2005 American Control Conference
June 8-10, 2005. Portland, OR, USA

WeB16.2

Products of Row Stochastic Matrices and Their Applications to
Cooperative Control for Autonomous Mobile Robots

Zhihua Qu, Jing Wang and Richard A. Hull

0-7803-9098-9/05/$25.00 ©2005 AACC

Abstract—1In this paper, cooperative control of dynamic
systems is formulated as the problem of choosing a linear
feedback control law of the systems’ outputs and making
the states of individual systems converge to the same steady
state. As such, cooperative behavior of the overall system
can be studied by investigating the convergence property of
products of row stochastic matrices. Two new results on the
convergence of matrix products are obtained, one on products
of lower-triangular matrices and the other on products of
lower-triangular matrices and general matrices. Neither of the
two results requires that matrices be irreducible, and they can
be used as the tools for the design and stability analysis of
cooperative control. In particular, less-restrictive conditions
on the design of cooperative control feedback matrices are
established for a general class of MIMO dynamic systems
of finite but arbitrary relative degree. The proposed design
doesn’t require either the directed robot sensor graph being
irreducible or a fixed leader. An example is provided to
illustrate the proposed design method and new results.

I. INTRODUCTION

The study of cooperative control for multiple robots has
been motivated by the flock behavior of animals. As early
as 1980’s, Reynolds introduced the first computer animation
of flocking by using the local control strategies: cohesion,
separation, and alignment [8]. In [9], a flocking model for a
group of particles moving in the plane was proposed using
the “neighboring rules” and verified through simulations.
The theoretical explanation of this “nearest neighbor rules”
was recently given in [5] by using graph theory. It is
proved that all the agents’ headings converge to a common
value provided that the undirected sensor graphs for all
agents are periodically strongly connected. The extension
to the case of directed sensor graph was done in [11][6].
In our recent paper [7], we further extended those results
to the case of dealing with a class of general MIMO
dynamic systems of finite but arbitrary relative degree, and
studied the coordination behavior of the overall system
under leader-follower cooperative control while the directed
sensor graphs always being not strongly connected.

In this paper, as a continuation of [7], we address the
leaderless cooperative control problem by finding a set of
less-restrictive conditions on the connectivity requirements
among robots. Our study starts with exploiting the new
convergence properties of the product of row stochastic
matrices [10]. First, for a class of row stochastic matrices
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in the lower-triangular structure, we find an easy-to-check
condition on its convergence and give an elegant proof
(theorem 2.1). Then, by presenting one important result on
the property of row stochastic matrices (lemma 2.4), an im-
portant convergence result on the product of two combined
sequences of row stochastic matrices are established (theo-
rem 2.2). In particular, a necessary and sufficient condition
is given for row stochastic matrices in the lower-triangular
structure (corollary 2.1), which has direct application to
find the less-restrictive conditions on leaderless cooperative
control. Third, by using the new convergence results on row
stochastic matrices, we consider a group of MIMO dynamic
systems of finite but arbitrary relative degree and propose
a new guideline for the design of cooperative controls. The
obtained less-restrictive conditions are easy-to-check and
don’t require the irreducibility of directed sensor graphs.
Moreover, no fixed leader is required during the motion of
robots. It is proved that the overall system will converge to
the same steady state. The contribution of this paper is two-
fold: first, we obtain some new results on the convergence of
row stochastic matrices (theorem 2.1, lemma 2.4, theorem
2.2, and corollary 2.1), which provide a rigorous framework
for the stability analysis of cooperative control systems;
second, we find a set of less-restrictive conditions on the
connectivity requirements among robots, and establish a
guideline for the design of leaderless cooperative control.
The proposed method is applicable to a general class of
systems which can be transformed into the canonical model
given in the paper.

Throughout the paper, the following notations and defini-
tions are used. Let 1, be the p-dimensional column vector
with all its elements being 1, and J,, x, € R *"2 be a ma-
trix whose elements are all 1. A nonnegative matrix has all
entries nonnegative. A square real matrix is row stochastic
if it is nonnegative and its row sums all equal 1. For a row
stochastic matrix F, define §(E) = max; max;, ;, |Ei,j —
E;,;|, which measures how different the rows of E are.
Also, define \(E) = 1 —min;, 5, Y, min(Ey, j, Ei, ;).

