:ap—gzi ~ J

J=1 Jij

= exp{—%Ax (k) S A ¥ (k)}
Ax; , (k) =x(k)-m,

10k

x(k) =[x (k) x,(k)

m.

x, ()]

T
Qg [ml,i, ’112‘1'2 mn‘i,, ]

S. ;= diag{dlil 570 }

(6))
We often assume that the membership functions at a
given point are practically determined by memberships
in two fuzzy sets only with other membership values
negligible. This is typically the case for triangular
membership functions but is also approximately true for
Gaussian membership. Under this assumption, the

output of (4) reduces to
I+1 1,+1

22 0] Ty, b))

y= i=l il j=

h+1 1,+1

- (6)

PRI § I

i=l i,=l, j=1
and the consistent membership functions satisfy
(o () = 1=t () ™)

Under the condition (7), the denominator of the output
(6) can be shown to be unity.

A fuzzy system is called dynamic if its output is
determined from the history of its inputs. Dynamic TSK
fuzzy systems use fuzzy rules of the form

1103

Riliz...i" AF x(k) is Ai‘mi” THENXI"...I'” (k+D)= filmi,, [X(k)]
x(k) =[x, (k) x(k) - x, B
. . - Ir
Xiii, = [xlll Xy x;“]
Ailiz...i" = [Ali1 Aéz A,:" ]
fz',mi,, _ [fl[,[z.,.[” fzi,iz...i,, f"f,iz...i,, ]T
i; = 1,2,...,Nj, j=12,...,n

@®

III. Preliminary Results

In this section, we state some results from [4] that are
needed in the paper and generalize others. We only
prove new results. In [4], it was shown that the output of
a fuzzy system x(k) can be represented as a fuzzy system
with triangular membership functions and constant
consequents. The original fuzzy system can be Mamdani
or TSK and need not have triangular membership
functions. We state this result without proof.

Lemma 1: If (i) x is the input to a fuzzy system, and (ii)
ulx j) is the membership function of the triangular

fuzzy set Aif , then

i+l i+l i,+1

X = ZZ zelllm.lH/u '/( )

h=iy =i

€)

i

T
where e, [e," ey e;”] are the set centers.

In our stability analysis we require the concept of the
absolute value of a fuzzy system [4].

Definition 1: Let S be a fuzzy system, then the absolute
value | §' | is a system whose output is the absolute value
of the output of S.

The next lemma relates the absolute value fuzzy system
|S | to a system with consequents equal to the absolute
values of the consequents of S. A special case of this
result for systems with triangular membership functions
was presented in [4].

Lemma 2: If § and | S | are fuzzy systems, with the same
fuzzy sets defined over the same domain, and rule bases
given by:

R, ,:IFxis A,

ll l

RZ

hiy..0,

L THENY, , =1, , (%)

(10)
THENY, ., =, .. ()|

IF X is A,

hiy..0,

respectively, then the outputs of the two systems are
related by

v|<y? (11)



Proof: Using Definition 1 and (4), the output of |S| can
be written as

N,

Z S <x)HuA/( ()

i=1 i,=1

|yl|— Y, ‘

> >N INNG)

i=1 i,=1 j=1

Z]~-Z|fﬁ <x>|Hy x,(K))
<

ST b
Ey2

[ ]
The following lemma from [4] governing the
absolute value vector is used in the proof of our stability
conditions and is stated without proof.

Lemma 3: 1f (i) x is the input to a fuzzy system, (ii)

Hy (x j) is the membership function of the triangular
fuzzy setAi/ , and (iii) |x| = HX1| |x2| |xn |]T , then

i+ i+l i,+1
M=2 3 S o[y ) (12)

h=iy L=i

The combination of fuzzy systems can be equivalent to a
single fuzzy system. This idea plays an important role in
modeling and stability analysis. One such combination
is the sum/difference system for a set of fuzzy systems.

Definition 2: Let S, j =1, ... , m, be fuzzy systems, with
the same fuzzy sets defined over the same domain. Then
their sum/difference §, +:--+, is a system whose

output is given by

y=y deiy”
where y is the output of the / fuzzy system.

(13)

The next lemma allows us to represent the sum or
difference of fuzzy TSK systems as a single equivalent
fuzzy system. A version for constant consequents was
derived in [4].

Lemma 4: Consider the sum or difference of L TSK
fuzzy systems 8;, / =1, ..., L, with the following rule

bases

R, :IFxis A, , THEN y; , =f/  (x)

i =l,...,Nk,j=1,..., , (14)
I=1..,L

Then the parallel combination + §; = 8, ....= 8 is

equivalent to a single fuzzy system with inputs x c

A; ,; andarule base given by
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R, :IFxis A, , THENy, , = ZL:J_r f . (%) (15)
I=1
Proof: Using (4) we obtain the output
L Z Z e § EPCE)
j=1
Z N1 N, n -
D DN | PACHD)
i=1 i,=1 j=1 (16)

NN, n
fif.”i” (X)H ,uA,/ (x/ (k))
=1

N, N, =

H'LlA

1 g,=1 =1

7 (x/ (k))

Interchanging the summation order gives the output of
the system of (15).

