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Abstract— Flexible systems which function under the influ-
ence of friction are very common in many applications such
as flexible robot arms. The precision motion control of such
systems is a difficult task because of the modelling difficulties
involved in modelling friction and various flexible modes of the
system. This paper presents the design of a nonlinear adaptive
robust controller (ARC) to the precision motion control of a
floating oscillator system under the influence of friction. This
system consists of two masses moving on a track under the
influence of friction and coupled by a spring. The floating
oscillator acting under the influence of friction can be used
to represent many applications such as hard disk drives and
flexible robots where friction is present and the end effector
position is to be controlled.

I. INTRODUCTION

In many applications such as disk drive heads, precision

positioning systems, space structures and flexible robotic

manipulators high performance control algorithms are re-

quired in order to obtain the high level of performance

required in such applications. In the design of controllers for

such applications, modelling of the physical system forms

a major part of the challenge faced by the control system

designer. These modelling problems come from the friction

acting on the system and the flexible modes of the system

under consideration.

Friction is the most common hard nonlinearity that occurs

in most mechanical systems. It is often assumed in the

controller design process that the system maintains positive

velocity, which enables one to assume that the system

is stick-slip free and to design controllers using optimal

control techniques on the linearized model of the system

[11]. Other designs have been proposed in the literature to

account for the presence of friction, these include adap-

tive methods of feedforward compensation [9], impulsive

control [15], and compensating for friction using the linear

programming approach [10]. Robust control design methods

like H∞ and µ-synthesis have also been applied to such

systems [12], [13]. A robust controller design for flexible

robot arms with unknown parameters has also been studied

in [14].

In this paper the control of the benchmark floating-

oscillator [1] system with friction acting on both masses
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is considered. One of the masses, called the forced mass is

acted upon by a DC motor and the motion of the unforced

mass is of interest. This system is representative of many

applications such as hard disk drives and flexible robots

where frictions is present at both the actuator and the end-

effector.

In this paper, a nonlinear model based adaptive robust

controller is designed in which the robust controller is de-

signed to attenuate the effect of the various model uncertain-

ties. Also, on-line parameter adaptation is employed to im-

prove the system performance. The ARC design presented

in this paper is able to attenuate the effect of unmatched

uncertainties, i.e., model uncertainties present in dynamic

equations which are not directly related to the control input.

Also, the design guarantees a prescribed level of transient

performance and final steady state tracking accuracy. The

system is able to track a trajectory with a prescribed tracking

accuracy as opposed to the simple regulation problem.

Experimental results on a floating oscillator are presented

to validate the controller design.

This paper is organized as follows: In section II, the

problem is formulated highlighting the difficulty of design

of control algorithms for the floating oscillator system.

In section III, the model based nonlinear ARC design is

presented. Section IV presents some performance results

and in section V some conclusions are given.

II. PROBLEM FORMULATION

A floating oscillator under the influence of friction at both

the masses is shown in Fig. 1. The mass m2, also called the

forced mass is acted upon by a DC motor which provides

the actuation effort and the position of mass m1 called the

free mass is to be controlled.

m2 m1

K

y2
y1

F

F2_fric F1_fric

Fig. 1. Floating Oscillator with friction at the mass and cart.

The dynamics of the system are given in (1).

m1ÿ1=k(y2−y1)−b1ẏ1−Ff 1sign(ẏ1)−∆1 (1)

m2ÿ2=F − k(y2−y1)−b2ẏ2−Ff 2sign(ẏ2)−∆2

where, m1 and m2 are the masses of the free and forced

masses respectively. y1 and y2 are the displacements of
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the free and forced masses. k is the spring constant of the

spring connecting the two masses and F is the force that

the motor exerts on the cart to move it. Ff 1, Ff 2 represent

the coulomb friction constants that act on the two masses

respectively. b1, b2 are the viscous/damping coefficients and

∆1 and ∆2 are the unmodeled dynamics and disturbances

such as unmodeled friction and higher modes which have

been neglected.

Neglecting the motor dynamics, the force F , that the

motor exerts on the forced mass m1 is given by (2):

F=
ktr0

Rarm
(u−Ke

r0

rm
ẋ) (2)

where, u is the input voltage to the motor and the control

input to the floating oscillator system, kt is the torque

constant of the motor, r0 is the radius of the encoder gear

on the forced mass, rm is the radius of the motor gear, Ra
is the resistance of the motor armature and Ke is the back

emf constant of the motor.