Given a sequence of nonnegative matrix E(k), E(k) >~
0,k=0,1,---, means that, there is a sub-sequence {/,,,v =
1,--+,00} of {0,1,2,--- 00} such that lim,_, o, = +00
and E(l,) # 0, that is, there exists at least one element
E;;(l,) > efor e > 0. A non-negative matrix E is said to be

o o A
reducible if the set of its indices, Z = {1,2,---,n}, can be
s L A .
divided into two disjoint nonempty sets S = {i1, 2, -, 9.}

and S¢ éI/S = {41, J2, "+, ju } (With u+v = n) such that
E; ;. =0, where « =1,---,pand g = 1,---,v. Matrix

alp
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E is said to be irreducible if it is not reducible. A square
matrix £ € R"*" can be used to define a directed graph
with n nodes v1, - - -, v,, and there is a directed arc from v;
to v; if and only if E;; # 0. A directed graph represented
by E is strongly connected if between every pair of distinct
nodes v;,v; there is a directed path of finite length that
begins at v; and ends at v;. The fact that a directed graph
represented by E is strongly connected is equivalent to that
matrix F is irreducible [4].

II. NEwW RESULTS ON PRODUCTS OF ROW STOCHASTIC
MATRICES

The classical convergence result of the infinite products
of sequences of row stochastic matrices [10] has been
recently applied in the study of coordination behavior
of groups of agents [5][11]. In this section, we further
exploit the convergence properties of the infinite products
of sequences of row stochastic matrices and establish some
new relaxed conditions which have direct applications to
the cooperative control design of mobile robots.

Lemma 2.1: [10][11] Consider a finite or infinite set of
row stochastic matrices {P; € RF*E} satisfying 0 <
A(P;)) < § < 1. Then, for each infinite sequence,
Py, , P, there exists a row vector ¢ € R!*f such that

k-1
klggo]l;IOPl’“’j = 1gec.

Lemma 2.1 presents a powerful result on the convergence
of the product of arbitrary infinite sequence generated
from set {P; € RE*!}. However, in the applications to
cooperative control, we are more interested in the study
of the convergence property of a given sequence of row
stochastic matrices. Given a sequence of row stochastic
matrices P(k) € RE*E it follows from lemma 2.1 that
limy, oo [[F2g Pk — 1) = 1gc if 0 < A(P(K)) <8 < 1
for every k. However, this condition on P(k) is relatively
strong and is also not necessary. For example, given a matrix

1 0 0
P=1]01 09 0 |,
0 07 03

we have A\(P) = 1, but it can be easily verified that
lim; o, P! = 1c with ¢ = [1,0,0].

In what follows, we will find the relaxed conditions on
P(k) such that [}~ P(k — 1) will converge as k — oo,
which is useful for establishing the less-restrictive condi-
tions on the connectivity requirements for groups of robots
in the design of cooperative control. The following lemma
can be concluded from lemma 2.1 and provides a relaxed
condition on the convergence of a class of sequence P(k).

Lemma 2.2: Given a sequence of row stochastic ma-
trices P(k) € REXE. If there is a sub-sequence
{ly,v=0,1,--+,00,lp = 0} of {0,1,2,---,00} such that
limy_ooly, = 400 and 0 < A(Q(k)) d < 1, where

<
Q(k) = P(lk)P(lk—1)...P(lk_1+1)’ k=1,2,---,00,

then limy_, oo Hf;ol P(k—1) = 1rc with ¢ being a constant
vector. Furthermore, if P(k) is in the lower-triangular
structure with positive diagonal elements, then the condition
is both sufficient and necessary.