In the next section we give new sufficient conditions
for the stability of discrete dynamic fuzzy systems.

IV. Definite Functions and Stability Results

We present a stability analysis for fuzzy system that
parallels traditional Lyapunov analysis of crisp systems.
Our stability analysis requires the definition of definite
functions that play an analogous role to that of definite
functions in standard Lyapunov stability theory. All
these functions are discrete TSK systems that comprise
the four principal components of Section II, with
corresponding constraints on their outputs. All are
assumed to have constant consequents and triangular
membership functions but are used in the stability
analysis of systems with more general membership
functions. The constraints on the outputs can be shown
to be equivalent to constraints on the consequents as
stated below [5].

Positive definite fuzzy function: A fuzzy function is
positive definite if and only if

a) hi,‘;; ; =0 if and only if the vector of fuzzy sets
Ai;i;”i; is centered at the origin.

bh, , >0,V = 12N, i # i;,j=12..n,
where h,, , >0 denotes Rt >0, =1,2,-+,n

Positive semi-definite fuzzy function: A fuzzy function
is positive semi-definite if and only if:
h, ,20forall;;=12,...N, j=12,..n

Negative definite fuzzy function: A fuzzy function is
negative definite if and only if:
a) h.. .=0if and only if the vector of fuzzy sets

Al oo is centered at the origin.
192-*n

b) h, , <OVi=12..N,i=i,,j=12..n.



Negative semi-definite fuzzy function: A fuzzy function
is negative semi-definite system if and only if:
h, <0Vi=12,..,N,j=12,..n

iyiy .y

a7

Figure 1 Geometric representation of Theorem 1.

We now introduce our new stability criterion for
discrete TSK dynamic fuzzy systems with nontriangular
membership functions.

Theorem 1: Let S be a discrete TSK dynamic fuzzy
system. Consider the fuzzy Lyapunov function
candidate V(x(k)) with triangular membership functions

and constant consequents defined by:
R, , :IFx(k)isA, ,THENx, , (k+1)=ble, , | (18)

iyiy

with the difference AV (x(k)) defined by:
R, . IFx(k)isA, , &x(k)isA, , THEN

X, iy (K1) = b’ (|fi|,..[” (X)| - |ez,.,.1,, |)

19)

where b=1[b, b, ... b,]"

1. If 3 b > 0 such that AV(x(k)) is a fuzzy negative

semi-definite function, then § is stable in the sense of
Lyapunov.
2. If 3 b > 0 such that AV(x(k)) is a fuzzy negative

definite function, then fis asymptotically stable.

Proof: We can rewrite V(x(k)) as
V(x(k))=b" [x(k)| (20)
We obtain the fuzzy system AV(x(k)) as a difference

using Lemma 4
AV (x(k)) =V (x(k + 1))~V (x(k))
= b (x(k + | - [x(k))
Using (4) and Lemmas 1, 2, 3, we obtain

Z ZbTIfﬁ <X>|Hu,,, ()
Z STT, b )

=1 i,=1 j=1

@1

AV (x(k))<-

i+l i+l i,+1

22 by IHﬂA/ ()

L=iy l,=i, 1,=i,
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N, N, i+l i,+1
T
SRDWI z{b It col~les b |

i=1 i, ]II =i

N, z,+1 i,+1

Z DI sz.

=1 i,=11=i 1,=i,

=TT, G ke, (v, @)

dyeeed e

Jj=1 p=1
(22)
Given € >0, choose r € (0,€] such that
B, = {x(k) e R" ||x(k)| < r}< D
Let o=min V(x(k)) Then o >0since it is the

Ix=
minimum of a positive continuous function over a
compact set. Take Be(0,a) and let

Q, = {x(k) € B, |V (x(k)) < B}
Then Q is entirely inside B, (see [2]). Let AV(x(k))
be a negative-semi-definite
consequents. Then
AV (x(k))< 0=V (x(k + 1)<V (x(k)) <P,
k=012,
Since ¥(x(k)) is continuous and ¥ (0)=0, there exist
4 > 0 such that
[x(o)| <8 =V (x(k))<p
Hence, we have B; cQ; < B, and
x(k) e B; = x(k) e Qy => x(k+1) e Q,
= x(k+1)eB,

Therefore, |[x(k)|<8=x(k+1)<r<e and x=0 is
stable in the sense of Lyapunov.

Similarly, we can show that x =0 is stable in the
sense of Lyapunov for the negative definite case. To

establish asymptotic stability, we prove convergence to
the origin. V(x(k)) decreases continuously along the

system with constant

system trajectories and is lower bounded by zero
V(x(k)) > L>0 as k — oo

We show that L is zero by contradiction. Let L > 0 and
consider the set (2, = {x(k) | V(x(k))S c}

Select a ball B, cQ,, then the trajectories of the
system remain outside B,. Let

—y(k)= sup AV(x(k)) <0

d<|x(k)||<r

and consider the function
V(x(k))= ZV x(i) <V (0)-

which tends to —oo as k — oo. This contradicts the lower
boundedness of V' (x(k)). .

y(k+1)

Remark: Note that it is implicitly assumed in the proof
that the fuzzy system has an equilibrium point at the



origin. The Theorem is valid for other equilibrium
points as demonstrated in Example 1.