Define a set of state variables as

x=[x1,x2,x3,x4]=[y1, ẏ1,y2, ẏ2], then the entire system

of equations (1)-(2) with the control input u can be written

as:

ẋ1=x2

m1ẋ2=kx3−kx1−b1x2−Ff 1sign(x2)−∆1

ẋ3=x4 (3)

m2ẋ4=a1u+kx1−kx3−a2x4−b2x4−Ff 2sign(x4)−∆2

where, a1=
kt r0
Rarm

and a2=
kt ker2

0
Rar2

m
are known constants.

Given the desired motion trajectory yd(t), the objective
is to synthesize a control input u, such that the trajectory
of the free mass y1(t) tracks yd(t) as closely as possible in
spite of the presence of various model uncertainties.

A. DESIGN MODEL AND ISSUES TO BE ADDRESSED

The floating oscillator system described in (3) is sub-

jected to parametric uncertainties due to the unknown pa-

rameters Ff 1, Ff 2, b1, b2 as well as unknown nonlinearities

∆1 and ∆2. Practically, ∆1 and ∆2 may be composed of

two parts, a nominal part denoted by ∆1n and ∆2n which is

constant or slowly changing, and a fast changing part. The

nominal parts of the model uncertainties can be combined

into parametric uncertainties and dealt with by parameter

adaptation, and the fast changing parts have to be attenuated

by the robust feedback.

In order to use parameter adaptation to reduce para-

metric uncertainties to improve the performance of the

control algorithm, it is necessary to linearly parame-

terize the state-space equation (3) in terms of a set

of unknown parameters. Defining the set of unknown

parameters as θ=[θ1,θ2,θ3,θ4,θ5,θ6]T where θ1=b1,

θ2=Ff 1,θ3=∆1n,θ4=b2,θ5=Ff 2, and θ6=∆2n. Also, the non-

linearity represented by sign(x2) and sign(x4) are hard

discontinuous nonlinearities, and in the design of a back-

stepping algorithm, we approximate this nonlinearity using

a smooth differentiable function S f (x2) and S f (x4). Using

this approximation the state-space equation (3) can be

linearly parameterized in terms of θ as

ẋ1=x2

ẋ2=
k

m1
(x3−x1)− θ1

m1
x2− θ2

m1
S f (x2)− 1

m1
θ3−∆̃1

ẋ3=x4 (4)

ẋ4=
a1

m2
u+

k
m2

(x1−x3)− a2

m2
x4− θ4

m2
x4

− θ5

m2
S f (x4)− 1

m2
θ6−∆̃2

where,

m1∆̃1=(∆1−∆1n)−(sign(x2)−S f (x2))Ff 1

m2∆̃2=(∆2−∆2n)−(sign(x4)−S f (x4))Ff 2

Since the extents of the parametric uncertainties and

uncertain nonlinearities are normally known, the following

practical assumptions are made

Assumption 1: Parametric uncertainties and uncertain

nonlinearities satisfy

θ∈Ωθ ={θ : θmin≤θ≤θmax}
|∆̃i|≤δi(x, t)

where, θmin=[θ1min, · · · ,θ6min]T , θmax=[θ1max, · · · ,θ6max]T ,

the operator ≤ when acting on vectors means entry by entry,

and δi(x, t) are known.

As can be observed from the dynamics in equation (4),

the major difficulties in controlling (4) are:

1. The model uncertainties are mismatched, i.e., both the

parametric uncertainties and the uncertain nonlinear-

ities appear in the dynamic equations which are not

directly related to the control input u.

2. The system has parametric uncertainties represented

by the lack of knowledge of the damping coefficients

b1, b2 and the coulomb friction constants Ff 1, Ff 2.

3. As opposed to most designs available in literature, the

frictions acting on the both masses are considered in

the design of the controller.

4. The system also has a large extent of lumped mod-

eling error (represented by ∆̃i) including external

disturbance, unmodeled friction force, etc.

To address the above challenges, the following strategies

are adopted in the design of the control algorithm:

1. The controller design will be based on the nonlinear

physical model of the system to directly deal with the

nonlinear system dynamics and flexible modes of the

system.

2. The adaptive robust control (ARC) technique [2], [3]

will be used to handle the parametric uncertainties and

the uncertain nonlinearities effectively to obtain high

performance. Robust feedback is employed to attenu-

ate the effect of the model uncertainties and parameter
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adaptation is used to improve the performance of the

control design.

3. Backstepping design [6] via ARC Lyapunov functions

[4], [3] is used to overcome the design difficulties

caused by unmatched model uncertainties.