Proof: Omitted. O

Remark 2.1: For  general P(k), the condition
in lemma 22 is not necessary. For example,
given P = [0.2,0.5,0.3;0.3,0.5,0.2;0.2,0.5,0.3]
and @ = [0.1,0,0.9;0,1,0;0.2,0,0.8], the
product P x Q" = [0.0909, 0.5000, 0.4091;
0.0909, 0.5000, 0.4091; 0.0909, 0.5000, 0.4091] as n — oo.
However, since A(Q™) = 1, we cannot find the sub-
sequence {l,}. &

Lemma 2.2 gives a condition on convergence of sequence
P(k). However, it is usually difficult to find the sub-
sequence {l,} and also not easy to check the value of
A(Q(k)). It would be desirable to have the direct conditions
on P(k). In what follows, we first present such a condition
for a sequence of row stochastic matrices in the lower-
triangular structure, and then extend it to the more general
case. Before proceeding, the following lemma is required
which gives a general result on the convergence of a
discrete-time system satisfying some properties.

Lemma 2.3: Consider the following discrete-time equa-
tion
Qi(k) = Pij(k)Q;(k — 1) + Py (k)Qi(k — 1), i#j (1)
where Q;(k) € R"*F and Q;(k) € R"*F satisfying
Qi(k‘)lR =1,, and Qj (k;)].R = 17“3-’ and P;; (k‘) € RTixT
and Py (k) € ™7 satisfying Pj;(k)1,, + Pu(k)1,, =
17’7‘,’ and Ql(k‘) >0, Qj(k) >0, Pw(k) > (0 and P”(k) >
0. If limy o0 Q;(k) = 1,,¢; with ¢; € RIXE being a
constant vector, and there exists a constant € < 1 such that

1Q;(k)| = 1Q;(k) — 1, ¢;] < €T, xR, )
then,
Proof: omitted. O

Theorem 2.1: Consider a sequence of nonnegative, row
stochastic matrices in the lower-triangular structure

Pu(k‘)
Poi1(k)  Pao(k) S

Poa(k)  Poa(k) P (k)

where R = >/" r;, sub-blocks P;;(k) on the diagonal
are square and of dimension R *™:, sub-blocks P;;(k)
off diagonal are of appropriate dimensions. Suppose that
Pi;i(k) > €J,,xr, for some constant ¢; > 0 and for all
(i =1,---,m), and in the ith row of P(k) (¢ > 1), there
is at least one j (j < %) such that P;; > 0. Then,
k—1
li Pk-1)=1
Jim. 1}) (k—1) = 1ge,
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where constant vector ¢ = [c1,0,---,0] € R1*F with ¢; €
§R1XT1.

Proof: The proof can be done by induction
using lemma 2.3. Define Q(k) = f;ol Pk — 1)
and the ith row of Q(k) being Q;(k) =
[Qil(k)7 Qi2(k)’ T Qm(k)v 0,--- 70]'

(i) Since sub-block Py1(k) > €1J, «r, is row stochastic,
and 0 < A(P11(k)) < o1 < 1, where 07 = 1 — €1, thus,
it follows from lemma 2.2 that

k—1
) A,
kh_)rrolo g Py(k=1)=1,,¢1 = Pfy.

On the other hand, since

k—1
I Puk—1) - Ppy
=0

k—1
<4 (H Pyy (k — l)) Ty

=0

it then follows from ¢ ( g:ol Pn(k—l))

Mo AP (K — 1)) [10] that, [T}, Pi(k—1) — Py
Uf']ﬁ X719 and |Q1(k) - 1T161| < UfJTj XR-
(ii) Consider 7 = 2. Since for Py;(k) = 0, we can always
construct a new sequence S(k) such that Sa; (k) > 0 for all

k [7]. Without loss of generality, we assume that Ps; (k) >
0. It follows that

Q2(k) = Po1(k)Q1(k — 1) + Pao(k)Q2(k — 1).

Noting that Py (k)1,, + Paa(k)1,, = 1,,, and Py (k) >
0 and Pao(k) > 0, it then follows from lemma 2.3 that
hmk*wo QQ(k) = 1T202.