The following theorem provides conditions for the
exponential stability of fuzzy systems with nontriangular
membership functions. A version of the theorem for
triangular membership functions was presented in [4].

Theorem 2: Let S be a dynamic TSK fuzzy system. § is
exponentially stable with decay rate s,, if:

It cO)| < e x| (23)

where O<a,;, , <s,<Lli =L N, j=1-n

iy,

Proof: Assume that

Z Zf,, , (x(h) HuA,( ()

x(k +1) =252

> 3Ty b 0)

i=1 i,=1 j=1

24)

Using (4), (23) (24) we obtain

Z Zal.lz ||x<k>||HﬂA/( ,(6)
[k + D) < T ’s

N,
i=1 i,=1 j=l1

< s, x|

By induction, we have
[x(k + D) < s, [x(®)] < 5, [x(O) (26)

Theorem 2 is applicable to any TSK system that satisfies
condition (23), even with nonlinear consequents. For a

system with linear consequents of the form 4, , x(k),
Theorem 2 reduces to an earlier result from [1]
|4 | < @i 27)

Corollary: Let f be a Mamdani dynamic fuzzy system
then f'is exponentially stable if:
I+ Dl <ar,., Ix)

(28)

vxe A, ., Vx(k+1)e H"™

where O<a,;, , <s,<Lli =L ,N,j=1-n

i,

Proof: The corollary follows directly from the theorem
since (26)-(28) are valid for Izlax"x(k)" and

min|x(k + 1)

V. Examples

We present two examples that demonstrate the stability
analysis using the results of this paper. The first is a
dynamic TSK system with constant consequents, while
the second is a dynamic TSK system with linear
consequents

Example 1: We consider the TSK system with Gaussian
membership functions and constant consequents. The
centers of the Gaussian fuzzy sets are given in Table 1
together with the corresponding consequent values. The
value of o used for all membership functions was 2. In
this example, we have a second order system (n = 2)
with each state variable having 5 fuzzy sets. Thus, there
are 25 linear inequalities to be satisfied and one can use a
variety of methods to solve this linear programming
feasibility problem. An acceptable Lyapunov function is
obtained with » =1, 1]”. Our simulation results of
Figure 2 show that all the trajectories of the system
converge to its equilibrium point at [-1.25, 0.51]" and
verify that the system is asymptotically stable. Note that
the equilibrium of the system is not at the origin.

Table 1 Centers of fuzzy system in Example 1.

X e o e | & | e

2 4 ) 0 2 4
o | g 076 [ —1.67 | 244 [ —10 [ -148
2 0.3 069 | 098 | 04 | 0.62
| | 097 | 094 | 188 [ 212]-147
2 038 | 042 | 0.79 | 0.84 | 0.62
2o | 032 | -13s 0 | -05 |-235
2 0.19 | 057 0 | 023 093
o] o | 163 | —149 [ 005 [-154] 0388
2 0.66 | 0.63 04 | 065 | 037
o —143 | -176 | -1.92 [ -034 | —2.39
2 059 | 072 | 0.78 | 0.19 | 0.98

X2

X1
Figure 2. Simulation results for the fuzzy TSK system
of Example 1.



Example 2: Consider the TSK system with linear
consequents of Table 2. All the matrices in the table
have column sums (norms) less than or equal to 0.9.
Thus, the system satisfies the stability conditions of (23)
and (27) and is therefore exponentially stable. The
simulation results of Figure 3 confirm the stability of the
system. The system trajectories converge to the origin
after a few iterations for all tested initial conditions.

Table 2 Centers of fuzzy system in Example 2.

X1 el e e
X2 -5 0 5
i [02 02 7x 02 04 [-03 04 x
€| 5| [-06 -07]x, {7 0s 0‘2}{"'} 04 -03]x,
L I ~05 02| x, L L
5 [-04 0.1 T x] 0 o [-03 -03]x
€l [-05 —04)x] [0 O}P } 01 —03)x,
. L
3 (=05 -037x] o o4 (=02 -0.17x,
€l 5] 03 -02]x] {07 (’)2}{"'} —01 08 |x
7 =02 x, - -
X2

X1
Figure 3. Simulation results for the fuzzy TSK system
of Example 2.

VI. Conclusion

This paper provides a stability test for TSK fuzzy
systems with nontriangular membership functions. It
uses the concept of fuzzy positive definite and fuzzy
negative definite functions to determine the stability of
discrete TSK dynamic fuzzy systems. As in standard
Lyapunov stability theory, we show that if a fuzzy
positive definite function has fuzzy negative definite
changes along the trajectories of a discrete TSK dynamic
fuzzy system, then the system is asymptotically stable.
Similar arguments allow us to derive conditions for
stability in the sense of Lyapunov and for exponential
stability. We also provide exponential stability results
for TSK as well as for Mamdani fuzzy systems.
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Future work will extend these results to continuous
fuzzy systems and analyze the stability of forced
systems.
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