B. Notations and Discontinuous Projection Mapping

Let θ̂ denote the estimate of θ and θ̃ the estimation

error (i.e., θ̃=θ̂−θ ). A discontinuous projection map-

ping, Pro jθ̂ (•)=[Pro jθ̂1
(•1), . . . ,Pro jθ̂n

(•n)]T , can be de-

fined [7],[8] as :

Pro jθ̂i
(•i)=

⎧⎨
⎩

0 if θ̂i=θimax and •i>0

0 if θ̂i=θimin and •i<0

•i otherwise

(5)

By using the adaptation law given by

˙̂θ=Pro jθ̂ (Γτ) (6)

where Γ>0 is a diagonal matrix and τ is an adaptation

function to be synthesized later. It can be shown [2], [7], [8]

that for any adaptation function τ , the projection mapping

used in (6) guarantees

P1. θ̂∈Ωθ ={θ̂ : θmin≤θ≤θmax}
P2. θ̃ T (Γ−1Pro jθ̂ (Γτ)−τ)≤0, ∀τ

III. ARC CONTROLLER DESIGN

The design is parallel to the backstepping design proce-

dure via ARC Lyapunov functions in [3], [4]:

A. Step 1:

Noting that the first equation of (4) does not have any un-

certainties, an ARC Lyapunov function can be constructed.

Define a switching-function-like quantity as

z2=ż1+k1z1=x2−α1, α1=ẏd−k1z1 (7)

where z1=x1−yd is the trajectory tracking error and k1 is a

positive feedback gain. If z2 converges to a small value or

zero, the output tracking error z1 will converge to a small

value since Gs(s)=
z1(s)
z2(s)=

1
s+k1

is a stable transfer function.

So the rest of the design is to make z2 as small as possible.

Differentiating (7) and noting (4)

ż2=ẋ2−α̇1 (8)

=
k

m1
(x3−x1)− x2

m1
θ1−S f (x2)

m1
θ2− 1

m1
θ3−∆̃1−α̇1

where α̇1=ÿd−k1ż1 is calculable. In (8), if we treat x3 as

the input to (8), we can synthesize a virtual control law

α2 for x3 to make z2 as small as possible. Since (8) has

both parametric uncertainties θ1, θ2 and θ3 and uncertain

nonlinearity ∆̃1, the ARC technique in [3] will be used to

accomplish this objective. The control function α2 consists

of two parts given by

α2(x1,x2, θ̂1, θ̂2, θ̂3, t)=α2a+α2s (9)

α2a=x1+
1

k
(x2θ̂1+S f (x2)θ̂2+θ̂3)+

m1

k
α̇1−m1

k
z1

in which α2a functions as the adaptive control law for

improved model compensation using on-line parameter

adaptation given by (6), and α2s is a robust control law

to be synthesized later. If x3 were the actual control input,

then τ in (6) would be

τ2=w2φ2z2, φ2=[
−x2

m1
,
−S f (x2)

m1
,
−1

m1
,0,0,0]T (10)

where w2>0 is a constant weighting factor.

Due to the use of discontinuous projection (5), the

adaptation law (6) is discontinuous and cannot be used

in the control design at each step contrary to the tuning

function based backstepping adaptive control [6]; backstep-

ping design needs the control law to be smooth in order to

obtain its partial derivatives. To compensate for this loss of

information, the robust control law is strengthened. So the

robust control function α2s consists of two terms given by

α2s=α2s1+α2s2 (11)

α2s1=
−m1

k
(k2s1)z2, k2s1≥‖Cφ2 Γφ2‖2+k2

where k2s1 is a positive nonlinear control gain function and

α2s2 is a robust control function synthesized as follows. Let

z3=x3−α2 denote the input discrepancy. Substituting (9)

and (11) into (8) while noting (10),

ż2=
k

m1
z3−θ̃ T φ2−z1−k2s1z2+

k
m1

α2s2−∆̃1 (12)

The robust control function α2s2 is chosen to satisfy the

following conditions

i. z2( k
m1

α2s2−θ T φ2−∆̃1)≤ε2
ii. z2α2s2≤0

where ε2 is a positive design parameter which can be

arbitrarily small. Condition i shows that α2s2 is synthesized

to dominate model uncertainties from both parametric un-

certainties and uncertain nonlinearities, and condition ii is

to make sure that α2s2 is dissipating in nature. The existence

of such α2s2 for arbitrarily ε2 is proved in [5].