(iii) For general 7 > 2, without loss of generality, suppose
that P;;, > 0 and P;;, > 0, and

IN

IN

khi& Qj,(k-1) 1., ¢, =1, ¢j,
k:li)nolo sz (k h 1) = 1T12 Cjo = 17'1'2 Cj-

Note that Q;(k) = Py, (k)Qj, (k—1)4Pij, (k)Qj, (k—1)+
Pii(k)Qi(k—1). Similarly, it follows from P;;, (k)1 c;+
Pij, (k)1 ¢j + Pii(k)1,,c; = 1,,c; and using lemma 2.3,
we have limy_,o, Q;(k) = 1,,¢;. a

Theorem 2.1 provides an easy-to-check condition for the
convergence of a sequence of row stochastic matrices P (k)
in the lower-triangular form, which can find the application
to the design and analysis of leader-follower cooperative
control [7]. However, for the design and analysis of cooper-
ative controls in the case of general connectivity topologies
(leaderless) within the network, we need to study the
convergence properties of sequences of lower-triangular row
stochastic matrices with mixed permutation matrices. That
is, we need further study the convergence of the product of a
sequence of row stochastic matrices 7'(k) P(k)TT (k) where
P(k) is in the triangular form and T'(k) is the permutation
matrix.

In general, given P(k) satisfying the conditions in the-
orem 2.1, the convergence cannot be guaranteed any more

when permutation matrices are incorporated into the se-
quence. New conditions have to be exploited. For example,
consider

1 0 0 0 1 0 0 0

0 1 0 0 02 08 0 0
P=1o1 009 02| 0 0o 1 o0

0 0 0 1 0 02 0 08
It is easy to verify that lim, .. (P1P2)" =

1[1 0 0 0 ].However, given permutation matrix

0100
0010
=1100 0/
000 1

the product (P,TP,TT)™ will not converge as

0.2857 0 0.7143 0

0 1 0 0
0.2857 0 0.7143 0
0.2857 0 0.7143 0

lim (P, TP,TT)" =

n—oo

An important convergence result on the combination of
two sequences of row stochastic matrices is stated in the
following theorem. Before presenting this theorem, we first
give the following lemma which shows how the property
of A() < 1 is preserved when additional row stochastic
matrices are inserted into the product of row stochastic
matrices.

Lemma 2.4: Given row stochastic matrices L € RI*E
M € REXE and Q € REXE. Suppose that the values
of the positive elements of L and M are greater than ¢;
and e,,, respectively. Let S = LM and P = LQM. If
0<A(S)<ds<1l,and Qs > €4 > 0,then A\(P) <4, < 1
with §, =1 — (1 — 0s)€q.

Proof: Consider any pair of rows of .S, say rows 1 and
2. Since S satisfies A\(S) < d,; < 1, there will exist y such
that both S1, > 0 and Sy, > 0. It follows from

R R
Sy = Z LigMpy, Say = Z LogMg-,
B=1 p=1
that there are some values of 3 for which Lz > 0 and

Mg, > 0. Let 8 be such a value. Similarly, let 35 be such
that L1g, > 0 and Mpg,, > 0. It follows from

R
[LQ]lﬁl = Z LlaQaﬁl > L151Q5131 >0,
a=1
that
R
Pl’y = Z[LQ}laMa'y > [LQ}lﬁlMﬁl’Y > 0.
a=1

Similarly, we have P, > 0. To this end, we can find a
positive constant ¢, such that A(P) < ¢, < 1. It follows
from the fact that the values of the positive elements of L
and M are greater than ¢; and e,,, that §; = 1 — €,€,,. On
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the other hand, it is easy to see that §,, = 1 — €;€4€p,. Thus,
we have 6, =1 — (1 —d,)e,. O

Theorem 2.2: Consider sequences of row stochastic ma-
trices L(k) € REXR and M (k) € RE<EIf there exists a
subsequence {k,,v=1,---,00, k; =1} of {1,2,---,00}
such that lim,_, -, [, = +00 and

0 < A(L(kpy1 — 1)+ L(ky + 1) L(ky)) < bk, <1, (4
and M (k) satisfies M;;(k) > €, > 0, then

k—1

li - )=

kLH;OHL(k DM (k—1) = 1gey, (5)
=0

and

k—1

Jim [T Mk~ )L(k~1) = 1rea, (6)

— 00 1—0

where ¢; and co are constant vectors.
Proof: To prove (5), we only need show that