For the positive semi-definite (p.s.d) function V2 defined

by

V2=
1

2
z2

1+
1

2
z2

2 (13)

from (12), its time derivative is

V̇2=−k1z2
1−k2s1z2

2+
k

m1
z2z3+z2(

k
m1

α2s2−θ̃ T φ2−∆̃1) (14)

B. Step 2:

As seen from (14), if z3=0, then the output tracking can

be achieved in viewing condition i. So step 2 is to synthesize

a virtual control input so that z3 converges to zero or a small

value with a guaranteed transient performance. From (4),

ż3=ẋ3−α̇2

=x4−α̇2c−α̇2u (15)
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where

α̇2c=
∂α2

∂x1
x2+

∂α2

∂x2
ˆ̇x2+

∂α2

∂ t

α̇2u=
∂α2

∂x2
(ẋ2− ˆ̇x2)+

∂α2

∂ θ̂
˙̂θ (16)

In (16), α̇2c is calculable and can be used in the design

of control functions, but α̇2u cannot be calculated due to

various uncertainties. Therefore, α̇2u has to be dealt with

via certain robust feedback in this step design.

Now design a virtual control law α3 such that z3 con-

verges to zero or a small value. Since α̇2c is calculable, and

noting (15),

α3=α3a+α3s

α3a=α̇2c− k
m1

z2 (17)

where α3a is used for model compensation. In order to take

care of the uncertainties in α̇2u we design the robust control

law α3s consisting of the two terms

α3s=α3s1+α3s2

=−k3z3+α3s2 (18)

where k3 is any positive feedback gain and α3s2 is a robust

control function to be synthesized.

Let z4=x4−α3 denote the input discrepancy between x4
and α3. Substitute (17),(18) into (15),

ż3=− k3z3+z4+α3s2− k
m1

z2−α̇2u (19)

The robust control function α3s2 is chosen to satisfy the

following conditions:

i. z3(α3s2−α̇2u)≤ε3
ii. z3α3s2≤0

where ε3 is a positive design parameter which can be

arbitrarily small.

For the positive semi-definite function V3 defined by

V3=V2+
1

2
z2

3 (20)

from (19), its time derivative is

V̇3=− k1z2
1−k2s1z2

2−k3z2
3+z3z4

+z2( k
m1

α2s2−θ̃ T φ2−∆̃1)+z3(α3s2−α̇2u)
(21)

C. Step 3:

As seen from (21), if z4=0, then the output tracking can

be achieved. So step 3 is to synthesize a control input so

that z4 converges to zero or small value. From (4)

ż4=ẋ4−α̇3

=
a1

m2
u+

k
m2

(x1−x3)− a2

m2
x4− x4

m2
θ4 (22)

−S f (x4)
m2

θ5− 1

m2
θ6−∆̃2−α̇3c−α̇3u

where

α̇3c=
∂α3

∂x1
x2+

∂α3

∂x2
ˆ̇x2+

∂α3

∂x3
x4+

∂α3

∂ t

α̇3u=
∂α3

∂x2
(ẋ2− ˆ̇x2)+

∂α3

∂ θ̂
˙̂θ (23)

In (23), α̇3c is calculable and is used in the design of the

controller, but α̇3u cannot due to the presence of various

uncertainties. Therefore α̇3u is dealt with using robust

feedback.

Now we design control law u such that z4 converges to

zero or a small value with guaranteed performance. Since,

α̇3c is calculable and noting (23),

u=ua+us

ua=
1

a1

{− k(x1−x3)+a2x4+θ̂4x4 (24)

+θ̂5S f (x4)+θ̂6+m2α̇3c
}−m2

a1
z3

where ua is used along with on-line parameter adaptation

using (6) for improved model compensation and us is a

robust control law to be synthesized later. Then τ in (6)

would be

τ4=φ4z4, φ4=[0,0,0,− x4

m2
,−S f (x4)

m2
,− 1

m2
]T (25)

In order to take care of the different model uncertainties,

we use the robust control law us consisting of two terms,

us=us1+us2

us1=
−m2

a1
k4s1z4, k4s1≥‖Cφ4 Γφ4‖+k4 (26)

where k4s1 is a positive nonlinear control gain function

and us2 is a robust control function synthesized as follows.

Substituting (25), (26) into (23),

ż4=ẋ4−α̇3

=
a1

m2
(ua+us)+

k
m2

(x1−x3)− a2

m2
x4 (27)

− θ4

m2
x4− θ5

m2
S f (x4)− 1

m2
θ6−∆̃2

=−z3−θ̃ T φ4−∆̃2−α̇3u−k4s1z4+
a1

m2
us2

The robust control function is now chosen to satisfy the

following conditions

i. z4( a1
m2

us2−θ̃ T φ4−∆̃2−α̇3u)≤ε4
ii. z4us2≤0

where ε4 is an arbitrarily small positive design parameter.