Eog1—Fkeo

0<A| [ Z(hors —DM(Ewsr =1) | < Gimg,, (D
=1

where i, < 1. It follows from (4) and lemma 2.4 and
Mii(karl — 1) > €, > 0 that )\(L(k’erl — 1)M(ky+1 —
1)L(kyt1—2) - L(ky +1)L(ky)) < 1—(1 =611, Jem < 1.
Repeatedly using lemma 2.4 leads to (7) with §;pmp, =1 —
(1- 5lkv)e],§1”“7k“. To this end, by using lemma 2.2, we
have (5). (6) can proved similarly. O

By using theorem 2.2, one can obtain the following
corollary, which provides a general guideline for the choice
of cooperative control while guaranteeing the convergence
of overall system. In next section, we will show a direct
application of the following corollary, and establish the less-
restrictive conditions on the connectivity of robots and the
design of cooperative control.

Corollary 2.1: Given sequences of row stochastic ma-
trices P(k) € RE* and P'(k) € REXE, where P(k)
is in the lower-triangular structure and P’(k) satisfying
P/.(k) > €, > 0. Then,

k—1
lim [ Ptk —1)P' (k—1) = 1gey, (8)
k—o0 v
if and only if limg_. H;:OI P(k — 1) = 1gco, where ¢;
and cp are constant vectors.
Proof: Omitted. O

III. APPLICATIONS TO COOPERATIVE CONTROL

Consider a group of autonomous robots whose dynamics
can be transformed into the following canonical form
& = Aiw; + Biu,

yi = Cixyy 1 = gi(ni, i),  (9)

where i = 1,---,¢q, I; > 1 is an integer, z; € ™, 0, €
Rri—tim 1. is the m-dimensional identity matrix, ®

denotes the Kronecker product, Jj is the kth order Jordan
canonical form given by

-1 1 0 0 0
0 -1 1 0 0
Jk _ c %kxk7
0 o --- -1 1 0
0 0 0 -1 1
L0 0 o0 0 -1 |
R (Lim)x(1;m) R 0
Az - Jli ® Ime S §R 5 Bz - I €
mxm

%(lim)xm’ C;, = [Ime 0] c %mx(lim), yi € pm
is the output, u; € R™ is the cooperative control law to
be designed, and subsystem 7; = g;(n;,x;) is input-to-
state stable. Without loss of any generality, in this paper
we consider the case that [; = =l = L
The objective is to synthesis a general class of cooperative
control and establish the conditions on network connectivity
requirements such that the all states of the overall system
converge to the same steady state.

ly = ---

A. Leaderless Cooperative Control

Let the cooperative control be given by: for: =1,--- ¢,

u; = Gi(t)y, (10)

where G; = [ Gi Giq ] with G;; € ™™ being
the interconnection matrix satisfying the properties that
Gilpg = 1, and y = [y --- yl]". Assume that G;(t)
be piecewise constant for all i. It is obvious that the value
of G;; depends on the connection between the ith robot and
the jth robot. In practise, the feedback matrix G(t) must
change over time according to physical surroundings. In this
paper, we consider the situation that robot sensors have a
limited field of view, such as a cone-like field of view.

It follows from (9) and (10) that the closed-loop overall
system is given by

i =(A+ D(t)z = (—In,xn, + D(t))z, (1)
where = = [27, e 21T e wNe, N, =
mql, z; = [zh,2h, -, 28] e R, oz =
[Tij1, Tijas -+ Tigm)T € R™ with @ = 1,---.q,
and j = 1,---,l, A = diag{A:, ---, Aq} €
RNaxNq 1 = diag{C1, -+, C4} € R(ma)xNg
B = diag{B,, ---, B,} € RNoxmd G =
[GT - @I )" e Rmax(ma, D = BGC, and

>V 0 I(lfl)x(lfl)®lm><m Imxim

D” - |: G“ O 6 §R )
and
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B. Conditions on Cooperative Control Design

To achieve the cooperative control objective, most re-
cent results require that the sensor graphs (undirected or
directed) are strongly connected at lease once in each time
interval of some length [5][11]. In this paper, we extend the
result to the case of that the directed sensor graph is not
strongly connected.

Define the robot sensor matrix as S(t) = [S9;;(t)] €
R1*9, where S;; = 1 which means that robot always has
sensor information itself; S;; = 1 for ¢ # j if the 4th robot
can sense the jth robot, otherwise S;; = 0. The feedback
gain matrix G(t) will be designed according to connectivity
topologies of robot sensor matrix. Let {th :k=0,1,---}
with t§' = to be the sequence of time instants at which G (¢)
changes (i.e., S(t) changes). That is, G (t) = G(t$) over the
time interval ¢ € [t/,¢7, ). If there are only finite changes
for G(t), that is, for t > t¥, G(t) = G(t¥), we can always
partition the remaining time to generate an infinite time
interval [t ¢, ). Suppose that 0 < ¢7', | — 7 < timaa.

If the robot sensor matrix S(t) is irreducible, then the
corresponding feedback matrix G(t) can also be made
irreducible. In such a situation, the convergence result has
been obtained for simple linear system with relative degree
one [11], and it is further extended to a general class of
MIMO systems of finite but arbitrary relative degree as
given by (9) [7]. However, the condition that the robot
sensor matrix S(t) is irreducible, is still strong. In what
follows, we study the coordination of group of autonomous
robots in the case that robot sensor matrix S(t) is always
reducible, and propose less-restrictive conditions on the
design of cooperative control feedback matrix.

It is shown in [1][3] that, if S(¢) is reducible, then there
is a permutation matrix 77 € R?*? such that St (¢) =
TTS(t)Ty is in the lower-triangular structure, that is

Sr, 11(t) 0 e 0
Sty21(t) Sty o0(t) - 0

STI (t) = : : .. : )
Sty k1(t) Sty ka(t) Sty k()

where STl,ii € REX%, Zle qi = q, and STl,ii(t) are
irreducible. Correspondingly, we have augmented permu-
tation matrices To = T1 ® Lxm € RI*I" and T3 =

T) @ Liscim € RI™>dm  guch that
Gr,(t) = TLGH)T;
Gr,11(t) 0 e 0
Gry21(t) Gry2(t) -+ 0
= . . . . ,(12)
Gr,k1(t)  Gry 2(t) G, kk(t)

where G, ;;(t) is irreducible, and the state transformation
is ¢ = T3z. To this end, the system dynamic (11) becomes

—(I =TI DT3)z=. (13)

Remark 3.1: Generally, the case of g; # 1 means that
the g robots reformulate k£ subgroups with k < g. &

The following theorem states the main result of the paper
and gives the less-restrictive conditions on the design of
cooperative control feedback matrix.

Theorem 3.1: Consider the cooperative control of system
(9) under (10). Suppose that the signal transmission matrix
S(t$) is reducible for almost all k. If there exists a sub-
sequence {s,,v = 0,1,---,00} of {0,1,2,---,00}, such
that St (tﬁ) is in the same lower-triangular structure (that
is, T1(tS ) = Ty for all v, where T is a fixed permutation
matrices), and satisfies the conditions that (i) SThi,»(ti)
is irreducible and (ii) for every ¢ > 1, there is at least
one j such that Sy, ;;(t¢) = 0, j < 4. Then, while
the corresponding feedback matrix G(tf) is according to
connectivity topology S(t/), in particular, G(t$) can be
chosen to satisfy the following properties:

(@) Gy, (¢ ) becomes irreducible;

(b) for every 1 > 1, there is at least one j such that
Gr,, l]( ) =0, J <.

Under such a choice of G(t), the stability of the overall

closed-loop system can be guaranteed with

tlim x(t) = quca:(tg), (14)

where constant vector ¢ € R1*Na,
Proof:  For briefness, let T3(k) = T3(t$) and P(k) =
P(t$). It follows that the solution of (13) is given by

a(t ) = HT3 —DP(k—DTs(k—1DT2(§), @15)
where
P(i) = e~ U-TE ODEDTO) (0 —0) =0, ... k. (16)

It follows from G, (t{) is in the lower-triangular structure
that D, (t$) = T4 (k) D(t$) T3 (k) and P(k) are also in the
lower-triangular structure. Moreover, P (k) is row-stochastic
matrix and its diagonal elements are lower-bounded by a

positive value [2]. To prove (14), it suffices to prove that
. T
klggong(k — )Pk —1)T3(k —1)T =1y,c. (A7)
Note that if GTQ,“-(tg}) is irreducible, then Dr, (tsG)
is irreducible and P”(sv) >0 [7] On the other hand,
Gr,,i;(t$) = 0 leads to Dy ;;(tS) = 0 and P;j(s,) > 0.