For the positive semi-definite Lyapunov function V4 defined

by

V4=
4

∑
i=1

1

2
z2

i (28)

from (28), its time derivative is

V̇4=− k1z2
1−k2s1z2

2−k3z2
3−k4s1z2

4
+z2( k

m1
α2s2−θ̃ T φ2−∆̃1)+z3(α3s2−α̇2u)

+z4( a1
m2

us2−θ̃ T φ4−∆̃2−α̇3u)
(29)
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IV. MAIN PERFORMANCE RESULTS

A. Theoretical Performance Results

With the above controller design, the following theoret-

ical results on the performance of the ARC controller can

be obtained.

Theorem 1: Let the parameter estimates be updated using

the adaptation law in (6) in which τ is chosen as

τ=z2φ2+z4φ4 (30)

If the nonlinear control gains are chosen such that

k2s1≥‖Cφ2 Γφ2‖2+k2 and k4s1≥‖Cφ4 Γφ4‖+k4 respectively,

then, the control law given in (25), (26) guarantees that

V4(t)≤− exp(λV t)V4(0)+
εV

λV
[1−exp(−λV t)] (31)

where λV =2min
{

k2,k3,k4
}

and εV =ε2+ε3+ε4
Proof. Substituting (11), (26) into (29), while noting

condition i in step 1, step 2 and step 3,

V̇4(t)≤− k1z2
1−k2z2

2−k3z2
3−k4z2

4+ε2+ε3+ε4
≤−λVV4(t)+εV

(32)

The result in equation (31) can be obtained by using the

comparison lemma. This proves Theorem 1.

Theorem 2: If after a finite time t0, ∆̃1=∆̃2=0, i.e., the

model uncertainties are only due to parametric uncertainties,

asymptotic output tracking or zero final tracking error (i.e.,

z1→0 as t→∞) is obtained for the positive gains ki and εi.

Proof. The Theorem can be proved in the same way as

in [5].

Remark 1. The reference trajectory yd(t) is assumed to

be smooth up to order 4, i.e., bounded derivatives up to 4th

order. The derivatives of the reference trajectory are used in

each step of backstepping design for model compensation.

Remark 2. If a step or discontinuous position command

is given to the system, a low pass filter can be applied to the

position command to generate smooth reference trajectory.

Properly chosen filter initial states can make V4(0) equal to

zero and practically eliminate transient error in (31).

B. Experimental Results

To test the effectiveness and validate the proposed ARC

design, the controller was implemented on a floating oscilla-

tor testbed which consists of the two masses each of which

weigh m1=1.039 Kg and m2=2.0911 Kg respectively. They

are connected using a spring with spring constant K=130

Nm−1. This leads to the system having a vibration mode

at 16.5 rad/sec. The forced mass has a 6 volt DC motor

powered by a linear amplifier. The amplifier is connected

to the computer through a PCI board and Wincon software.

The Wincon software enables Simulink to send control

signals to the motor through MATLABs Real-time Work-

shop toolbox. Incremental encoders measure the rotation of

gears as the carts move along the track and this enables

the measurements of positions and velocities of both the

forced and the unforced masses. Both masses are affected

by Coulomb friction which is equivalent to about 0.6 volt

(1/10 of the maximal input force).

In the implementation of the controller, the initial values

of the parameter estimates are all chosen to be zero.

The tracking performance is shown in Fig. 2, with the

first subplot showing the reference and actual free mass

trajectory and second subplot showing the tracking error.

The control signal is shown in Fig. 3.
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Fig. 2. Tracking Performance of the ARC Based Controller.

0 10 20 30 40 50 60 70 80
−8

−6

−4

−2

0

2

4

6

8

vo
lt

time − sec

Experimental Control Input to the DC Motor

Fig. 3. Control Effort of the ARC Based Control.

V. CONCLUSIONS

In this paper, a discontinuous projection based ARC

controller is constructed for the precision motion control

of a benchmark problem in control, the floating oscillator

system. The controller takes into account the system nonlin-

earities, such as the frictions in the system and is also able
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to tackle unmatched model uncertainties. In addition, we are

able to obtain a prescribed level of transient performance

when we are tracking a smooth trajectory. Experimental

results verify the effectiveness and the high-performance

nature of the proposed ARC algorithm to the control of

flexile systems.
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