It then follows from assumption 22 and theorem 2.1 that
lim P(sy,)P(sy-1)- - P(s0) = 1n,¢s, (18)

vV—00

where c¢; is a constant vector. Define P’(s,) =
Ts3(50)TT3(sy — 1)P(s, — DTT (5 — 1)---T3(5y-1 +
1)P(SU 1+ 1)Tg(51, 1+ I)Tg(sv_l). Since PM(') > 0,
then P/;(-) > 0. To this end, the theorem follows from
corollary 2.1. a

Remark 3.2: The proposed conditions for cooperative
control design in theorem 3.1 is flexible in the sense that
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we do not require the robot sensor graph to be strongly
connected. There is also no need to have the fixed leader in
the group. When 77 (t$/) are same for all k, the cooperative
control strategy in theorem 3.1 becomes the leader-follower
strategy with the fixed leader as discussed in [7]. When
Tl(tkc) = Lnxm, Vk, the result in theorem 3.1 recover the
cases discussed in [11][5]. &

IV. ILLUSTRATIVE EXAMPLE

In this section, an example is given to illustrate the
cooperative control method studied in this paper. Consider
a group of three nonholonomic 4-wheel differential driven
mobile robots. By taking the robot “hand” position as the
guide point, whose model can be feedback linearized to a
double integrator with a stable internal dynamics [7]:

Zil = Zi2 (19)

Zi2 Vio
where i = 1,2,3, z;1 = [2i11, 2i12)7 € R? is the position
of particle i, z;o = 201, zio2]T € R? its velocity, and v; =
[vi1,vi2]T € R2 its acceleration inputs. The cooperative
control objective is that all particles move to the same
position, this is called an agreement problem.

Define the state and input transformations as follows:

Ti1 = Zi1, Tio = Tj + 22, U = —2Ti0 + T+ Uy

Then system model can be transformed into
Tin = —Ti1 + Tig, Tig = —Tio + Ui,

where u = Gy with y = [z}, 2L 2T]7. To this end, the
cooperative control method in this paper can be used for
the design of G. For illustration purpose, assume that two
kinds of situations run alternatively during the robot motion
process: (i) robot 1 as the leader, robot 2 follows robot 1
and robot 3 follows robot 1; (ii) each robot runs by itself.
The corresponding robot sensor matrices are

1 0 0 1 0 0
SMH=|1 1 0], S2)=|1010
1 0 1 0 0 1
Let the corresponding G(t) be
0 1 0 0 0 O
1 0 0 O 0 O
05 0 0 05 0 O
G(1) = 0 0 1 0 0 O ’
0O 05 0 0 0 05
0 0 0 0 1 0
01 0 0 0 O
1 0 00 0 O
00 01 0O
G(2) = 0 01 0 0O
00 0 0 0 1
00 0 0 1 O

It is easy to verify that G(1) satisfies the conditions in
theorem 3.1. In the simulation, the initial positions are
6,3]7, [2,5]T and [4,2]7, respectively. Figure 1 shows the
convergence of robots’ position, which verifies the proposed
design in this paper.

55 T T T T T T T T T

5T O robot 2 7

3l 4
robot 1
251 —

15 7 robot 3 B

1t \\O 4

Fig. 1. Convergence of positions under cooperative control

V. CONCLUSION

In this paper, we studied the cooperative control strategy
for a general class of MIMO dynamic systems of finite
but arbitrary relative degree. A general guideline for the
design of cooperative control is proposed, and the stability
of overall closed-loop system is rigorously analyzed. The
proposed method is less-restrictive in the sense that neither
sensor graph’s strong connectivity nor fixed leader are re-
quired. The approach can be easily applied to the formation
stabilization and formation tracking control of robots due
to the general framework established in the paper.
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